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Young type integral inequalities for tensorial
and Hadamard products of continuous
fields of operators in Hilbert spaces

S. S. Dragomir and M. T. Garayev

ABSTRACT. Let H be a Hilbertspace and Q alocally compact Hausdorff space
endowed with a Radon measure u with f;, 1du (t) = 1. In this paper we show
among others that, if (4,).., and (B;),., are continuous fields of positive
operators in B (H) such thato (A,), o (B;) C [m,M] C (0,0)foreacht € Q,
then for all v € [0, 1]

1 M—-m\’ - v
exp[zva—v)( — )]an% d#(f)@[QBrdu(f)
S(1—v)fATdu(f)®1+V1®fBTdu(r)

Q Q

%v(l—v)(M;m) }/A%‘”du(r)@)/B?d/x(f)-

We also have similar inequalities for the Hadamard product €oe.
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1. Introduction

The famous Young inequality for scalars says that if x, y > 0 and 1 € [0, 1],
then
xI <1 - x+ Ay (1.1)
with equality if and only if x = y. The inequality (1.1) is also called A-weighted
arithmetic-geometric mean inequality.
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We recall that Specht’s ratio is defined by [19]

1
hh-1

7 ifh e (0, l)U(l,OO)
S(h) := "ln(h’“) (1.2)

lifh=1.

It is well known that lim,_; S (k) = 1, S (h) = S (%) > 1forh > 0,h # 1. The
function is decreasing on (0, 1) and increasing on (1, ).
The following inequality provides a refinement and a multiplicative reverse

for Young’s inequality

s((%)) A2 < (1= D)x+ Ay < S(%)xl—ﬂyﬂ, (1.3)

where x,y > 0,4 € [0,1],r = min{1 — 1, }.

The second inequality in (1.3) is due to Tominaga [20] while the first one is
due to Furuichi [10].

Kittaneh and Manasrah [15], [16] provided a refinement and an additive re-
verse for Young inequality as follows:

r(vx- ﬁ)z <A -)x+ay —x Ayt <R(Vx - \/?)2 (1.4)

where x,y > 0,4 € [0,1],r = min{l — 4,4} and R = max {1 — A, A}.
We also consider the Kantorovich’s ratio defined by

2
Ky =& :hl) h>0. (1.5)

The function K is decreasing on (0, 1) and increasing on [1, o), K (h) > 1 for

any h > 0and K (h) = K(%) for any h > 0.
The following multiplicative refinement and reverse of Young inequality in
terms of Kantorovich’s ratio holds

K (%) xl—ﬂ.yﬂ. S (1 _ l)x + /‘ly S KR (%) xl_/lyl (16)

where x,y > 0,1 € [0,1],r = min{l — 4,4} and R = max {1 — 4,1}.

The first inequality in (1.6) was obtained by Zou et al. in [22] while the sec-
ond by Liao et al. [18].

In [22] the authors also showed that K" (h) > S (h")for h > 0andr € [0, %]

implying that the lower bound in (1.6) is better than the lower bound from (1.3).
In the recent paper [5] we obtained the following reverses of Young’s inequal-
ity as well:

0<A=-Dx+Aly—x""Y <10 -D(x-y)(nx —Iny) 1.7)
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and

< Q-A)x+ Ay

x
1<

R <exp [4/1 1-2) (K (;) - 1)] , (1.8)
where x,y > 0,4 € [0,1].
In [6] we obtained the following Young related inequalities:

Theorem 1.1. Forany x,y > 0and A € [0, 1] we have
%/1 1-A)(nx—1In y)2 min{x,y} < (1 —A)x + Ay — x4yt (1.9

< %/1 (1 -2)(Inx — Iny)* max {x, y}

and
2
- 1—A)x+2
exp| A (1-2) (yzx) < ¢ ij 4 (1.10)
2 max- {x, y} xt=4y
2
< exp 1,1(1_,1)M .

2 min” {x, y}

For an equivalent form and a different approach in proving the results (1.9)
and (1.10) see [1].

The second inequalities in (1.9) and (1.10) are better than the corresponding
results obtained by Furuichi and Minculete in [13] where instead of constant %

they had the constant 1.

Let Iy, ...,I; be intervals from R and let f : I; X ... X Iy — R be an es-
sentially bounded real function defined on the product of the intervals. Let
A =(4,,...,A,) beak-tuple of bounded selfadjoint operators on Hilbert spaces
Hj,...,Hy such that the spectrum of A; is contained in [; for i = 1, ..., k. We say
that such a k-tuple is in the domain of f. If

A= [ ndm
I;

L

is the spectral resolution of A; for i = 1, ..., k; by following [3], we define
f(AL, .., Ay = f f f Ay, A)dEL (A1) @ ... @ dEy (Ay) (1.11)
I I

as a bounded selfadjoint operator on the tensorial product H; ® ... ® Hy.

If the Hilbert spaces are of finite dimension, then the above integrals become
finite sums, and we may consider the functional calculus for arbitrary real func-
tions. This construction [3] extends the definition of Kordnyi [17] for functions
of two variables and have the property that

f (AL, Ap) = f1(A) @ ... ® fir(Ap),

whenever f can be separated as a product f(ty,...,tx) = f1(t)...fx(t,) of k
functions each depending on only one variable.
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Itis know that, if f is super-multiplicative (sub-multiplicative) on [0, c0), namely
fGt)> (L) f(s)f() foralls,t € [0, 00)
and if f is continuous on [0, o), then [12, p. 173]
fA®B) > () f(A)® f(B) forall A, B> 0. (1.12)
This follows by observing that, if
A= / tdE(t) and B = f sdF (s)
[0,00) [0,00)
are the spectral resolutions of A and B, then
faen- [ £ () dE (1) ® dF () (1.13)
[0,00) Y[0,00)

for the continuous function f on [0, o).
Recall that the Hadamard product of A and B in B(H) is defined to be the
operator AoB € B(H) satisfying
<(AOB) ej,ej> = <Aej,ej> <Bej,ej>
for all j € N, where {e j}je is an orthonormal basis for the separable Hilbert
space H.
It is known that, see [11], we have the representation

N

AoB=U*(AQB)U (1.14)

where U : H — H ® H is the isometry defined by Ue; = ¢; ® ¢; forall j € N.
If f is super-multiplicative and operator concave(sub-multiplicative and oper-
ator convex) on [0, c0), then also [12, p. 173]

f(AoB) > (<) f (A)of (B) forall A, B > 0. (1.15)

We recall the following elementary inequalities for the Hadamard product

A1/2°Bl/2 S <A +B

)01 for A, B> 0 (1.16)

and Fiedler inequality
AoA~l >1for A > 0. (1.17)

Alternatively, as extension of Kadison’s Schwarz inequality on the Hadamard
product, Ando [2] showed that

AoB < (4%01)"* (B21)"* for 4, B> 0
and Aujla and Vasudeva [4] gave an alternative upper bound

2
AoB < (A%B%)"* for A, B > 0.

2 2 2
It has been shown in [14] that (Azol)l/ (Bzol)l/ and (AzoBz)l/ are incom-
parable for 2-square positive definite matrices A and B.
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For some recent results concerning new inequalities for tensorial and
Hadamard products, see [7], [8] and [21].

Let Q be a locally compact Hausdorff space endowed with a Radon measure
u. Afield (A),cq of operators in B (H) is called a continuous field of opera-
tors if the parametrization ¢ — A, is norm continuous on B (H). If, in addi-
tion, the norm function ¢t — ||A;|| is Lebesgue integrable on Q, we can form
the Bochner integral [, A,du (t), which is the unique operator in B (H) such
that ¢ ( JoAdu ) = Jo ® (Ay) du(t) for every bounded linear functional ¢
on B (H). Assume also that, /i, 1du (t) = 1.

Motivated by the above results, in this paper we show among others that, if
(Po);eq and (Q;),( are continuous fields of positive operators in B (H) such
that o (P;), 0 (Q;) C [m,M] C (0, o) for each T € Q, then for all 1 € [0, 1]

1 21— M-m\’
exp| 320 - ) (1)

/mwmm®f@wm
Q Q
5(1_A)fprdu(r)@)1+Al®fod/vt(T)

o Q

2
< exp M—m)

(2

f P du(m) ® f Qfdu(r)
Q Q

We also have similar inequalities for the Hadamard product oe.

2. Main results

We start with the following tensorial refinement and reverse of Young’s in-
equality:

Lemma 2.1. Assume that the selfadjoint operators P and Q satisfy the condition
0<m<P,Q<M,then

_(lnzP)®1+1®(ln2Q) ]
2

0<mA(l—2A) _InP®InQ 2.1)

<1-DP®1+118®Q—P@®Q
_(lnzP)®1+l®(1n2Q)
2

<MAA-21) —InP®InQ

< %/1(1 — )M (nM —Inm)’

forall 2 € [0,1].



YOUNG TYPE INTEGRAL INEQUALITIES 797

In particular,

_(lnzP) R1+1Q® (1n2Q)

m 3 —InP®InQ (2.2)

B

o

R1+1®0Q
2

(1n2 P) R1+1® (1n2 Q)
2

_Pl/2gQl/2

IA
N

M

—InP®InQ

<-M(nM —Inm).

co| =

Proof. If¢t, s € [m,M] C (0, ), then by (1.9) we get

0<-mA(1—-2A)(nt—1Ins)’ <(1—A)t+As — 14t (2.3)

IA

IA
N = N =

MA(1 =) (Int —Ins)* < %M/l(l —)(nM —Inm)*.
If

M M
sz tdE (t) andQ=/ sdF (s)

m m

are the spectral resolutions of P and Q, then by taking in (2.3) the double inte-
gral fn]y fnﬁ/l over dE (t) ® dF (s),, we get

1 M M
0<smi(1-2) / / (Int —Ins)* dE (t) ® dF (s) (2.4)

M M
gf f [(1 =)t + s — 11725 AE (1) @ dF (s)

1

M M
< M/l(l—/l)/ f (Int —Ins)’ dE (t) ® dF (s)

N |

<

ol =

M M
M(lnM—lnm)Z/ f dE () ® dF (s).
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Now, observe that, by (1.11)

M M
f f (Int —Ins)’ dE (t) ® dF (s)

M M

f (lnzt—21nt1ns+1nzs>dE(t)®dF(s)
m m

M M

[
I

— (ln P)n:g 1+1® (1n2Q) —2InP®InQ,

M M
In’ tdE (t) ® dF (s) + f f In® sdE (t) ® dF (s)

M
f IntInsdE (t) @ dF (s)

M M

f f [(1 =)t + s — 1451 dE (1) @ dF (s)

M M M M
=(1—,1)f f tdE(t)®dF(s)+/1/ f sdE (t) ® dF (s)

M M
- f f t1=4s4dE (t) @ dF (s)

=1-)PR®1+11®Q—-P*®Q
and

M M
/ f dE)®dF(s)=1®1=1.
m m
By employing (2.4) we then get the desired result (2.1). O
We have the representation
XoY =UW*(XQY)U

where U : H — H ® H is the isometry defined by Ue; = ¢; ® ¢; for all j € N.
If we take U™ to the left and U to the right in Lemma 2.1, then we can also
state the following result for the Hadamard product:

Corollary 2.2. With the assumptions of Lemma 2.1,

S ) ]
0<mi(1-2) (%)ol—lnPoan (2.5)
<[ =2A)P + AQ] ol — P1~*0Q*
S ) ]
<MA(1-2) (%)ol—lnPoan

<-2Q1-A)MnM —Inm)’

N
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forall 2 € [0,1].

In particular,
[ /1.2 2
0< %m (%) ol —InPoln Ql (2.6)

< P -|2_ Qol _P1/2°Q1/2

1. [{1n*P+1n? Q
<-M|[—————=01-2InPolnQ

4 2

1 2
< §M(1nM—lnm) .

The inequality (2.5) provides a weighted refinement and reverse inequality
for (1.16) that is obtained for 4 = 1/2.

Remark 2.3. Ifwe take Q = P in Corollary 2.2, then we get
0<mA(l—2) [(m2 P) ol —InPo lnP] < Pol — P=%op? 2.7)
<M1(1-2) [(m2 P) ol —InPo lnP]

< %/1(1 ~)M(InM —Inm)’

forall 2 € [0,1].

In particular,
0< im [(ln2 P) o1 —1InPo lnP] < Pol — P1/20p1/2 (2.8)
1 2 1 2
< ZM[(ln p) ol — lnPolnP] < SM(nM —Inm)’.

Our first main result is as follows:

Theorem 2.4. Let Q be a locally compact Hausdorff space endowed with a Radon
measure (. Let (P;). . and (Q;) cqbe continuous fields of positive operators in
B (H) such that o (P;), 0 (Q;) C [m,M] C (0, 00) for each T € Q. Then for all
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A € [0,1] we have

Ja In’ Pdu(m®1+1® J, In® Q.du(t)

> (2.9)

osma—/l)[

—flnPTdﬂ(T)®fanTdM(T)
Q

Q

s(1—A)fPfdu<r)®1+A1®fofdu(r)
Q Q

- f PIAdp(0) ® f Qhdu (o)
Q

Q
So I Pdp () @1 +1Q® [, In” Q.du (7)
2

SM/l(l—/l)[

—flnPfdM(T)@)/anfdM(T)
Q

Q

< %/1(1 —~ )M (InM —lnm)*.

In particular,

(o]
IA
N

(2.10)

\ Sl Pdu(t) ® 1+1® f,In* Q.du(r)
m
2

InP du(t) ® f

Q

InQ-du (T)l

fp du(r)®1+l®fodM(T)l
Q

|
:;\N"“b\

P du(t) ® f QY2du (x)
Q

IA
N

y [ SoIn? P () @ 1+1® f,In” Q.du (z)
2

InP.du (‘L’)®/h’l Q. du(r)

Q

{;’)\

M(nM —1n m)2 .

c>0|>—l
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Proof. From (2.1) we get
1 2 2
0<smi(1-2) [(1n PT) R1+1Q (1n Qy) —2InP, ®In Qy] (2.11)
<(1-M)P,®1+118Q, - P ®Q}
1 2 2
< SMA(L-2) [(1n PT) RL+1® (1n Qy) —2InP, ® any]
< %/1(1 —~ )M (InM —Inm)

forallz,y € Q.
If we take the integral f;, over du (1), then we get

—

mA(1—2) (2.12)

[(m j2 )® 1+1Q® (lany> —2InP, ®any]d,u(r)

:3\323\»“

[A-DP, ®1+11QQ, — P ®@Q}|du(r)

%M/l (1-2)

X

fQ ln P ® 1+1® (lany) —2InP, ® any] du (1)
%/1 QA-A)MAnM —Inm) f 1du (7).
By using the properties of integrals and tensorial products, we have
fﬂ [(m2 PT) R1+1Q (1n2 Qy) —2InP, ®In Qy] du (1)
- (f In® P, du (r)) R1L+1® (1n2 Qy)
Q
— 2/ InP.du(t) ® InQ,du(r)
Q
and
fg [A-DP, ®1+11QQ, - P * ®Q}|du(r)
= (1—/l)fpfdy(r)m+/11®Qy—fpi—idﬂ(r)®qﬁ
Q Q

forally € Q.
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By (2.12) we get

0< 1m/1(1 - 2) [(f In*P.du (r)) R1+1® (1n2 Qy) (2.13)
2 Q

—ZflnPTd/x(f)®1nQy
Q

g(1—/1)fpfdu(r)®1+/11®Qy—fP;—ﬂdM(r)®Q§
Q Q

<

MA(1—2) I(/ In® P, du (r)) R1+1® (1n2 Qy)
Q

_ZflnPTd/,L(f)®anyl
Q

1
< 5/1

(1—-A)M(InM — Inm)*

N

forally € Q.
If we take the integral /;, over du (y) , then we get the desired result (2.9). [

Corollary 2.5. With the assumptions of Theorem 2.4, we have the following in-
equalities for the Hadamard product

2 2
0<mil(1-24) l[ Wd,u (7)ol (2.14)
Q

—_/lnPrd#(T)Ofanrdﬂ(T)l
Q Q

< f [(1 = )P, + 2Q;]du (7)ol — f PI*du(t)o f Qtdu(7)
Q Q

Q
In’P, +In’
< M/1(1—/1)Un+andu(f)o1
Q

N =

—flnPTdu(r)o/Iandu(r)
Q Q

<-AQ1-)MnM —Inm)’

N

forall 2 € [0,1].
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In particular,

0< l/ Wd (7)ol (2.15)

1
S gm
flnP d,u(r)o/anTd,u(T)l
Q
< / PT;QTdu(r)ol— f P ?du(r)o f Q2du ()
Q Q

In® P, +In’ Q;
2

M du(t)ol

1
4

/lnP dM(T)OfanTdM(T)

< M(lnM—lnm)

Remark 2.6. Ifwe take Q, = P, 7 € Qin Corollary 2.5, then we get
0<mi(l—2A) [ / In*P,du (7)ol — / InP.du(t)o f InP.du (r)l (2.16)
Q Q Q

< f PLdp(z)ol - f P (o) f Pidu(r)
Q Q Q
<iwmaia-» [ f In? P,du (t) ol — f InP,du (7)o / lnP,d,u(T)l
T2 Q Q Q
%/I(I—A)M(lnM Inm)

forall 2 € 0,1].
In particular,

0<im [ f In’ P, du(r)ol — f InP,du(r)o f lnPTd/,c(T)l (2.17)
4 Q Q Q

< f P.du(z)ol — f P du(z)o f P ?du(z)
Q Q Q

[/In P d,u(r)ol—flnP d/x(r)oflnP du(7)
Q

<=-M(nM - lnm).

.[;

o =
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Lemma 2.7. With the assumptions of Lemma 2.1 we have

m PPR1+1®Q?
Ogm/l(l—/l)( > -P®Q (2.18)
<1-A)PR®1+11Q®Q-P*QQ*
2 2
< ﬁzm_z)(P B 118¢ —P®Q> < A= DM ~m)
m 2 2m?2
forall 2 € [0,1].
In particular,
m (PPR1+1QQ?
0< -5 < > -P®Q (2.19)
< w _pl2g Q2
M (PPR1+1® Q? M 2
< — <= (M- )
_4m2< 2 POQ< g M=m)
Proof. We observe that
1 Inx —Iny 1
< < — ,
max{x,y} = Xx—Yy ~ min{x,)}
which implies that
1 Inx —Iny 2 1
2 = ( ) < 2
max* {x, y} xX=y min” {x, y}
forall x,y > 0.
By making use of (1.9) we derive
LA =) (y — x)? ROV} (2.20)
2 max? {x, y}
< %/1 1-A)(nx - lny)2 min{x,y} < (1 —1)x + 1y — x'74y*
< 1/1(1 ~ D —x) M_
2 min” {x, y}
Ift, s € [m,M] C (0, ), then by (2.20) we get
m 2 1-24
Osml(l—l)(t—s) <A-D)t+As—t"s (2.21)

M 2
Sz—mz/l(l—/l)(t—s) .
If
M M
sz tdE (t) andQ=/ sdF (s)
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are the spectral resolutions of P and Q, then by taking in (2.21) the double in-
tegral me me over dE (t) ® dF (s),, we get

m MM 2
0< - —A)fm fm (t =Y E(t) ® dF (s) (2.22)
M M
< f f [1=2A)t+As — t1*s*| E (1) ® dF (s)

M M M
5—/1(1—/1)/ f (t—5)E(t) ®dF (s).
2m? ' JIm

Since, by (1.11)

M M
/ (t =)’ E(t) ® dF (s)
MM
= (1> —2ts + s*) E(t) ® dF (s)

m m

M M M M
/ftzE(t)®dF(s)+f f s’E (t) ® dF (s)

M

M
f f 2sE (t) ® dF (s)
2

=P’R1+1Q®0Q0>-2PQ®Q,

then by (2.22) we derive the first part of (2.18).
The last part follows by the fact that

(t —s)’ < (M —m)
forall¢t,s € [m,M]. O

Corollary 2.8. With the assumptions of Lemma 2.7, we have the following in-
equalities for the Hadamard product

m P2 +Q?
0< 54— /1)( ol - PoQ) (2.23)
<[(1=2)P + Q] ol — P1*0Q*
P>+ Q?

3%1(1—/1)( ol—poQ>s£A(1—A)(M—m)2
m 2m?2

2

forall 2 € [0,1].
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In particular,
m (P?+Q? P+Q 1/2,01/2
0< e ( > 0ol —PoQ | < 3 ol — PY/2%0Q (2.24)
M [P?+Q? M 2
<— |[——=o01-P <—WM - .
~ 4m? ( 2 Q)< 8m?2 ( ™)

The inequality (2.23) provides another weighted refinement and reverse in-
equality for (1.16) that is obtained for 4 = 1/2.

Remark 2.9. Ifwe take Q = P in Corollary 2.8, then we get
m _
0< W/m — ) (P?o1 — PoP) < P — P'=*op? (2.25)

<Mia-»n (P21 — PoP) < M a1 =m)?
m? 2m?2

forall 2 € [0,1].
In particular,

0< "M (P?01 — PoP) < Pol — P1/20p1/2 (2.26)
4AM?
M M 2
< —(P?01 —=PoP) < — (M —m)".
_4m2( ° o)_8m2( )

The following integral inequalities also hold:

Theorem 2.10. Let Q be a locally compact Hausdorff space endowed with a
Radon measure p. Let (P;), .o and (Q;) cbe continuous fields of positive op-
erators in B (H) such that o (P;), 0 (Q;) C [m,M] C (0,) for each T € Q.
Then for all A € [0, 1] we have

m
0< M aa-n (2.27)
2 2
y (fQPTd,u(r)(X) 1 J; 1® foQ7du(r) —fPTdM(T)®fQTd“(T))
Q Q

g(l—l)fPTdy(T)®1+ll®fQrdﬂ(f)
Q Q

— f P du(t) ® f Qfdu ()
Q Q

< %1(1 N
m

2 2
X(fQPfdu(f)®1;1®fQQfd#(T)_fpfd#(f)@)f
Q

Q

Q-du(t ))

M 2

forall 2 € [0,1].
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In particular,
m
OSM (2.28)
P2 1+1 2d
)((fﬂ T IM(T)® '|2' ®fQQr H(T)—/Prd#(T)®/Qrd#(T)>
Q Q
p.d 1+1 d
S'[Q T ,u(‘r)® —; ®./QQT M(T)—/P;/zdﬂ(T)®fQi/2dM(T)
Q Q
M
~ 4m?
P2d 1+1 2d
X(fg T lu(T)® '|2' ®fQ T H(T)_/PTdM(T)®/QTd,L{(T)>
Q Q
M 2
S@(M—m)

The proof follows by Lemma 2.7 by a similar argument to the one in the proof
of Theorem 2.4.

Corollary 2.11. With the assumptions of Theorem 2.10, we have the following
inequalities for the Hadamard product

m
0<5A(1-2) (2.29)

P2 2
x(f T;Qfdﬂ(f)ol—/PfdM(T)O/Qfdﬂ(f))
Q Q Q

< f [(1 = )P, + 2Q ] du(z) o1 — f P *du(t)o f Qtdu(r)
Q Q Q

gﬂz/m—z)
m

P2 2
x(f f;Qfdmf)ol—fpfdu(r)ofQfdmr))
Q Q Q

M 2

forall 2 € [0,1].
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In particular,

m ([ PI+0Q7
0< M2 (L > du (7) 01—./(;Pfd/vt(f)o./(;QTdu(r)) (2.30)

PT T
gf%Qdﬂ(r)u—fPi/zdﬂ(T)OfQi/zd#(T)
Q Q Q

2 2
[ 23 [ )
m 0 Q Q

2

M
<—M-m
_sz( )

Remark 2.12. Ifwe take Q, = P,,t € Q in Corollary 2.11, then we get

0< %A(l—z)(fgpgdu(f)d—f

Q

< f P du(t)ol — f Py du(r)o f Pldu(r)
Q Q

Q

< Mz/l a-=-2 (f P2du(t)ol — f P du(t)o f P du (T))
m Q Q Q

M 2
< z—mle(l—/l)(M—m)

forall A € [0,1].
In particular,

0< &( fg P2du(z) ol — /Q P.du(t)o fQ P.[d,u(‘f)) (2.32)
< / P.du(r)ol — f PY?du(t)o f P du (1)
Q Q Q

< %( f P2du(t)ol - f Prdu(v)o f Pfdmr))
m= \Ja Q Q

M 2
<— M —-m)".
_8m2( )

Pdu(r)o f

Q

P.du (1)) (2.31)

3. Some related results

Further, we also have:

Lemma 3.1. Assume that the selfadjoint operators P and Q satisfy the condition
0<P,Q<M,then

0<1-DPR1+11®Q—-P*®Q* (3.1)
—1 -1
SM/l(l—/l)(P ®QJ2’P®Q —1)



YOUNG TYPE INTEGRAL INEQUALITIES 809

forall 2 € [0,1].
In particular,

-1 -1
Osw_lﬂ/zmuzs%M(P ®Q+P®Q -1). (32

Proof. Recall thatif x,y > 0 and

ifx #y,
1ny —Inx

L(x,y):=
yifx=y

is the logarithmic mean and G (x,y) := 4/xy is the geometric mean, then L (x,y) >
G(x,y)forall x,y > 0.
Then from (1.9) we have for x # y that

A-Dx+ly—xI*pt < %/l 1-A)(Inx—1In y)2 max {x, y}

Inx —Iny\’
= A =D0 -0 (=) maxixy)
2
< 1/1 1-1) v —yx) max {x, y}

——A(l—/l)( +;—2>max{x v},
which implies that
A-ADx+ly—xI*pt < %/1 1- )( + ; - 2) max {x, y} (3.3)

forall x,y > 0.
Ift, s € (0,M] C (0, c0), then by (3.3) we get on taking the double integral
SM M over dE (t) ® dF (s), that

M M
f f [(1 = A)t + As — 1-A2] dE (1) ® dF (s) (3.4)

%Ml(l—/l)f f +——2 dE(t)®dF(S)
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Since

M M

"W M
f t1SE (1) ® dF (s) + f f ts~1dE (t) ® dF (s)

M M
-f f dE (t) ® dF (s)
2

=P'®Q+PRQ!-

+ dE (t) ® dF (s)

MIH

\
—
~ |t

<

hence by (3.4) we derive (3.1). O

Corollary 3.2. With the assumptions of Lemma 3.1, we have the inequalities for
the Hadamard product

0<[(1=2)P+AQ]ol — P"*oQ? (3.5)
-1 -1
<MAQ —A)(P °QJ2’P°Q - 1)
forallA € ]0,1].
In particular,
-1 -1
0<? ; Qo1 — p12601/2 < %M (P °Q ;P°Q _ 1). (3.6)

We observe that, if we take Q = P in Corollary 3.2, then we get
0 < Pol — P'™*oP* <MA(1—-2)(P~'oP —1) (3.7)

forall4 €[0,1].
In particular,

1
0 < Pol — P'/20P1/2 < M (P~loP —1). (3.8)

The inequality (3.7) provides a weighted refinement of Fiedler inequality (1.17).
Moreover, we also have the integral inequalities:

Theorem 3.3. Let Q be a locally compact Hausdorff space endowed with a Radon
measure (. Let (P;). . and (Q;) cobe continuous fields of positive operators in
B (H) such that o (P;), 0 (Q;) C [m,M] C (0, 00) for each T € Q. Then for all
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A € [0,1] we have

OS(1—l)fpfd/vl(f)ébl+/11®fo61#(7) (3.9)
Q Q

- f P du(t) ® f Qtdu (t)

Q Q
<MA(1-21)
% (fQ P;ld:u O fQ Q.du () + fQ P du(t)® fg Q;ld:u () _ 1)
2
and
0< fQPrdﬂ(T) ®1 ‘i2' 1 ®fQQrdﬂ(7) —/Pi/zdu(f)® f Qi/zdl«t(‘f)
Q Q

(3.10)

<M
% ( ngld:u O fQ Q. du(r) + fQPrdﬂ O fQ Q;ld/" () _ 1)
> .

We also can state the corresponding inequalities for the Hadamard product

Osf[(1—/1)PT+/1Qf]d,u(f)°1—/.P%_AdM(T)O/‘QﬁdM(T)
Q Q

Q
<MA(1-2)

y (IQ Pldu(t) o fo Qedp (v) + Jo Pedu (1) 0 Jo Q7 'du (r) 1)

2

and

0

IA

f P e gy wyor - f PIAdu(t)o / Qdy (7)
Q Q Q

M
Q

IA

1
4
x( P7ldu(z)o fo Qrdu(7) + fo Prdu(z) o f, Q7 'du(z) B 1)

> :

In the case when Q, = P,, T € Q, we derive

0< f P.du(t)ol — f P du(t)o f Ptdu(t)
Q Q Q

<MA(1-2) (/ P;ld,u(r)ofPTdu(r)—l)
Q Q
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forall 4 € [0,1] and

0< f P.du(r)ol — f PY*du(t)o f P du(r)
Q Q

Q

5%M(/.P;ld,u(r)o/PTd,u(r)—1).
0 Q

We also have the following multiplicative results:

Lemma 3.4. Assume that the selfadjoint operators P and Q satisfy the condition
0<m<P,Q<M,then

) .
Pl ® Q! < exp %1(1 ~ ) (%) pi-2 @ QA (3.11)
<1-DPR1+A1®Q
) .
1. - (M-m 1-2 o O
<exp 2/1(1 /1)( — ) P ®Q
forall 2 € [0,1].
In particular,
2
piogson[ iUzt |rogn o
< PR1+1Q®Q
- 2
2
< exp l% (W) P2 @ QU2

Proof. Since

(y— x)2 (max {x,y} — min {x,y}>2 _ (1 3 min {x, y} )2

max® {x,y} max {x, y} max {x, y}

and

(- x)° (max{x,y}—min{x,y}>2 _ (M —1)2,

- min {x, y} min {x, y}

min’ {x,y} -

hence by (1.10) we derive

. 2
exp [%/1(1 —N (1 - %) l (3.13)
< Q1-A)x+ Ay
=T iy

min {x, y}

2
Sexpl%l(l—l)(w—l> l
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Ift,s € [m,M] C (0, 00), then by (3.13) we get, if we take the double integral
fn]:[ frz/[ over dE (t) ® dF (s), the desired result (3.11). O

Corollary 3.5. With the assumptions of Lemma 3.4, we have the inequalities for
Hadamard product

.
M—m ) PloQh (3.14)

Pl_’loQ’l <exp %/‘l (1- /1) (T

<(1=2)P+2Q

M—m)z-

< exp %/1(1 -2) (T Pl%0Q%

forallA €10,1].
In particular,
P1/20Q1/2 < exp %(M) P1/20Q1/2 (3.15)
P+Q
2

[ 1/M—m 2]
< ex pl/2601/2.

<

If we take Q = P in Corollary 3.5, then we get the following inequalities for
one operator P satisfying the condition0 < m <P < M,

1-1,pd 1 M-m\*| i,
PtoPh <exp|SA(1 =) (=5 [P'ThoP (3.16)
<Pol
_ .
1 M—-—m
< -l _ m—_m 1-1,pld
<exp 2/1(1 /1)< - ) P'~*oP
forall4 €[0,1].
In particular,
_ .
P/20pP1/2 < exp %(%) pl/2opl/2 (3.17)

SPol_

_ .
coxp[3 (A= | papr
8 m

Finally, we can state the following multiplicative result:

Theorem 3.6. Let (P;). .o and (Q;),cqbe continuous fields of positive operators
in B(H) such that o (P;), 0 (Q;) C [m,M] C (0, ) for each T € Q. Then for all
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A € [0,1] we have

f Pdp(n) @ f Ldu (o) (318)
Q Q

f P du(t) ® / Qtdu(r)

Q Q

5(1_A)fprdu(r)@)1+Al®fod/vt(T)
Q

M—m)2
<exp

%“““(T

<exp

)

f PIAdp (0) ® f Qldu (o)

and, in particular

f P du (1) ® / QY ?du (x) (3.19)
Q Q

2
(MM”") f ”W(r)@fﬂ QY du (7)

g% /Pfdu(f)®1+1®fod#(T)l
Q
2
é(%) /Pl/zdu(1)®fQ1/2dM(T)-

We can state the following results for the Hadamard product as well:

< exp

< exp

f Py du(r)o f Qidu () (3.20)
Q Q
f Py du(r)o j Qidpu ()
Q Q
< f [(1 = A) P, +2Q,] du (2) o1
Q

f PIdu () o f Qidu ()

ra-n(Mgm)

<exp

-5

<exp
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and, in particular
f Py ?du(r)o f Vdu (o) (3.21)
Q Q
2

1/M—-m pl/2 1/2

() fQ du(f)O/Q du (7)

P
Sf T+QTd/V£(T)O1
L 2

1(M-m)\’ pl/2 1/2
§<T) f d,u(r)o[) du(r).

When Q, = P, 7 € Q, we obtain for 4 € [0, 1] that

< exp

< exp

f P du () 0 f Qrdu (o) (3.22)
Q Q

[ Priaue [ diaue
Q Q

< f [ =) P + Q] du(r)el
Q

2
< exp %/1(1 ) (W)

1 M—m\* 1-1 2
< exp 5/1(1—/1) e P du(t)o Qfd/,t(‘f)
and, in particular,
f PY2du(r) o f PMYdu (o) (3.23)
Q Q
1/M—-m\* 1/2 1/2

<exp §<T> /(; du(zr)o fPr du(r)
S/PTdM(T) ol

Q

2

<exp %(W) f l/zdﬂ(r)ofP du (o).
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