PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE

Nouvelle série, tome 33 (47), 1983, pp. 59–62

ON SEHGAL’S MAPS WITH A CONTRACTIVE ITERATE AT A POINT

Ljubomir Ćirić

Abstract. Let (X, d) be a complete metric space and T a mapping of X into itself. Suppose that for each x ∈ X there exists a positive integer n = n(x) such that for all y ∈ X, d(T^nx, T^ny) ≤ α max{d(x, y), d(x, T y), d(x, T^2y), . . . , d(x, T^ny), d(x, T^nx)}, holds tor some α < 1. With these assumptions our main result states that T has a unique fixed point. This generalizes an earlier result of V. M. Sehgal and a recent result of the author.

1. We shall prove the following theorem, which is a generalization of Sehgal’s Theorem [3].

Theorem 1. Let (X, d) be a complete metric space and T : X → X a mapping. If for each x ∈ X there exists a positive integer n = n(x) such that (1) (T^nx, T^ny) ≤ α · max{d(x, y), d(x, T y), d(x, T^2y), d(x, T^3y), . . . , d(x, T^ny)d(x, T^nx)} holds for some α < 1 and all y ∈ X, then T has a unique fixed point u ∈ X. Moreover, for every x ∈ X, lim_{m→∞} T^mx = u.

Proof. First we shall show that for every x ∈ X, the orbit {T^mx}^∞_{m=0} is bounded. To prove this assertion, we shall show that for any x ∈ X (2) r(x) = sup{m > 0{d(x, T^mx) ≤ max{d(x, T^sx) : 0 < s ≤ n(x)}/(1 − α). Let m be any, but fixed, positive integer and k (k = k(x, m)) a positive integer such that (3) d(x, T^kx) = max{d(x, T^rx) : 0 < r ≤ m}. AMS Subject Classification (1970): Primary 54H25, Secondary 47H10. Key words and phrases: Mappings with contractive iteration at a point, fixed points, convergence of iterations.

We may suppose that m > n(x) and k > n(x). Then by triangle inequality and by (1) we have d(x, T^k) ≤ d(x, T^nx) + d(T^nx, T^nT^{k−n}x) ≤≤ d(x, T^nx)+ + α · max{d(x, T^{k−n}x), d(x, T^{k−n+1}x), . . . , d(x, T^kx), d(x, T^nx)} ≤ ≤ d(x, T^nx) + α · max{d(x, T^rx) : 0 < r ≤ m}. Using (3) we obtain d(x, T^kx) ≤ d(x, T^nx) + α · d(x, T^kx) and hence d(x, T^kx) ≤ d(x, T^nx)/(1 − α), i.e., max{d(x, T^rx) : 0 < r ≤ m} ≤ d(x, T^nx)/(1 − α). Since m was arbitrary, this implies sup m>n(x) {d(x, T^mx) ≤ d(x, T^{n(x)}x)/(1 − α). The relation (2) now follows immediately. Consequently, the orbit {T^mx}^∞_{m=0} is bounded.

Now, let x_0 = x ∈ X, n_0 = n(x_0), x_1 = T^{n0} x_0 and inductively n_k = n(x_k), x_{k+1} = T^{nk} x_k (k = 1, 2, . . . ).

Evidently, {x_k} is a subsequence of the orbit {T^mx_0}^∞_{m=0}. Using this subsequence we shall show that {T^mx_0}^∞_{m=0} is a Cauchy sequence.

Let x_k be any fixed member of {x_k}^∞_{k=i} and let x_p = T^px_0 and x_q = T^qx_0 be any two members of the orbit {T^mx_0}^∞_{m=0} which follow after x_k. Then x_p = T^rx_k and x_q = T^sx_k for some r and s, respectively. Now, using (1) we get d(x_k , x_p) = d(x_k , T^rx_k ) = d(T^{nk−1} x_{k−1}, T^{nk−1} x_{k−1}) ≤ αd(x_{k−1}, T^{r1} x_{k−1}) where

d(x_{k−1}, T^{r1} x_{k−1}) = max{d(x_{k−1}, T^rx_{k−1}), d(x_{k−1}, T^{r+1}x_{k−1}), . . . , d(x_{k−1}, T^{r+nk−1} x_{k−1}), d(x_{k−1}, T^{nk−1} x_{k−1})}. Similarly, d(x_{k−1}, T^{r1} x_{k−1}) ≤ αd(x_{k−2} , T^{r2} x_{k−2}), where d(x_{k−2}, T^{r1} x_{k−2}) = max{dx_{k−2}, T^{r1} x_{k−2}), . . . , d(x_{k−1}, T^{nk−2} x_{k−1}}. Repeating this argument k-times we get d(x_k , x_p) ≤ αd(x_{k−1}, T^{r1} x_{k−1}) ≤ α^2d(x_{k−2}, T^{r2} x_{k−2}) ≤ · · · ≤ α^kd(x_0, T^{rk} x_0). Hence d(x_k, x_p) ≤ α^kr(x). Similarly, d(x_k , x_q ) = d(x_k , T^sx_k ) ≤ α^kr(x).

Therefore, (4) d(x_p, x_q ) ≤ d(x_k, x_p) + d(x_k , x_q ) ≤ α^k · 2r(x).

On Sehgal’s maps with a contractive iterate at a point 61

Since α < 1, (4) implies that the orbit {T^mx_0}^∞_{m=0} is a Cauchy sequence.

By the completeness of X there is u ∈ X such that u = lim_{m→0} T^mx_0. We shall show that T^{n(0)}u = u. For m ≥ n = n(u), we now have d(T^nu, T^nT^mx_0) ≤ α · max{d(u, T^mx_0), d(u, T^{m+1}x_0), . . . , d(u, T^{m+n}x_0), d(u, T^nu)} and on letting m tend to infinity it follows that d(T^nu, u) ≤ αd(u, T^nu). Since α < 1, we see that u is a fixed point of T^{n(u)}.

To show that u is a fixed point of T , let us assume that T u ≠ u and let d(u, T^ku) = max{d(u, T^ru) : 0 < r ≤ n = n(u)}. Then d(u, T^ku) =d(T^nu, T^kT^nu) = d(T^nu, T^nT^ku) ≤ α · max{d(u, T^ku), d(u, T^{k+1}u), . . . , d(u, T^{k+n}u), d(u, T^nu)} ≤ αd(u, T^ku). Since α ≤ 1, it follows that d(u, T^ku) = 0, which implies that u is a fixed point of T . The uniqueness of a fixed point of T follows immediately from (1). This completes the proof of the Theorem.

2. If we suppose that T is continuous, then we may prove the following theorem.

Theorem 2. Let (X, d) be a complete metric space and let T : X → X be a continuous mapping which satisfies the following condition: for each x ∈ X there is a positive integer n = n(x) such that for all y ∈ X, d(T^nx, T^ny) ≤ α · max{d(x, y), d(x, T y), d(x, T^2y), . . . , d(x, T^ny), d(x, T x), d(x, T^2x), . . . , d(x, T^nx)}, where 0 ≤ α < 1. Then T has a unique fixed point u ∈ X. Moreover, for every x ∈ X, lim_{k→∞} T^kx = u.

Proof. Let x be an arbitrary point in X. Then, as in the proof of Theorem 1, the orbit {T^mx}_{m=0} is bounded and is a Cauchy sequence in the complete metric space X and so it has a limit u in X. Since by the hypothesis T is continuous, it follows that T^{n(u)} is continuous, which implies that T^{n(u)}u = T^{n(u)} lim_{m→∞} T^mx = lim_{m→∞} T^{m+n(u)}x = u.

Therefore, u is a fixed point of T^{n(u)}. By the same arguments as in the proof of Theorem 1, it follows that u is a unique fixed point of T . This completes the proof of the Theorem.

Remark. The condition that T be continuous in Theorem 2 may be relaxed by the following: T^{n(x)} is continuous at a point x ∈ X.

We now note that the condition that T^{n(u)} be continuous at u is necessary in Theorem 2. This is easily seen by letting X be the closed interval [0, 1] with the usual metric. X is then complete. Define a discontinuous mapping T on X by T (0) = 1 and T x = x/2, if x ≠ 0. We then have d(T^2x, T^2y) ≤ max{d(x, T y), d(x, T x)}/2 for all x and y in X and so T satisfies (5) with α = 1/2. T however has no fixed point, because T^n is not continuous at 0 for any n = 2, 3, . . . .

REFERENCES

[1] Lj. B. Ćirić, Fixed point theorems for mappings with a generalized contractive iterate at a point, Publ. Inst. Math., (Beograd) (N. S.) 13 (27) (1972), 11–16. MR 49 # 11490.

[2] L. F. Gusemen, Fixed point theorems for mappings with a contractive iterate at a point, Proc. Amer. Math. Soc. 26 (1970), 615–618. MR Q2 # 919.

[3] V. M. Sehgal, A fixed point theorem for mappings with a contractive iterate, Proc. Amer.

Math. Soc. 23 (1969), 631–634, MR 40 # 3531.

Mašinski fakultet (Received 08 03 1982) 11000 Beograd Yugoslavija