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A fixed point theorem for random
asymptotically nonexpansive mappings

Yuanyuan Sun, Tiexin Guo* and Qiang Tu

ABSTRACT. In this paper, we first establish the following fixed point theorem
for a random asymptotically nonexpansive mapping, which can be regarded
as a random generalization of the classical Goebel-Kirk fixed point theorem:
let (E,|| - ||) be a complete random uniformly convex random normed mod-
ule and G be an almost surely bounded closed L°-convex subset of E, then
every random asymptotically nonexpansive mapping f from G to G has a
fixed point in G. Second, we prove that the set Y of fixed points of f is closed
and L°-convex. Finally, we show that every eventually random asymptot-
ically nonexpansive mapping f also has a fixed point. Since the classical
method used to prove the Goebel-Kirk fixed point theorem for an asymptot-
ically nonexpansive mapping does not work directly for the current random
setting, we are forced to make use of the connection between the random
uniform convexity of the complete random normed module (E, || - ||) and the
uniform convexity of the abstract L?(E)-space generated by E, where p is a
given positive number with 1 < p < +o0. Specifically, we decompose a ran-
dom asymptotically nonexpansive operator on G into a sequence of smaller
operators on a bounded closed convex subset of LP(E) such that each smaller
operator is a classical eventually asymptotically nonexpansive mapping on
the corresponding bounded closed convex subset. Consequently, by using
the o-stability of f and G, we can establish a precise relation between the
fixed point set of f and the fixed point sets of these smaller operators, which
makes us finally complete the proofs of the above mentioned main results.
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1. Introduction and the main results

In 1965, Browder and Kirk established a remarkable fixed point theorem in
[1, 18] for a nonexpansive mapping, which states that, for a weakly compact
convex subset G with normal structure of a Banach space, every nonexpansive
mapping f from G to G has a fixed point. Browder-Kirk fixed point theorem
shows the strong intersection of fixed point theory with geometry of Banach
spaces.

In 1972, Goebel and Kirk generalized Browder’s work [1] from nonexpansive
mappings to asymptotically nonexpansive mappings. Precisely, they gave the
following famous fixed point theorem in [4]: let (B, || - ||) be a uniformly convex
Banach space, C a nonempty bounded closed convex subset of Band f : C —
C an asymptotically nonexpansive mapping, namely, there exists a sequence
{k,,, m € N}of nonnegative real numbers such thatlim,,_, , k,, = Land || f"x—
™yl < kpllx — y|| for any x,y € C and m € N, then f has a fixed point in
C, where f™ denotes the m-th iteration of f. Since then, the work in [4] has
attracted the attention of many scholars in the field of nonlinear analysis, see,
for example, [17, 19, 23, 24, 27]. The purpose of this paper is to extend the
Goebel-Kirk fixed point theorem from asymptotically nonexpansive mappings
in a uniformly convex Banach space to random asymptotically nonexpansive
mappings in a complete random uniformly convex random normed module.

Random normed modules(briefly, RN modules) are a random generaliza-
tion of ordinary normed spaces, which were independently introduced by Guo
in [6, 7] and Gigli in [3] and have been one of basic frameworks in random
functional analysis. Just based on such an idea of randomizing the traditional
space theory, random functional analysis has been deeply and widely devel-
oped [7,10], in particular random functional analysis has also been successfully
applied to dynamic risk measures [8, 9] and nonsmooth differential geometry
[3, 20, 21].

With the deep development of random functional analysis in financial appli-
cations, the current central task of random functional analysis is to extend fixed
point theory from Banach spaces or locally convex spaces to complete random
normed modules and random locally convex modules. In 2020, the notion of
L%-convex compactness for an L°-convex set was introduced by Guo [15], where
a characterization theorem for a closed L°-convex set in a complete RN mod-
ule to have L°-convex compactness was established, which can be regarded as a
generalization of the famous James characterization theorem for a closed con-
vex subset of a Banach space to be weakly compact. Furthermore, the notion
of random normal structure was introduced in [16], the authors of [14] suc-
cessfully generalized Kirk’s fixed point theorem [18] from a Banach space to
a complete RN module, which states that, for an L°-convexly compact closed
L%-convex subset G with random normal structure of a complete RN module
(E,|| - |I) over K with base (Q, ¥, P), every nonexpansive mapping f from G
to G has a fixed point. Recently, Mu, et.al further established several common
fixed point theorems for a commutative family of nonexpansive mappings in
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complete random normed modules in [22], which is an important advance in
the fixed point theory of nonexpansive mappings in complete random normed
modules. In 2024, the two notions of random sequentially compact sets and
random sequentially continuous mappings were introduced by Guo, et.al. in
[10], where they successfully generalized the Schauder fixed point theorem [5]
to RN modules. In 2024, by utilizing the theory of random sequential com-
pactness in random normed modules, Wang, et.al. established a noncompact
Dotson fixed point theorem in [26]. Shortly afterwards, based on the notion of
stable compactness, Tu, et.al. established the random Markov-Kakutani fixed
point theorem together with its connection with the random Hahn-Banach the-
orem in [25].

The work of this paper depends on geometry of RN modules, which began
with Guo and Zeng’s work in [12], where the notions of random strict and uni-
form convexities were introduced and the equivalence between random uni-
form convexity of an RN module E and uniform convexity of the abstract LP(E)-
space generated by E was established when 1 < p < +o0. Besides the impor-
tant advance on random uniform convexity, this paper is also considerably mo-
tivated by work in [10]. The authors in [10] provided a good idea when they
studied the fixed point problem for a o-stable mapping f, namely, first decom-
posing f to countably many smaller operators, then considering the fixed point
problem for each smaller operator and eventually obtaining a fixed point of f by
countably concatenating the fixed points of these smaller operators. Compared
with the theory of classical uniformly convex spaces, the theory of random uni-
formly convex spaces has not developed so fully that we can adopt a similar
method used to prove the Goebel-Kirk fixed point theorem for an asymptoti-
cally nonexpansive mapping, for example, we do not know if random convexity
modulus is continuous, which forces us to adopt a new method different from
that used in [4]. Just motivated by the idea of [10], in this paper we first de-
compose a random asymptotically nonexpansive operator on an almost surely
(briefly, a.s.) bounded closed L°-convex subset of a complete random uniformly
convex random normed module E into a sequence of smaller operators on a
bounded closed convex subset of LP(E) such that each smaller operator is a
classical eventually asymptotically nonexpansive mapping on the correspond-
ing bounded closed convex subset. Consequently, by using the o-stability of f
and G, we can establish a precise relation between the fixed point set of f and
the fixed point sets of these smaller operators, which makes us finally complete
the proofs of the main results of this paper.

To present the main results of this paper, we need to introduce some neces-
sary preliminaries in random functional analysis.

Throughout this paper, (Q, #, P) denotes a given probability space, N the set
of positive integers, K the scalar field R of real numbers or C of complex num-
bers, L(F, K) the algebra of equivalence classes of [K-valued F-measurable ran-
dom variables on (Q, #, P) (as usual, two random variables equal a.s. are said
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to be equivalent). Specially, L°(F) := L°(F,R) and L° the set of equivalence
classes of extended real valued F-measurable random variables on (Q, F, P).

Proposition 1.1 can be regarded as a random version of the classical supre-
mum and infimum principle. The partial order < on L°(F) is defined by £ <7
iff £%(w) < n°(w) for P-almost surely all w € Q, where £° and 7° are arbitrarily
chosen representatives of & and 7 respectively.

Proposition 1.1 ([2]). (L°(F), <) is a complete lattice, for any nonempty subset
H of L°(F), VH and AH denote the supremum and infimum of H, respectively.
Also, the following statements hold:

(1) Thereare two sequencesia,,n € N}and{b,,n € N}in H such thatV,>,a, =
VH and Ay>1b, = AH.

(2) If H in (1) is directed upwards (resp., downwards), i.e., there exists h, € H
for any two elements h, and h, in H such that h; V h, < hs (hy < hy A hy),
then {a,,n € N} (resp., {b,,n € N}) can be chosen as nondecreasing (resp.,
nonincreasing).

(3) (L°%(F), <) is a Dedekind complete lattice, i.e., every nonempty subset with an
upper bound has a supremum.

As usual, £ < 7 means £ < nand £ # 7 for any £ and 7 in L°(F), whereas,
forany A € F,& < non A (£ < non A) means £%(w) < n%w) (%w) <
7°(w)) for almost all w in A, where £° and 7° are respectively arbitrarily chosen
representatives of £ and 7.

In this paper, the following notation are always employed:

LY(F)={eLlo(F)| & >0}

L0, (F) ={E € L%F) | £ > 00n Q};

L9(F) = (£ € L°(F) | £ 2 0},

For any A € ¥, I, stands for the equivalence class of I 4, where I, stands for
the characteristic function of A, namely I4,(w) = 1 if w € A and 0 otherwise.

Definition 1.2 ([6]). An ordered pair (E, || - ||) is called a random normed mod-
ule(briefly, an RN module) over K with base (Q, F, P) if E is a left module over
the algebra L°(F, K) (briefly, an L°(F, K)-module) and || - || is a mapping from E
to Lf_ such that the following are satisfied:

(RNM-1) ||x|| = 0 implies x = O (the null in E);

(RNM-2) ||§ - x|| = |€] - ||x|| for any (§,x) € LO(F, K) X E;

(RNM-3) ||x +y|| < ||Ix|| + ||y]| forall x and y € E.

As usual, || - || is called the L°-norm on E.

(L°(F,K),| - |) is a simplest RN module, where | - | is the usual absolute
value mapping on L°(F,K). In this paper, an RN module is always endowed
with the (e, 1)-topology as follows. It is easy to see that the (g, 1)-topology for
(L°%(F,K), | - |) is exactly the topology of convergence in probability P.

Proposition 1.3 ([7]). Let (E, || - ||) be an RN module over K with base (Q, F, P).
Foranye > 0and 0 < 1 < 1, let Ng(e,1) = {x € E|P{w € Q : ||x]|(w) <
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e} > 1 — A}, called the (e, 1)-neighborhood of 6. Then Uy = {Ng(g,A),e > 0,0 <

A < 1} forms a local base for some metrizable linear topology on E, called the

(¢, A)-topology, denoted by T . Furthermore, the following statements hold:

(1) L°(F,K) is a topological algebra over [K;

(2) E is a topological module over the topological algebra L°(F, K);

(3) Asequence {x,,n > 1}in E converges to x € E in the (g, A)-topology iff {||x,, —
x||, n € N} converges to 0 in probability P.

Let (E, ||-||) be an RN module over K with base (Q, ¥, P). A nonempty subset
G of E is said to be L°-convex if £x + 7y € G for any x and y € G and any
¢ and n € L(¥) such that £ + n = 1, and a.s. bounded or L°-bounded if
VAllx|| : x € G} € LY(F). The set supp(E) = {w € E|£%(w) = +oo} is called
the support of E (supp(E) is unique a.s.), where £ = \/{||x|| : x € E}and &°
is an arbitrarily chosen representative of £. If P(supp(E)) = 1, then E is said to
have full support. In the remainder of this paper, it is always assumed that all
RN modules mentioned have full support.

Further, we employ the following notation for a brief introduction to random
uniformly convex RN modules:
e£[0,2]={c € LO+ +(F) : there exists a positive number 4 such that 1 < ¢ < 2}.
55[0,1]1={5 € LS_ +(F) : there exists a positive number 7 such thatn <6 < 1}.

For any x, y in E, denote the equivalence class of F-measurable set {w €
Q : ||x||°w) # 0} by A,, called the support of x, where ||x||° is an arbitrarily
chosen representative of ||x||; and we briefly write A, , = A, N A, and B, , =
AcNA,NA,_,.

Definition 1.4 ([12]). Let (E, || - ||) be a complete RN module over [ with base
(Q, F, P). E is said to be random uniformly convex if for each € € €4[0, 2] there
exists 8 € 6#[0,1] such that ||x — y|| > € on D always implies ||x + y|| < 2(1 —96)
on D forany x andy € U(1) and any D € ¥ such that D C B, , and P(D) > 0,
where U(1) = {z € E| ||z|| £ 1}, called the random closed unit ball of E.

Definition 1.5. Let (E,|| - ||) be an RN module over KK with base (Q, #, P) and
G be a nonempty subset of E. A mapping f . G — G is said to be random
asymptotically nonexpansive if there exists a sequence {£,,, m € N} in Lg_ (F)with
{€,,, m € N} convergent a.s. to 1, such that

1f7x = fyll < &ullx — yII,Vx,y € G and m € N.

A mapping f . G — G is called an eventually random asymptotically nonexpan-
sive mapping if there exist some | € N and a sequence {§,,,m > 1} in Lg(?) with
{&,,, m > 1} convergent a.s. to 1, such that

/7)) = f" O < Emllx — yII. VX, y € Gand m > L.

Theorems 1.6, 1.7 and 1.8 below are the main results of this paper, as random
generalizations of Theorems 1, 2 and 3 in [4], respectively.

Theorem 1.6. Let (E, || - ||) be a complete random uniformly convex RN module
over K with base (Q, F,P) and G be an a.s. bounded closed L°-convex subset of
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E, then every random asymptotically nonexpansive mapping f : G — G has a
fixed point.

Theorem 1.7. Under the same assumptions as in Theorem 1.6, then the set Y of
fixed points of f is closed and L°-convex.

Theorem 1.8 below shows that f in Theorem 1.6 only needs to be eventually
random asymptotically nonexpansive.

Theorem 1.8. Let (E, || - ||) be a complete random uniformly convex RN module
over K with base (Q, F,P) and G be an a.s. bounded closed L°-convex subset of
E. Further suppose that f : G — G is an eventually random asymptotically
nonexpansive mapping, then f has a fixed point.

2. Proofs of the main results

Proposition 2.1 below is Theorem 3 of [4], which will be used in the proof of
Theorem 1.6.

Proposition 2.1. Suppose C is a nonempty, closed, bounded and convex subset
of a uniformly convex Banach space (B, ||-||) and F : C — C isan arbitrary (even
noncontinuous) transformation such that for some positive integer n,

IF'x — Fiy|| < killx = yll,i > n,

where {k;,i > n}is a sequence of nonnegative real numbers with lim;_, _ k; = 1.
Then F has a fixed point.

Remark 2.2. It is easy to see from the proof of Theorem 3 of [4] that the set of
fixed points of F in Proposition 2.1 is also closed and convex.

Lemma 2.3 below is crucial for the proofs of the main results of this paper,
as it establishes a connection between RN modules and normed spaces (see [7]
for details).

Lemma 2.3. Let (E,|| - ||) be an RN module over K with base (Q, F,P), and
1< p < +oo. Let LP(E) = {x € E| ||x||, < +oo}, where || - ||, : E — [0, +oo] is
defined by:

1
x|, = Uo(lx|[P)dP)», when1 < p < +o0;
inf{M € [0,+0] | ||x]] £ M}, when p =+

forall x € E. Then (LP(E),|| - ||p) is a normed space and LP(E) is T, ;-dense in
E.

Remark 2.4. For1 < p < +oo, if (E,|| - ||) is a complete RN module, then
(LP(E), || - llp) is a Banach space (see [11]). For 1 < p < +oo, if (E,|| - |]) is
a complete RN module, then (LP(E), || - ||,) is uniformly convex iff E is random
uniformly convex (see [12, 13]).
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Definitions 2.5 and 2.6 below provide the notions of stability of sets and map-
pings, and they have played an important role in random functional analysis
(see [7, 10, 14, 15, 16, 22, 25, 26]), particularly in the proofs of the main results
of this paper.

Definition 2.5. Let E be an L°(F, K)-module and G be a nonempty subset of E.
G is said to be stable if I,x + I,y € G forany x,y € G and any A € F, where
A¢ = Q\ A. G is said to be g-stable (or, to have the countable concatenation
property in the original terminology of [7]) if for any sequence {x,,n € N} in
G and any countable partition {A,,n € N} of Q to F (namely, each A, € 7,
A;(NAj = @ foranyi # j, and U:;l A, = Q) there exists x € G such that
I, x=1I,x,foreachneN.

It is known from [7] that when (E, || - ||) is an RN module or a more general
regular L°-module (see [10] for the notion of a regular L°-module), x in Defini-
tion 2.5 is unique and can be written as Z:ozl I x,. Also, any closed LC-convex
subset of a complete RN module is always o-stable.

Definition 2.6. Let E be a regular L°(F, K)-module and G be a nonempty subset
of E. The mapping f : G — G is said to be

(1) o-stable, if G is o-stable and
f(z jAnxn) = Z TAnf(xn)
n=1 n=1

forevery sequence {x,,,n € N}in G and every countable partition {A,,n € N}
of Qto F;
(2) have the local property if G is stable, 6 € G and

Ipf(x) =Tof(Iax)
forany A € F and any x € G (Here, we should like to remind the reader of

the fact that I,x € G forany A € F and any x € G when G is stable and
6 eiG)

By Lemma 2.11 of [14], any L°-Lipschitzian mapping defined on a o-stable
set of an RN module is o-stable. So, if f is a random asymptotically nonexpan-
sive mapping defined on a o-stable set, then f is o-stable. According to Remark
3.2 of [15], if G is a o-stable set with 6 € G, then f is o-stable iff f has the local
property.

With the above preparations, we are now ready to prove Theorem 1.6.

Proof of Theorem 1.6. Without loss of generality, we can assume that 6 €
G(otherwise, take an arbitrary p, € G, and replace G and f with G' = G — p,
and f' : G' — G defined by f'(p) = f(p + py) — Po, Vp € G).

Since f : G — G is a random asymptotically nonexpansive mapping, there
exists a sequence {£,,, m € N} in L_?_(.T ) with {£,,,m € N} convergent a.s. to
1, such that ||f™x — f™y |I< &nllx — Yl Vx,y € G, m € N. By Egoroff’s
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theorem, there exists E;, € F for each k € N such that P(Q \ E}) < % and

{£,,,m € N} converges uniformly to 1 on Ej.. Since P(Uzoz1 Ey) = 1, without
loss of generality, we can assume that Q = U} | Ey.. Furthermore, let Q;, = E;

and Q; = E \ UZ/E;_, forany k € Nwith k > 2, then {Q;,k € N}isa
countable partition of Q to # and {£,,,, m € N} converges uniformly to 1 on Q;,
for any k € N.

Since G is an a.s bounded subset of E, there exists € L?F(Sr ) such that

llg|| < nforallg €G. Let
A, =fweQn—1<1n%w) <n}

for any n € N, where 7° is an arbitrarily chosen representative of 7. Then
{A,,n € N}is a countable partition of Q to F.

It is clear that {4, N Q, n,k € N} is a countable partition of Q to &. For any
k e Nand n € N, define f, ) : Iy o G = I4,n0,G by

o) =1y nq f(X), VX €14 0o, G-
One can easily check that f,, (I o, &) = L4, nq,f(g) forany g € G by the local
property of f.
The remainder of the proof is divided into two steps.
Step 1. We prove that each f,, has a fixed point in I 4,00, G-

By Proposition 2.1, it suffices to prove Iy ~o G is a bounded || - || ,-closed
convex subset of (LP(E), || - || ,), where p is any fixed number such that 1 < p <
+00, and f,  is an eventually asymptotically nonexpansive mapping.

First, for any h € Iy q, G, since

1
Al = ( f \Ls v, BIPAP)? <,
Q

then Iy q, G is a bounded subset of (LP(E), || - || ,)-

Second, since I 4,00, G is a T y-closed subset of E, by the Lebesgue domi-
nance convergence theorem it is easy to see that I 4,00, G isa||-]|,-closed subset
of (LP(E), || - ||p)

Third, since G is L°-convex, it is naturally convex, it is obvious that T AankG
is also convex.

Finally, forany g € I 4,n0, G> We have

() = FarS )
= TAankf(fo,:l(g))
= TAankf(TAankf(fo;:z(g)))

=I4 00 fTa,n0 f G Tan0, fTa,n0, ()
=14, f™(g) (since f has the local property)

for any m € N, where f7", denotes the m-th iteration of f, .
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For m € N, lety,, = |[I4, no, {mlleo» then lim,,_, , ¥,, = 1since {£,,,m € N}
converges uniformly to 1 on Q, for any k € N. It follows that

12k ) = fe Dl = € f 17 ) = £ )PP
Q
= ( f 1f™Ce) = fm)IPdP)?
A,NQy

1
<( f & [Pllx — yI[PdP)?
ApNQy

< ¥mllx = Yllp

forany x,y € I 4,00, G and any m € N, which implies that f, ; is an eventu-
ally asymptotically nonexpansive mapping (Here, we can only assert f, , is an
eventually asymptotically nonexpansive mapping since it is possible that there
exists some m, € N such that y,, = +oo for some m < m ).

Hence, there exists x, x € I ~q, G such that f,, (X, ) = Xp -
Step 2. We prove that f has a fixed point.

Let x = Z:ozl Zzo:leankxn,k’ then x € G. Since f is o-stable, then f has
the local property, we have

k.‘
—~
&

Il
M
M

13

Aankf (x)

S
Il
_
~
Il
_

I
M s
M s

Iy,00,fTa,00,%)

S
1l
_
=~
1l
—_

[
Ms
Ms

TA,,r\Qk fn,k(xn,k)

S
Il
—
=~
Il
—

[
Ms
Ms

AN Xn k

Il

]

’ —
=~
Il
—

Thus, f has a fixed point x in G. O

Remark 2.7. When (Q, F, P) is trivial, namely ¥ = {Q, @}, the complete ran-
dom uniformly convex RN module (E, || - ||) reduces to a uniformly convex Banach
space, G to a bounded closed convex subset of E and f to an asymptotically non-
expansive mapping, and then the classical Goebel-Kirk fixed point theorem for an
asymptotically nonexpansive mapping, namely, Theorem 1 of [4] is a special case
of Theorem 1.6.

L°(F,[0,1]) denotes the set of equivalence classes of random variables from
(Q,F,P) to [0,1]. Before we give the proof of Theorem 1.7, we first prove
Lemma 2.8 below.



A FIXED POINT THEOREM 191

Lemma 2.8. Let (E, || - ||) be a complete RN module over K with base (Q, ¥, P)
and G be a stable closed convex subset of E. Then G is L°-convex.

Proof. Since the setof simple elementsin L°(F, [0,1])is T ;-dense in L°(F, [0, 1])
and G is closed, it suffices to show that

Ex+(1-8yeaG
for any x, y € G and any simple element & in L°(F, [0, 1]).
Let & = Zl.":l I 4,%, Where «; is a nonnegative number with 0 < «; < 1 for
anyi =1~ nand{A;,i =1 ~ n}is a finite partition of Q to F, since G is stable
and convex, we have

ExX+(1—8y=DTaax+ Y I,(A—a)y

i i=1
i

i=1
n
I
i=1
n
I
i=1

a(aix + (1 —a)y)

€Y. I,G

1

cG
forany x,y € G. Hence G is LO-convex. |

Let us first recall that, for any countable partition {B,,, m € N} of Q to F and
any sequence {G,,, m € N} of nonempty subsets of E,

Z Ig Gp := {Z I, 8m> &m € Gm, Ym € N}
m=1

m=1

is called the countable concatenation of {G,,,, m € N} along {B,,, m € N}.
Now we can give the proof of Theorem 1.7.

Proof of Theorem 1.7. First, since G is o-stable and closed, and since f is o-
stable and continuous, then Y is o-stable and closed.

Second, we prove that Y = Z:;l Zzozl I4,n0,Ynk» Where Y, is the fixed
point set of f,, x for any n, k € N. Indeed, by the step 2 of the proof of Theorem

1.6, itis clear that Z:o:l Zzozl I4,n0,Yni CY.Ontheotherhand, foranyx € Y
and any n, k € N, since

fn,k(TAankx) = TAankf(TAankx)
= TAankf(X)
= TAankx’

then Iy no, X € Y,, and this implies that x € Z::;l Z;:o:l Iy n0,Ynk- Hence
oo oo =
Y= zn=1 Zk=1 IA,,anYn,k-
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Finally, each Y, is convex by Remark 2.2, then Y = z:’:l ZZC;I Iy 00 Ynk
is convex.
To sum up, by Lemma 2.8, Y is L°-convex. O

The following proof of Theorem 1.8 is motivated by Proposition 2.1.

Proof of Theorem 1.8. Let f : G — G be an eventually random asymptot-
ically nonexpansive mapping as defined in Definition 1.5, then the mapping
g = f!is a random asymptotically nonexpansive mapping, which implies that
its set Y of fixed points is closed and L°-convex. For any x € Y, we have

fG) = fg(x)) = fH1(x) = g(f (X)),

thus f maps Y into Y. Moreover, f = fP*1 on Y for any p € N. As a result,

1£GO = fFDII = IFPH ) = FPH DN < Epraallx = Il Vx,y €,

which implies that || f(x) — f(»)|| £ ||x — y|| for any x,y € Y. Therefore, by
Corollary 3.9 in [14], f has a fixed pointin Y. O

Remark 2.9. LetY be the set of fixed points of g as defined in the proof of The-
orem 1.8, then it is easy to see that the set Fix(f) of fixed points of f is exactly
{y € Y|f(y) = y}, and thus Fix(f) is also a closed L°-convex subset of G by
Theorem 1.7.
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