PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE Nouvelle série, tome 29 (43), 1981, pp. 49–52

A NEW SPECTRAL METHOD FOR DETERMINING THE NUMBER OF SPANNING TREES

D. M. Cvetković and I. Gutman

Abstract. As is known, the number of spanning tress of a regular graph can be determined by the graph spectrum. In this paper we describe a new variant of the spectral method for determining the number of spanning trees, which enables to solve the problem for a class of non-regular graphs.

Introductory comments

It was noted by H. Hutschenreuter [5] that the number of spanning of a regular graph can be expressed in terms of its spectrum. Let G be a regular graph of degree r on n verticies, let P_G(λ) be its characteristic polynomial and λ_1 = r, λ_2, . . . , λ_n its eigenvalues. Then the following formulas hold for t(G), the number of spanning trees of G,

(1) t(G) = 1 n n∏ i=2 (r − λ_i) = 1 n P_G^′(r).

The first author of this paper used formula (1) to determine the number of spanning trees for several classes of regular graphs [2] (see also [8]). Moreover, it is shown in [2] that this method, together with other spectral methods [12], is sufficient for deriving practically all known results concerning the number of spanning trees (see [3], pp. 217–220). Some additional results along these lines can be found in the references^1 [1], [6], [9], [10] and [11].

Formula (1) can be extended to non-regular graphs if one considers the characteristic polynomial and spectrum of the so called admittance matrix, instead of the characteristic polynomial and spectrum of the adjacency matrix (see [3] p. 39, [6] and [11]). Since the latter objects play a dominant role in the spectral graph theory, it would be of interest to extend (1) to non-regular graphs so that t(G) is

1It should be pointed out that especially [1] and [6] simply ignore the paper [2], although this is a relevant reference for [1] and [6].

still expressed in terms of the characteristic polynomial or the spectrum of the adjacency matrix. This has been done in the present paper for class of graphs which are close to regular graphs: these are graphs in which all vertices but one have a fixed degree r. We shall call such graphs nearly regular of degree r while the vertex being not of this degree will be called an exceptional vertex.

Spanning trees in nearly regular graphs

Proposition 1. Let G be a nearly regular graph of degree r and let H be its subgraph obtained by removing the exceptional vertex. Then

(2) t(G) = P_H (r).

Proof. By the matrix-tree theorem (see, for example, [3], p. 38, t(G) is equal to any cofactor in the admittance matrix D − A. (A is the adjacency matrix and D is the matrix of vertex degrees). Formula (2) is obtained if we take the cofactor of the diagonal element corresponding to the exceptional vertex of G.

Example. The characteristic polynomial of a circuit C_n is known to be equal to 2T_n (_λ 2 ) − 2, where T_n(λ) is the Chebyshev polynomial of the first kind.

Introducing a new vertex connected by an edge to all vertices of C_n we get a wheel W_n, which is a nearly regular graph. By Proposition 1 we have t(W_n) = 2T_n(3/2)−2 (cf. [8]).

An application

The inner dual G^{∗∗} of a plane graph G is the subgraph of the usual dual G^∗, obtained by deleting the vertex corresponding to the infinite region of the original plane graph [4].

Let G be a plane graph in which any finite region is bounded by a circuit of a fixed length r. (The so called animals – see for example, [4] – belong to this class of graphs). Then G^∗ is a nearly regular graph. On the other hand, it is known that the graphs G and G^∗ have the same number of spanning trees [1], p. 38. Combining these observations with Proposition 1 we immediately reach the following corollary.

Proposition 2. If G is a plane graph in which any finite region is bounded by a circuit of length r, then (3) t(G) = P_G∗∗ (r). Example. For the graph G on Fig. 1 the inner dual G^{∗∗} is the path P_n on n vertices, Since P_{P n}(λ) = U_n(λ/2), where U_n(λ) is the Cheybyshev polynomial of the second kind, we have t(G) = U_n(3) = ∑_{[n/2]} k=0 (−1)^k (_{n−k} k ) 6^{n−2k}.

A new spectral method for determining the number of spanning trees 51

If we replace in Fig. 1 hexagons with k-gons, then we get t(G) = U_n(k/2). Example. For the graph G_{m,n} on Fig. 2 we have G^{∗∗}_{m,n} = G_{m−1,n−1}.

The spectrum of G_{m−1,n−1} consists of eigenvalues (c.f [2], p. 74)

2 cos iπ m + 2 cos jπ n (i = 1, 2, . . . , m − 1, j = 1, 2, . . . , n − 1).

Therefore,

t(G_{m,n}) = 4^{(m−1)(n−1)} m−1∏ i=1 n−1∏ j=1 ( sin^2 iπ 2m + sin^2 jπ 2n ) .

This result was obtained by other spectral methods in [6].

Non-isomorphic plane graphs from Proposition 2 can have isomorphic inner duals. Consequently, such graphs have the same number of spanning trees.

For example, the five graphs (animals) G_1, . . . , G_5 on Fig. 3 haye equal number of spanning trees, namely 4^6 − 5 · 4^4 + 5 · 4^2 = 2896, since r = 4 and P_{Gi}^{∗∗}(λ) = λ^6 − 5λ^4 + 5λ^2

52 D. M. Cvetković and I. Gutman

Consider the set T of graphs from Proposition 2 with fixed r and with a fixed number of regions, for which the inner dual is a tree.

Let T be a tree which is an inner dual of a graph G ∈ T . Then λ_1(T ) ≤ r. Since among trees with fixed number n of vertices the inequalty P_{P n}(λ) < P_T (λ) holds for all λ > λ_1(T ), T ≠ P_n [7], it follows that those graphs G from T for which G^{∗∗} = P_n have a maximal number of spanning trees.

A similar argument shows that minimal t(G) have those graphs G ∈ T for which G^{∗∗} is a star (provided that such graphs exist).

REFERENCES

[1] N. L. Biggs, Algebraic graph theory, Cambridge University Press, Cambridge 1974. [2] D. M. Cvetković The spectral method for determining the number of tress, Publl. Inst.

Math. (Beograd) 11 (25) (1971), 135–141.

[3] D. M. Cvetković, M. Doob, H. Sachs, Spectra of graphs-Theory and application, Deutscher Verlag der Wissenschaften-Academic Press, Berlin–New-York 1980.

[4] F. Harary, H. Harborth, Extremal animals, J, Combinatorics, Information & System Sci.

1 (1976), 1–8.

[5] H. Hutschenreuter, Einfacher Bewies des Matrix-Gerüst-Satzes der Netzwerktheorie,Wiss.

Z. TH Ilmenau 13 (1967), 403–404.

[6] G. Kreweras, Complexité et circuits eulériens dans les sommes tensorielles de graphs, J.

Combinatorial Theory (B) 24 (1978), 202–212.

[7] L. Lovás, J. Pelikán, On the eigenvalues of trees, Periodica Math. Hung 3 (1973), 175–182. [8] E. Nosal, On the number of spanning trees of finite graphs, The University of Calgary Research Paper No. 95, (1970).

[9] F. Runge, H. Sachs, Berechung der Anzahl der Gerüste von Graphen und Hypergraphen mittels deren Spektren, Mathematica Balkanica 4 (1974), 529–536.

[10] H.Sachs, On the number of spanning trees, Proc. Fifth British Combinatorial Conference, Aberden 1975, ed. C. St. J. A. Nash-Williams, J. Sheehan, Winnipeg 1976, 529–535.

[11] D. A. Waller, Regular eigenvalues of graphs and enumeration of spanning trees, Theorie Combinatorie, Coll. Int. Roma 1973, t. I, Acc. Naz. Lincei, Roma 1976, Atti dei Convegni Lincei 17 (1976), 313–320.

[12] � � � � � � � I. II� � � � � � � � No� � �.