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Iterations of the functor of naive
Al-connected components of varieties

Nidhi Gupta

ABSTRACT. For any sheaf of sets ¥ on Sm/k, it is well known that the univer-
sal Al-invariant quotient of F is given as the colimit of sheaves 8"(F) where
8(F) is the sheaf of naive A!-connected components of . We show that these
infinite iterations of naive Al-connected components in the construction of
universal Al-invariant quotient for a scheme are certainly required. For ev-
ery n, we construct an Al-connected variety X, such that 8*(X,) # 8""1(X,)
and 8"?(X,,) =x.

CONTENTS
1. Introduction 167
2. Preliminaries 168
3. Proof of Theorem 1.1 171
References 180

1. Introduction

Let k be a field and X be any smooth, finite-type scheme over k. In the unsta-
ble Al-homotopy category F((k) [8], there are two notions of A!-connectedness
for X. The genuine notion is the sheaf of Al-connected components 71'?1 X),
which is given by the Nisnevich sheafication of the presheaf that associates
to any smooth scheme U the set of morphisms from U to X in (k). The
naive notion is given by the sheaf of A!-chain connected components S(X)(see
Definition 2.3). Both of these notions may not coincide even for smooth and
proper schemes [2]. However, if we take infinite iterations of § and subse-
quently form the direct limit, the resulting sheaf £(X)(also known as the uni-
versal Al-invariant quotient) will coincide with 71'6‘\1 (X), provided that the latter
is Al-invariant [2, Theorem 1].
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168 NIDHI GUPTA

The Al-invariance of the sheaf of Al-connected components for a general
space XX in J((k) has recently been disproved [1]. Nevertheless, there are vari-
ous examples of schemes where the equality of n?l and £ has been established.
It is known to coincide for Al-rigid schemes, proper curves [2], smooth pro-
jective surfaces over an algebraically closed field [5], smooth projective retract
rational varieties over an infinite field [3], etc. Moreover, £(X) provides a com-
plete geometric description of n?l (X) for sections over finitely generated, sep-
arable field extensions of k [4, Theorem 1.1].

In all the above examples, £ has been shown to stabilise at some finite stage.
In other words, £ is shown to be equal to 8" for some 7 in all these cases. This
leads to a natural question: are these iterations really necessary? More specif-
ically, does there exist an n such that 8"(X) = £(X) for any scheme X? For a
general space XX, it has already been answered in the negative by Balwe-Rani-
Sawant [4, Theorem 1.2]. For each n, they have constructed a sheaf of sets
for which the iterations of naive A!-connected components do not stabilise be-
fore the nth stage. Moreover, they have remarked on the possibility of suitably
modifying their construction to produce schemes X,, with the same property
[4, Remark 4.7].

The purpose of this note is to show that the infinite iterations of naive A'-
connected components in the construction of £ are certainly required in the
case of varieties as well and that the suggested example in op. cit. indeed works.
We prove the following:

Theorem 1.1. Foreachn € N, there exists a variety X, over C of dimension n+1
such that 8"(X,,) # S"1(X,,).

The first example of a variety for which 8(X) # 8*(X) is of a singular sur-
face S; over C [2, Construction 4.3]. Taking X; = S;, we have inductively
constructed a sequence of varieties X,, having two points, «, and g, in X, (C)
such that a,, and §, have the same images in 8"*1(X,,)(C) but distinct images
in 8"(X,,)(C). We also show that these varieties X,, are Al-connected and that
' (X,) = 8M3(X,) ==.

Acknowledgment. The author wishes to express her gratitude to her PhD
supervisor, Dr. Chetan Balwe, for suggesting this problem, his constant guid-
ance, and many helpful suggestions during the preparation of this note. She
also thanks Dr. Anand Sawant for several insightful comments, which led to
Theorem 3.16. Additionally, the author is grateful to the anonymous referee
for their careful reading and various suggestions that improved the exposition
of the paper.

2. Preliminaries

In this section, we recall relevant material from [2, 8] to make our exposition
self-contained. We fix a base field k. Let Sm/k denote the Grothendieck site of
smooth schemes of finite type over k equipped with the Nisnevich topology.
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Notation 2.1. For any smooth scheme U over k and ¢ € k, stU denotes the
morphism U — A, X U given by u ~ (t,u). Forany H € F(A; x U), define
H(t) := HOStU.

Definition 2.2. Let F be a sheaf of sets in Nisnevich topology. For any smooth
scheme U in Sm/k and x,, x; in F(U), we say x, and x; are A'-homotopic if
there exists h € F (A,lc X U) such that h(0) = xy and h(1) = x;. Moreover, h is

called an A'-homotopy connecting x, and x;.

Definition 2.3. The sheaf of naive A'-connected components of ¥, denoted by
8(#) is defined as the Nisnevich sheafication of the presheaf SP"™¢(F),

sy 1= 22,

where ~ is the equivalence relation generated by Al-homotopy. Equivalently,
8(F) is the Nisnevich sheafication of the presheaf

U - m,Sing™ (F)(U),
where Sing’:\l(? ) is the Morel-Voevodsky singular construction on F[8, p.87].

For any sheaf of sets #, it is immediate from the definition of 8, that S(F)
satisfies the following universal property.

Lemma2.4. Let ¥, G € Shu(Sm/k)y;s be sheaves of sets. Supposey : F — G is
a morphism such that for any A'-homotopy h € 3"(&11c xU), and foranys,t € k,
the morphisms (poh)(s) and (poh)(t) are identical. Then 1 factors through the
canonical morphism F — S(F).

Proof. View the morphism p : F — G as a morphism of presheaves. By
the definition of SP"¢(¥), for any smooth scheme U, $(U) factors through the
morphism F(U) — 8P"(F)(U):

7)) —22 gw)

|

SPre(FH(U)

Since F and G are sheaves of sets, after Nisnevich sheafication, the lemma fol-
lows. O

Definition 2.5. A sheaf 7 € Shu(Sm/k)y;, is called Al-invariant if the maps
FU)->F (A,lc xU), induced by the projections A}c XU — U, are bijections. We
say a scheme X is Al-rigid if, when viewed as a sheaf of sets, X is Al-invariant.

Iterating the construction of § infinitely many times yields a sequence of epi-
morphisms

F = 8(F) = 8*(F)....
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After taking the direct limit, we arrive at the universal A'-invariant quotient
L(F),
L(F) :=lim 8"(¥F).
—-n

Definition 2.6. For any scheme X over k, an elementary Nisnevich covering
comprises of the following two maps:
(1) An open immersion j : U — X.
(2) An etale map p : V — X where its restriction to p~!1(X \ j(U)) is an
isomorphism onto X \ j(U).

The resulting cartesian square
UxxV — V
Lo,k
U—L vx
is called an elementary distinguished square.

One of the significant aspects of using an elementary Nisnevich covering is
illustrated by the following result in [8, §3, Lemma 1.6 |.

Lemma 2.7. An elementary distinguished square is a cocartesian square in the
category Shu(Sm/k)yis.

The lemma mentioned in [8] is originally stated for smooth schemes; how-
ever, the same proof holds for general schemes without any modifications. We
will recall some results from [9, 4, 7] that will be used to prove the Al-connected-
ness of X,,. The following lemma is a standard result from [7, Lemma 6.1.3].

Lemma 2.8. A sheafofsets F on Sm/k is Al-connected if7r§1 (F)K) == forany
finitely generated separable extension K of k.

The following theorem from [4, Theorem 2.2] provides an explicit formula
for computing n?l(ﬁt )(K) for any field K /k.
Theorem 2.9. Let F be a sheaf of sets. For any finitely generated field extension
K /k, the natural map nél(?)(K) - L(F)(K) is a bijection.

The analogue of Lemma 2.8 for § is given by the following result from [9,
Theorem 3.2].

Theorem 2.10. Suppose ¥ is a sheaf on sets such that S(F)(K) == for any finitely
generated separable K /k. Then, 8*(F) =x.

Notation 2.11. For any sheafof sets # and x in 7 (U), we will use [x]; to denote
the image of x in 8/(F)(U).

Notation 2.12. From now on, all schemes are defined over C. For any two
schemes X and Y, and for any x € X(C), we will denote the morphism Y —

SpecCibeYiX.
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3. Proof of Theorem 1.1

We divide the proof into three parts. First, we construct the required se-
quence X, of varieties and fix two C-valued points «, and (3, in X,,. Second,
we provide geometric arguments to show that the images of «,, and 3,, cannot
be equal in 8'(X,,)(C) for i < n. Finally, we use appropriate elementary Nis-
nevich covers of X,, to construct maps from X, to 8(X,,,;) that map «, and 3,
to [B,+1]1 and [a,,1]1(see Notation 2.11), respectively. This allows us to con-
struct an Al-homotopy connecting [«, ], and [B,], in 8*(X,,), thereby ensuring
that the images of a,, and 3, are equal in 8"*1(X,,).

3.1. Construction of the varieties X,,. For n > 0, the variety X,, is quasi
affine and has dimension n + 1. In proving the theorem, it will be useful to
have the explicit equations defining X,,. Therefore, we will construct the affine
varieties Y,, in Aé”“, such that X, is an open subvariety of Y,. We begin by

constructing the varieties X,,. Set X, = Y, := Aql:.

Construction 3.1. We now recall the construction of surface S; from [2, Con-
struction 4.3] which will serve as our Xj.

(1) Letd; e C\Ofori=1,2,3,and let f(x;) = (x; — 1)(x; — ,)(x; — 13)
with 4 = 4/—24;4,4;. Define E as the following planar curve,

E := Spec C[xl,h]/(}’f = f(x)).

Letw : E — Albe the projection onto x; -axis. Thus, 771(0) = {(0, +1)}.
(2) Define Y; and X; as the following surfaces in A2,

Y, 1= Spec C[XOaXb)’l]/()’f - ng(xﬂ) , X1 :=Y1\{(0,0,0)}.

Let i; denote the inclusion of X, into Y.

(3) Let¢; and ¥, : Y; — X, be the projection onto the x,-axis and x; -axis,
respectively. Define ¢, and 1, as the restrictions of ¢; and ¢, to X;. The
surface X; can be viewed as a family of curves parametrized by Aé via
¢,, where the fiber over 0 is G,,, and the fiber over any nonzero point is
E.

(4) Leta; = (1,0,4) and 3; = (0,1,0). Then, «; is contained in the copy
of E in X corresponding to x, = 1, while §3; is contained in the copy of
G,, in X; corresponding to x, = 0. Al-rigidity of E and G,,, will be used
to show that «¢; and 8; cannot be connected by a chain of Aé in X;.

(5) Let AGI:XE denote the surface SpecC|xy, x1, 1]/ (yf— f(xy)),andletp; :
A}C X E — Y, be the morphism given by (xg, X1,y;) = (xg, X1, Xo¥1)-
Then, p, is an isomorphism outside 951_ 1({0}). p; will be used to con-
struct an Al-homotopy in 8(X;) connecting [a;]; and [B;];.

Next, we inductively define the varieties X,, and the morphisms ¢,,,¢, :
Xn - Xn—l-



172 NIDHI GUPTA

Construction 3.2. For n > 2, assuming that X,,_;, ¢,,_; and ¥,,_, are defined,
we define X, as the pullback of the following diagram.

Pn
Xn H Xn—l
¢n\l/ J/¢n—1
Xn—l ﬁ Xn—Z

We now define ,, and 8,,. These are the C-valued points of X, whose im-
ages are not equal in 8*(X,,)(C) but will be equal in 8"*1(X,)(C). We start by
defining a, and 3,. Since ¥;(a;) = ¢,(B;) = 0, the pair (o, 8;) induces the
morphism

(e1,81)
SpeC C _— Xl X¢1,X0,¢1 Xl'

Similarly, since ¢;(8;) = ¢;(a;) = 1, the pair (3;, a;) will induce the morphism

(Br,o)
SpecCﬂXl Xy Xouby X1

Define a,, 5, : Spec C — X, by the following morphisms,

a :=(a,B1) and By 1= (B, ap).
To define a,, and 3, for n > 3, an alternative definition of X,, will be more
convenient.
Remark 3.3. X,, can be realised as the n-fold fiber product of X; over A}: as
follows: For i > 2, we see immediately that X; = X; X AL X;_1 via the following
pullback square.

bi
Xi — Xia

¢zo...¢il iqblo...qsi_l
X, —>¢1 A}:

Applying this definition of X; repeatedly, we will find that X,, can also be ex-
pressed as the n-fold fiber product, specifically, X,, = X; X, | AL g, Xy Xy, AL,
X,.

For all n > 3, «, and f,, are defined using the above n-fold fiber product

description of X,,. The morphisms are given by

(ay,ay) (by,.-.,by)
a, : SpecC—— X, and S, : SpecC— X,,

where a;,b; € {a;, 5} such that (a,...,a,) and (b, ..., b,) form alternating
sequences of a; and 3, with a; = a; and b; = ;. More precisely,

a, 1= (a, B, 21,--5,a,) and B, 1= (B, ay, B> by)-

Since ¥1(B;) = ¢1(t;) = 1 and P, (a;) = ¢$1(B;) = 0, the above definitions are
well defined. Similar to the definition of X,,, we define Y, inductively.
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Construction 3.4. For n > 2, assuming Y,,_;, ¢,_; and 9,,_; are defined, we
define Y, using the following pullback square.

Pn
Yn —> Yn—l
én\l/ \ngn—l
Yn—l ﬁ Yn—2

The following simple lemma provides a geometric description of X,, and Y.

Lemma 3.5. Letn > 1.

(1) X, is an open subscheme of Y. Moreover, ¢,, and ¥, are the restrictions
of ¢, and P, to X,,.

(2) Y, = Spec C[xg, Xy, Y1 - X Yl /(Y7 — x7 f(e)YL,). The morphism
¢, is given by

(xo’xl’ Y15 e Xp» yn) = (x01x1, Y15 Xp—1, yn—l)’

and the morphism 1, is given by
(X0s X1, Y15 e Xy V) 2> (X1, X2, V2 e s Xy, V)-

Proof. For (1), we first claim that similar to X,,, Y,, can be obtained as the n-
fold fiber product of Y; over A}C. Indeed, by replacing the roles of ¢; and ¢; with
¢; and 9); in Remark 3.3, we find that

Y, =Y, szlAqusqsl Yy X%AE,JH Yy

Now, since i) : X; — Y is an open immersion, and since ¢, and ¥, are simply
the restrictions of ¢;, ¥, to X; respectively, the following morphism
i1 XX
Xu Xy At X1 Xy ar g, X1 = Y1 X5, a1 5, Y1 Xg, a1 6, V1

must be an open immersion. Now, ¢,, %, : X1 Xy, x, 6, Xn-1 = Xn_1
are the first and second projections onto X,,_;, respectively. Therefore, in the
n-fold fiber product description, ¢, and 1, will project X, onto the first and last
n — 1 factors of X,,, respectively. Similarly, ¢,, and ,, will project Y,, onto the
first and last n — 1 factors of Y,, respectively. It follows that the morphisms ¢,,,
¥, are precisely the restrictions of ¢,,, %, to X,,.

For (2), because Y,, = Y; Xg,AL ) Y- Xg,AL, Y, the coordinate ring A,
of Y, is given by

_ Clxg, X1, y1] ®yr clx1d Clxg, X1, y1] ®yr clx1d Clxg, X1, y1]
- *,C , § —————— e *,C , ¥ —
W —x2f(x) I G2 2pG)y R G a2 p ()

Since ¢, and ¢, project onto the x, and x; axis, respectively, this tensor product
equals

n

An = Spec C[an X1,Y15 X2, Y25 oo 5 X yn]/<{ylz - xiz_lf(xi)}:;l)'
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Moreover, since ¢, and ¥, project Y,, onto the first and last n — 1 factors of Y,,,
respectively, ¢, is the projection onto the coordinates (xg, X1, Y1 - » Xn—15 Yn-1)»
and 9, is the projection onto the coordinates (xy, X3, ¥ .., X, V)- O

3.2. Geometric properties of X,,. In this subsection, we apply the universal
property of § from Lemma 2.4 to the morphism ¢,, in order to construct maps
8(X,) — X,_1. Then, using an inductive argument, we show that the images
of a,, and 3, cannot be equal in 8'(X,,)(C) fori < n.

Lemma 3.6. Let n > 1. Then the fibers of closed points under ¢,, are A'-rigid.

Proof. From Lemma 3.5, it follows that ¢, is the restriction of the affine map
Y, — Y,_; corresponding to the natural ring homomorphism of coordinate
rings:

C[XO’ X1 Y1505 Xp—15 yn—l] ﬁ) G:[xO’ X1, Y155 xn—l’yn—l][-xn’ yn]
(f = x2 fea) W7 =X FOD + v = X f ()
Now, let Q be a closed point of X,,_;. Thus, Q = (ay, a;, by, ..., a,,_1, b,_; ) Where

a;,b; € C. Hence, ¢,,'(Q) is isomorphic to Spec % \ (0,0,0). If
yn_an,1 Xn
a,_1 # 0, then ¢, 1(Q) is isomorphic to E, and otherwise, it is isomorphic to
Clxn,ynl

Spec T\(O, 0,0). Since both of these varieties are A!-rigid, this completes
YV
the proof. O

Lemma 3.7. Let n > 1 and let y be any morphism Aql; — X,. Then oy isa
constant morphism.

Proof. We prove this by induction on n. Let’s verify the base case for n = 1.
Let y be a morphism A}: — X;. Recall that p; : Aé X E — Y;(see Construction
3.1,(5)) defined by (xg, x1,¥;) — (X9, X1, XpYy1) is an isomorphism outside the
fiber ¢;7(0). Therefore, it induces a rational map X; > A{ X E. Since ¢; is
the projection onto the x;- axis, ; is the same as the morphism induced by

the rational map X; > Al XE — E 5 Af. Now, either the image of ¢; oy
lies completely in the fiber ¢1_1(0), or i, oy factors through the rational map
Aé -> E, which can be completed to a morphism A}C — E, where E is the

projective closure of E . Since both ¢1-1(0) and E are A'-rigid, this completes
the argument for the case n = 1.

Assuming the lemma holds for n — 1, we will prove it for n. Lety : Aqu - X,
be fixed. Recall that X, is defined by the following Cartesian square:

Pn
Xn H Xn—l
¢n\l/ J/an—l
Xn—l H Xn—2

z;bn—l
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Define y; := ¢,0y and y, := P, oy. We aim to show that y, is a constant
morphism. By the induction hypothesis, 1,,_; oy, is constant. From the com-
mutativity of the square above, it follows that ¢,,_; oy, is constant. This implies
that the image of y, lies in a fiber of ¢,_;, which is Al-rigid by Lemma 3.6.
Therefore, it follows that y, must be a constant morphism. O

Lemma 3.8. The morphism,, : X,, » X,_; in Shv(Sm/k)y;, factors through
the epimorphism X,, — 8(X,,).

Proof. By Lemma 2.4, it suffices to show that for any smooth scheme U and
any Al-homotopy F € X, (Al x U), 9,,oF is a constant A'-homotopy. Let G : =
Y,oF and let s,t € C. We need to show that the morphisms G(¢t),G(s) : U —
X,,—; areidentical. Since X is separated, thesetS := {x € U|G(t)(x) = G(s)(x)}
forms a closed subscheme of U. From Lemma 3.7, we know that U(C) C S,
which further implies that U = S. Hence, G(s) = G(t) for any s, ¢ € C, and the
result follows. O

Theorem 3.9. [«a,], # [B,.], forall n.

Proof. We prove the theorem by induction on n. For n = 1, we need to show
that [a;]; and [B;]; cannot be connected by an A!-chain homotopy. To es-
tablish this, it suffices to show that any morphism y : A}C — X, contain-
ing ; = (1,0,4) in its image is a constant morphism. Recall that the mor-
phism p; : A;‘: Xc E — Y defined by (xy, x;,y;) = (xg, X1, XpY;) is an iso-
morphism outside ¢;'({0}). Since a; ¢ ¢;'({0}), p;' induces a rational map
Y : AL > AL X¢ E — E. This rational map can be completed to a morphism
Aé — E. Consequently, ' is constant, implying that the image of y is contained
in affine line corresponding to pl(AGI: % (0, 4)). Since p((0,0,4)) = (0,0, 0) is not
in X7, the image of y must be contained in affine line excluding origin, which
is Al-rigid. Thus, y must be a constant morphism.

Assuming the theorem holds for n—1, we will prove it for n. On the contrary,
assume that [a,], = [B,], in 8"(X,)(C). Since the morphism 3, : X, —
X, factors through the morphism X,, - 8(X,,) by Lemma 3.8, we obtain the
following commutative diagram:

§1(X,)(C) P sn1(x, )(©)

l

8"(X,)(C)

Since ¥,,(a,,) = B,—; and ¥,(8,) = a,_;, and we have assumed that [« ], =
[81 ], it follows from the commutativity of the above diagram that [a,_;],_1 =
[B,-1],—1- This conclusion contradicts the induction hypothesis. Therefore,
the theorem holds. O
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3.3. Al-homotopies in 8"(X,,). An explicit Al-homotopy between [a;]; and
[B1]; in 8(X;) has been constructed in [2, Construction 4.3]. This will be the
key input in the following construction of A'-homotopies in 8*(X,,).

Theorem 3.10. [«,, ], and [B,], are Al-homotopic in 8*(X,,).

Proof. For every n > 1, we will construct an A'-homotopy Ag — 8"(X,,) such
that [«,], and [B, ], are contained in its image. We begin by constructing an
elementary Nisnevich cover of X,, for alln > 0. Let V = V; U V,, where

Vi = E\{(4;,0)_,(0,~)} and V,=AL\{o}

Define p; := 7|y, and p, to be the inclusion V, — Aql:. The morphism p; is
etale and pl_l(O) = (0, 1), thus the map p; U p, forms a Nisnevich cover of Aqu.
Now, for n > 1, consider X, as schemes over Acl: through @, := ¢;0...¢,. We
then obtain the following elementary distinguished square,

W X1 Xy ——5 V3 Xa1 X,

priL \lpzxm
1
Vl XA}C Xn m AC XA}C Xn

where W =V, XaL V,.

We now construct maps from X, to 8(X,,,,) that send «,, and 8, to [B,,41]1
and [a,,1];, respectively. Since the above square is cocartesian in Shv(Sm /k)yis
by Lemma 2.7, it suffices to construct morphisms k' : V; X AL X, = Xy for

i = 1 and 2, such that the following two compositions are identical:
prioh}
W Xp1 Xp —— Xn41 = 8Xnyn) fori=1,2.

By Remark 3.3, X,.; = X; Xy, AL®, X,. Thus, we will define i : V; XaL X, —
X,41 as h; X id, where

« hy V= X5 (o) 2 (Lxg, ),

« hy 1V, = Xy 5 (x1) o (0,x1,0).
The maps h{' are well defined because §,0h; = p;.

Now, we will define H" : AL X¢c (W XaL Xn) = Xp41 such that 7(0) =

pryohy and H"(1) = pryohy. Similar to k', 5" is a product of two morphisms,
Hxid : (A}: Xc W) XAl X,, = X,4+1, where J is the restriction of p;:

\7{ . A(Il: XC W - X1 , (xo, x1,}’1) = (xo’xl’xOyl)'

Clearly, 3"(0) = pryoh} and J{"(1) = prioh]. Therefore, the morphisms
pryoh’ and pryoh] become identical in 8(X,4;). Thus, h} and h} can be glued
together to obtain the maps ¥, : X,, —» 8(X,4,) foralln > 0.
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Finally, for m > 1, define the required A'-homotopy in §™(X,,) as the fol-
lowing composition:

2(F)
AL 7o s 2 5200, 22, $3(x,) - e M.

To ensure that the above A!'-homotopy indeed connects [a,,],, and [B,,],, in
8"™(X,,), what remains is to show that:

(1) Fo(0) = [er]; and Fo(1) = [B1]1.
(2) Foralln > 1, fn(ﬁn) = [an+1]1 and ?n(an) = [6n+1]1-

Since h;(0,4) = a; and h,(1) = 8;, we obtain (1). For (2), consider the follow-
ing commutative diagram:

h"uh”
@ XA}C X)u, XA}C Xp) — Xnt1

((M)@W \L \L

Spec C L Spec C e > X, 7 > S(X41)
Since h((0,4), B,) = (a1, B,) = ayy1 and h5((1), &) = (B1, @) = By, We are
done. O

Proof of Theorem 1.1. By Theorem 3.9 and Theorem 3.10, we have

[an]n # [Baln and  [aplpsr = [Brlnsa-
Hence, 8"(X,,)(C) # 8"*1(X,,)(C). O

Remark 3.11. For any scheme X /k, the field value sections of the sheaf of A!-
connected components of X can be computed by the following formula [4]:

7 (X)(F) = LX)(F) :=lim 8"(X)(F) for any F/k.

If X is proper, then S(X)(F) = 82(X)(F). However, for non-proper X, the proof
of Theorem 1.1 shows that the infinite iterations of 8 in the above formula are
essential.

In [6, Question 2.16], it is asked whether S(X)(F) = 82(X)(F) for non-proper
smooth schemes over k when k = k. This question was already answered in the
negative in [2, Construction 4.5], where X; was embedded in a smooth variety
T using [2, Lemma 4.4], such that S(T)(C) # 8*(T)(C). We will use a slight
generalisation of the same lemma(see Lemma 3.13) to embed X, in the smooth
varieties Z,, such that 8"(Z,)(C) # 8""1(Z,)(C). This shows that the infinite
iterations of § are required even for field value points of non-proper smooth
schemes over an algebraically closed field.

The following lemma is a reformulation of [5, Lemma 2.12] and will be used
in the construction of Z,,.

Lemma3.12. Let¢ : F — G bea morphism of sheaves of sets on Sm/k. Assume
that G is Al-invariant. Then, for any n and any A'-homotopy h : Al x U —
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SU(F), there existsy : U — G such that the given A'-homotopy factors through
8T Xg, U) = 8U(F).

The proof of the next lemma runs along the same lines as in [2, Lemma 4.4].

Lemma 3.13. Let X be an affine scheme over a field k. Then there exists a closed
embedding of X into a smooth scheme T over k such that for any n, if H : A}( -
SM(T) is an A'-homotopy containing [x], in its image for some x € X(k), then H
factors through S"(X) — 8"(T).

Proof. Suppose X C A} is defined by the ideal (f1, ..., f,) C k[xy, ... x,]. Con-
sider the map f : A} — A} which is given by (xy, ..., x,) = (f1, ..., f+). Then
the fiber of f at (0,...,0) is X. Now, choose some etale map g : C — A}{ such
that C is a smooth curve of positive genus and 0 € A}{ has a unique preimage

say c. Then, C” £, A; is etale. Define T := AZ XfAlgr V1. Then the fiber of
the map T — V7 over (¢, ..., ¢) is X. Clearly, T is a smooth scheme containing
X.

We claim that T is the required smooth scheme. Suppose that H is an A!-
homotopy in 8"*(T) whose image contains [x], for some x € X (k). Since C"
is Al-invariant, by Lemma 3.12, there exists Q : Spec k — C” such that the
Al-homotopy H factors through 8*(T Xcrg Speck) — 8*(T). Since [x], is
contained in the image of H and x € X(k), the point (c, ..., ¢) belongs to the

H
image of the composition A,lc — 8"(T) - C". Hence, Q = (c,...,c), and H
factors through the map 8"(X) — 8"(T). O

Proposition 3.14. Foreveryn € N, there exists a smooth variety Z, over C, such
that 8*(Z,)(C) # 8" (Z,)(C).

Proof. For every n and Y, (see Construction 3.4), let T,, be the smooth variety
corresponding to Y, arising from Lemma 3.13. Then there exists a morphism
y, from T,, to an Al-rigid scheme V,, and a point P,, € V,(C) such that fiber
of the morphism y,, over P, is Y,,. Choose a suitable open subscheme Z,, of T,
such thaty, |E:(Pn) = X,,. Since any A}{ — 8"(Z,) whose image contains [«,],
factors through the map $"(X,) —» 8"(Z,), we have [a, ], # [B,], in 8*(Z,)(C),
while [an]n+1 = [ﬁn]n+1 in 8n+1(zn)(C)- U

3.4. Al-connectedness of X,,. In this subsection, we show that the sequence
of sheaves (8™(X,,)),n>1 stabilises at the n + 2 stage, and that

7y (Xp) = 8"™3(X,) =+ .
Theorem 3.15. Let k be any finitely generated field extension of C and let n > 1.
Then 8"1(X,)(k) =*.

Proof. It suffices to show that 8"*1(X,, X¢ Spec k)(k) =+. The maps ¥, con-
structed in Theorem 3.10 will be used to prove the theorem. We will abuse
the notation and write X,, for the schemes X, X¢ Spec k, and ¥, for the maps
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F,XcSpeck : X, XcSpec k — 8(X,,.41 Xc Spec k), applying same conventions
to all the maps involved in construction of F,. We prove that 8"*}(X,)(k) =*
by induction on n.

Case (n = 1). We claim that [Q], = [B;], for any Q € X, (k). If Fy(k) :
Allc(k) — 8(X;)(k) is surjective, there would be nothing to prove. However,
since this is not the case, we will first list all k-valued points of X;, that do not
admit a lift to A}((k) via (k). We will then slightly modify F, to # or F o such
that their images contain [;];, and union of their images contain all k-valued
points of 8(X;).

Recall that the map F, includes the following morphisms:

e h . V; > X, fori=1,2,and
o« H : Allc X W — X, where J( is the restriction of p;.

If Q € X, (k) is contained in the image of any of these maps, then [Q]; is in the
image of F, and we have nothing to prove.

Now, the map p; : A}{ X E — Y is an isomorphism when restricted to
AII{ \ {0} X E, while the image of p,(0) \ {(0, 0,0)} coincides with h,(V,). Since
Vi =E\{(4;, 0)?=1, 0,=A)}, hy = p(D)]y,, and W = V1 \ {(0, 1)}, the remaining
k-valued points of X; must belong to one of the following sets:

« p1(AL\ {0, 13 x{(0, 1)}),

« p1(AL\ {0} x {(0,=D)}), or

+ pr(AL\ {0} X {(A;, 0), D).
Let Q belong to any of the sets above. Then, the case n = 1 will be completed
by proving [Q], = [f;],. Let a € k*.

If Q = p1((a,0,2)), define the map hf : V; — X, to be p;(a)ly,. Then,
h{(a)(0,1) = Q. Now, replace h, by h! in the construction of F,, while keeping
all the other maps the same. Since Jt(a) = h{|y and F((0) = h; |y, the maps
hi and h;, can be glued together to produce the map 7 : A}c — S(X;). Since
h,(1) = B;, F contains both [Q]; and [B;]; in its image. Hence, we have

[Q], = [B;], as desired.

If Q = py((a,0,—2)), define V; = E \ {(4;,0)_,(0,A)} and let h{ = p(a)|y,.
Then sz(a)(o, —1) = Q. Use V; LUV, as the Nisnevich cover instead of V, U V,.
Thus, V; Xal V,=W,H(a) = szlW and J€(0) = h,|y . Hence, similar to 7,
we obtain ¥ o by gluing fz‘f and h,, which will contain both [Q]; and [§;]; in its
image.

If Q = p;((a,4;,0)), then [Q]; = [(0, 4;,0]); via the AII{ corresponding to
p1|A11(X{(/1[,0)}. Since (0, 4;,0) € h,(V,), we have [(0, 1;,0)], = [B;], via F, hence

the claim is proved.

Case (n > 1). Assuming the statement of theorem for n, we will prove it for
n + 1. It is sufficient to prove the following claim.
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Claim: [Ql,42 = [Bus1lny2 for any Q € X4, (k).

Since X,,.; = X, Xpl X,,, we can write Q as (Q,, Q,), for some Q; € X;(k) and
Q, € X, (k). Using notations from the case n = 1, we see that

Qe p (A} x (03, ) u| U (V) D) |U ha(V).
ack*

If [Q:]; € h{(V}), we can modify F, to F} : X, — 8(X,4;) such that [Q];
and [B,41]; are in the image of F),. The map F, was constructed by gluing
h; xid : V; Xt Xy = X1 Xp1 Xy for i = 1,2. Replacing hy X id with h{ x id
in the construction of F,, h{ X id and h, X id can be glued to give the required
F!. Then [B]; and [Q]; can be lifted to X, (k) via &/, and since 8"*1(X,,)(k) =%
by the induction hypothesis, we obtain [S,,41],42 = [Ql,+2-

For [Q;]; € sz(Vl), replace the Nisnevich cover V; LI V, with V; UV, and
replace h; Xid with ﬁfxid in the construction of #, and the rest of the argument
proceeds similarly as for the case [Q,]; € h{ (V). If [Q;]; € h}(V5), then [Q]
is contained in the image of &, and we are done.

Finally, suppose Q; is contained in the image of p,| AL{(2,,0)} for some i €
{1,2, 3}. Then (Q;, Q,) and ((0, 4;,0), Q,) are in the image of the map

1 (PllA}{X{(ﬂi,O)}’QZ)
AL ———— X; Xa X,

Since ((0, 4;,0), Q,) is in the image of h, X id, we obtain

[((0’ /’ll" 0)5 QZ)]I’!+2 = [;871+1]n+2’
which further implies that [5,,41],42 = [Ql,.42-

1
Theorem 3.16. 7" (X,,) = 8""(X,)) =x.

Proof. Since 8"*!(X,)(k) == for any finitely generated and separable exten-
sion k of C, we have 8"*2(X,,) =* from Theorem 2.10. Combining Theorem 2.9

with Lemma 2.8, we conclude that ﬂ?l(X ) = [l

References

[1] Ayous, JOSEPH. Counterexamples to F. Morel’s conjecture on ng\l. C. R. Math. Acad. Sci.
Paris. 361 (2023), 1087-1090. MR4659069, Zbl 1534.14019, doi: 10.5802/crmath.472. 168

[2] BALWE, CHETAN; HOGADI, AMIT; SAWANT, ANAND. A!-connected compo-
nents of schemes. Adv. Math. 282 (2015), 335-361. MR3374529, Zbl 1332.14025,
doi: 10.1016/j.aim.2015.07.003. 167, 168, 171, 176, 177, 178

[3] BALWE, CHETAN; RANI, BANDNA. Naive A!-connectedness of retract rational varieties.
Preprint, 2023. arXiv:2307.04371. 168

[4] BALWE, CHETAN; RANI, BANDNA; SAWANT, ANAND. Remarks on iterations of the A!'-chain
connected components construction. Ann. K-Theory 7 (2022), no. 2, 385-394. MR4486465,
Zbl 1507.14032, arXiv:2106.08663, doi: 10.2140/akt.2022.7.385. 168, 170, 177


http://www.ams.org/mathscinet-getitem?mr=4659069
http://www.emis.de/cgi-bin/MATH-item?1534.14019
http://dx.doi.org/10.5802/crmath.472
http://www.ams.org/mathscinet-getitem?mr=3374529
http://www.emis.de/cgi-bin/MATH-item?1332.14025
http://dx.doi.org/10.1016/j.aim.2015.07.003
http://arXiv.org/abs/2307.04371
http://www.ams.org/mathscinet-getitem?mr=4486465
http://www.emis.de/cgi-bin/MATH-item?1507.14032
http://arXiv.org/abs/2106.08663
http://dx.doi.org/10.2140/akt.2022.7.385

[9]

ITERATIONS OF THE FUNCTOR OF NAIVE A!-CONNECTED COMPONENTS 181

BALWE, CHETAN; SAWANT, ANAND. Al-connected components of ruled surfaces.
Geom. Topol. 26 (2022), no. 1, 321-376. MR4404880, Zbl 1498.14047, arXiv:1911.05549,
doi: 10.2140/gt.2022.26.321. 168, 177

CHOUDHURY, UTSAV; ROY, BIMAN. A!-connected components and characterisation of A2
J. Reine Angew. Math. 807 (2024), 55-80. MR4698492, Zbl 1543.14016, arXiv:2112.13089,
doi: 10.1515/crelle-2023-0084. 177

MOREL, FABIEN. The stable A!-connectivity theorems. K-Theory 35 (2015), no. 1-2, 1-68.
MR2240215, Zbl 1117.14023, doi: 10.1007/s10977-005-1562-7. 170

MOREL, FABIEN; VOEVODSKY, VLADIMIR. A!-homotopy theory of schemes. Inst.
Hautes Etudes Sci. Publ. Math. 90 (1999), 45-143. MR1813224, Zbl 0983.14007,
doi: 10.1007/BF02698831. 167, 168, 169, 170

SAWANT, ANAND. Naive vs. genuine A!-connectedness. K-Theory—Proceedings of the In-
ternational Colloquium, (Mumbai, 2016), 21-33. Hindustan Book Agency, New Delhi, 2018.
ISBN:978-9-386279-74-3. MR3930041, Zbl 1451.19007, arXiv:1703.05935. 170

(Nidhi Gupta) DEPARTMENT OF MATHEMATICAL SCIENCES, INDIAN INSTITUTE OF SCIENCE
EDUCATION AND RESEARCH MOHALI, KNOWLEDGE CITY, SECTOR-81, MOHALI 140306, INDIA
mp18009@iisermohali.ac.in

This paper is available via http://nyjm.albany.edu/j/2025/31-7 .html.


http://www.ams.org/mathscinet-getitem?mr=4404880
http://www.emis.de/cgi-bin/MATH-item?1498.14047
http://arXiv.org/abs/1911.05549
http://dx.doi.org/10.2140/gt.2022.26.321
http://www.ams.org/mathscinet-getitem?mr=4698492
http://www.emis.de/cgi-bin/MATH-item?1543.14016
http://arXiv.org/abs/2112.13089
http://dx.doi.org/10.1515/crelle-2023-0084
http://www.ams.org/mathscinet-getitem?mr=2240215
http://www.emis.de/cgi-bin/MATH-item?1117.14023
http://dx.doi.org/10.1007/s10977-005-1562-7
http://www.ams.org/mathscinet-getitem?mr=1813224
http://www.emis.de/cgi-bin/MATH-item?0983.14007
http://dx.doi.org/10.1007/BF02698831
http://www.ams.org/mathscinet-getitem?mr=3930041
http://www.emis.de/cgi-bin/MATH-item?1451.19007
http://arXiv.org/abs/1703.05935
mailto:mp18009@iisermohali.ac.in
http://nyjm.albany.edu/j/2025/31-7.html

	1. Introduction
	2. Preliminaries
	3. Proof of Theorem 1.1
	References

