PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE Nouvelle série, tome 33 (47), 1983, pp. 103–108

INVERTIBLE AND WEAKLY INVERTIBLE SINGULAR INNER FUNCTIONS IN THE SPACES D^p

M. Jevtić

Abstract. We show that singular inner function S_μ whose associated singular measure μ has the modulus of continuity ω_μ(t) = 0 (t log 1/t) is weakly invertible in D^p, 0 < p < 2, and that there exists a positive integer m such that S^{1/m}_μ is invertible D^p provided in 0 < p < 2.

1. Introduction. In this paper, as the title suggests, we investigate the question of invertibility and weak invertibility of singular inner functions in the spaces D^p, 0 < p < 2. In the third section we prove the following theorem.

Theorem 1. Let S_μ be a singular inner function whose associated singular measure μ, has the modulus of continuity ω_μ(t) = 0 (t log 1/t). Then for each p, 0 < p < 2, there exists a positive integer m such that S^{1/m}_μ is invertible in D^p.

Conversely, if S^m_μ is invertible in D^p 0 < p < 2, for some m > 0, then ω_μ(t) = 0 (t log 1/t).

If 2 ≤ p < ∞, singular inner functions are not invertible in D^p, because D^p ⊂ H^p (see [1] and [2], yet if S_μ is a singular inner function with ω_μ(t) = 0 (t log 1/t), then, for each p 0 < p < ∞, there exists a positive integer m such that S^{1/m}_μ is invertible in A^p (see [6]). As D^p ⊂ A^p (see [4]) from the invertibility of a function S^{1/m}_μ in D^p, 0 < p < 2, follows its invertibility in A^p.

A function f ∈ D^p is weakly invertible in D^p if there exists a sequence of polynomials p_n such that lim_{n≤∞} p_nf = 1, convergence being in the topology of D^p.

In 4. we prove another theorem.

Theorem 2. Let S_μ be singular inner function with ω_μ(t) = 0 (t log 1/t). Then S_μ is weakly invertible in D^p, 0 < p < 2.

As in the case of invertibility, if 2 ≤ p < ∞, singular inner functions are not weakly invertible in D^p; yet if S_μ is a singular inner function with ω_μ(t) =

AMS Subject Classification (1980): 30D55.

Key words and phrases: Singular inner function, Bergman space.

0 (t log 1/t), then S_μ is weakly invertible in A^p, for each p, 0 < p < ∞ (see [6]). It is clear that from the weak invertibility in D^p, 0 < p < 2, follows the weak invertibility in A^p.

The complete characterization of weak invertible singular inner functions in spaces D^p, 0 < p < 2, and A^p, 0 < p > ∞, is still an open problem.

2. Preliminaries. For f analytic in |z| < 1 and 0 < r < 1, let

M_p(r, f) = ( 1 2π ∫_{2π} o |f(re^{it}|^pdt )1/p , 0 < p < ∞, M_∞(r, f) = max_t |f(re^{it})|. Then for 0 < p < ∞ H^p denotes the linear space of analytic functions for which sup_r M_p(r, f) < ∞.

For each 0 < p < ∞, we denote by A^p the linear space of analytic functions on |z| < 1 for which ‖f‖^p_Ap = 1 2π ∫_1 0 ∫_{2π} 0 |f(re^{it})|^prdrdt < ∞.

For f(z) = ∞∑ n=0 a_nz^n analytic in |z| < 1 and 0 < r < 1, we define the area function A(r) by A(r) = A(r, f) = ∫_r 0 ∫_{2π} 0 |f^′(se^{it})|^2sdsdt = π ∞∑ n=1 n|a_n|^2r^{2n} so that A(r) is the area of the image of |z| < r under f, multiply covered points being counted multiply.

For each 0 < p < ∞, we denote by D^p the linear space of analytic functions of f on |z| < 1 for which ‖f‖^p_Dp = ∫_1 0 (A(r, f)/r)^{p/2}dr < ∞. Lemma 1. Let f be analytic in |z| < 1 with f(0) = 0. Then if 2 ≤ p, ‖f‖_Ap ≤ ‖f‖_Hp ≤ c_p‖f‖_Dp , where c_p = pπ^{−1/p}2^{−1/2}, while if 0 < p ≤ 2, ‖f‖_{Hp} ≥ c_p‖f‖_{Dp} ≥ k_p‖f‖_{Ap} , where c_p = pπ^{−1/p}2^{−1/2}, k_p = p2^{−1/2}π^{(p−2)/2p}.

Proof. Let 2 ≤ p < ∞. Then ‖f‖_{Ap} = ( 1 2π ∫_1 0 ∫_{2π} 0 |f(se^{it})|^psdsdt )1/p ≤ (∫_1 0 M^p_p (s, f)ds )1/p

≤ M_p(1, f) = ‖f‖_{Hp} . The second inequality is proved in [2] (Theorem 2, p. 278).

If 0 < p ≤ 2, then ‖f‖_Dp = (∫_1 0 (A(t, f)/t)^{p/2}dt )1/p ≥ √ π (∫_1 0 M^p_2 (t, f)dt )1/p

≥ √ π (∫_1 0 M^p_p (t, f)dt )1/p ≥ √ π‖f‖_Ap . The first inequality is proved in [2] (Theorem 2, p. 278).

Corollary 1. If 2 ≤ p < ∞, then D^p ⊂ H^p ⊂ A^p. If 0 < p ≤ 2, then H^p ⊂ D^p ⊂ A^p. All inclusions are proper, unless H^2 = D^2.

The functions f(z) = (1 − z)^{−1/p}, 0 < p < ∞, belong to A^p \ D^p and A^p \ H^p. There is a real sequence (ε_n), satisfying |ε_n| = 1 for all n ≥ 1, such that f(z) = ∞∑ 1 ε_nn^{−1/2}(log(n + 1))^{−1}z^n ∈ H^p,

for each p > 0, while f(z) ∉ ⋃ 2<p<∞ D^p.

There is a real sequence (δ_n), satisfying |δ_n| = 1 for all n ≥ 1, such that g(z) = ∞∑ 1 δ^{−1/2}_n z^n ∉ H^p, for each p > 0, although g(z) ∈ D^p, for each 0 < p < 2.

An analytic function f(z) in |z| < 1 satisfying |f(z)| ≤ 1 for all z, |z| < 1 and |f(e^{it})| = 1 a. e. is said to be an inner function. Every inner function f(z) has a factorization e^{iγ} B(z)S_μ(z) (see [1]) where B(z) is Blaschke product and S_μ is a singular inner function given by

(2.1) S_μ(z) = exp [ − ∫_{2π} 0 e^{it} + z e^{it} − z dμ(t) ]

where μ(t) is a bounded nondecreasing singular function, i. e. μ^′(t) = 0 a. e.. The modulus of continuity of μ is denoted by ω_μ and is defined by ω_μ(δ) = sup_{x,|t|≤δ} |μ(x + t) − μ(x)|, for δ > 0. We shall need the following two lemmas.

Lemma 2. (see [S]). Let S_μ be a singular inner function given by (2.1). Then |S_μ(re^{it})| > exp[−cω_μ(1 − r)/(1 − r)] for some positive constant c.

Lemma 3. (see [1, p. 109]) Let P (z, e^{it}) = (1 − |z|^2)|z − e^{it}|^{−2} be the Poisson kernel on |z| < 1. If μ(t) is a bounded nondecreasing singular function on [0, 2π] with ω_μ(t) = 0 (t log 1/t), then the positive constant k_1 and k_2 exist such that 2π∫ 0 P (z, e^{it})dμ(t) ≤ k_1 + k_2 log 1/(1 − |z|).

3. Proof of Theorem 1. By hypothesis there exists a constant k_3 > 0 such that

(3.1) ω_μ(1 − r) ≤ k_3(1 − r) log 1/(1 − r).

By using Lemma 2 and (3.1) we obtain

(3.2)

A(r, S^{−1/m}_μ ) = r∫ o 2π∫ 0 { |S_μ(se^{it})|^{−2/m}·

· m^{−2} | | | | | 2π∫ 0 2e^{iθ}(e^{iθ} − se^{it})^{−2}dμ(θ) | | | | | 2} sdsdt ≤

≤ 4rm^{−2} r∫ 0 2π∫ 0 { exp[2cm^{−1}ω_μ(1 − s)/(1 − s)] [ (1−

− s^2)^{−1} 2π∫ 0 P (se^{it}, e^{iθ})dμ(θ) ]_2} dsdt ≤

≤ 4m^{−2} r∫ 0 (k_1 + k_2 log 1/(1 − s))^2(1 − s)^{−2sk3 m−1 −2}ds,

where c is the constant of Lemma 2 in (2.2).

By (3.2), (3.3) A(r, S^{−1/m}_μ ) ≤ kr(1 − r)^{−2ck3 m−1 −ε−1} for some k > 0 and for all ε > 0. Let us choose a positive integer m large enough and ε > 0 such that p(2ck_3 + εm + m) < 2m.

Then by (3.3) S^{−1/m}μ ∈ D^p.

Conversely, if S^m_μ is invertible in D^p, 0 < p < 2, for some m > 0, then S^m_μ is invertible in A^p. By Theorem 2 ([6, p. 504]) ω_μ(t) = 0 (t log 1/t).

4. Weakly invertible singular inner functions in D^p. If E is a subspace of D^p we denote by [E] the closure of E in D^p. Also if E is a subspace of D^p and f ∈ H^∞, fE = {fg/g ∈ E}. Lemma 4. (see [3]) If f ∈ D^p, 0 < p < ∞, then f_r → f in D^p, where for 0 < r < 1, f_r(z) = f(rz).

Lemma 5. The set of polynomials in z is dense in D^p.

Proof. Let f ∈ D^p, 0 < p < ∞. Given ε > 0, there exists a r_0 such that ‖f −f_{r0} ‖_Dp < ε/2 (by Lemma 4). Let p_n(z) denote the n^{th} partial sum of the Taylor series of f_{r0} (z). Then p_n → f_{r0} uniformly on |z| ≤ 1, and thus ‖p_n − f_{r0} ‖_Dp → 0. Hence there exists an integer n such that ‖p_n −f‖_Dp < ε, which proves the Lemma.

Lemma 6. Let f ∈ H^∞, g ∈ D^p, 0 < p ≤ 2, g(0) = 0. Then ‖fg‖_Dp ≤ C_p‖f‖_H∞ ‖g‖_Dp . Proof. Case p = 2. ‖fg‖^2_D2 ≤ π/2M^2_2 (1, fg) ≤ π/2‖f‖^2_H∞ ‖g‖^2_H2 ≤ ‖f‖^2_H∞ ‖g‖^2_D2 . Therefore ‖fg‖_D2 ≤ ‖f‖_H∞ ‖g‖_D2 . Let 0 < p < 2. Then

(4.1)

‖fg‖^p_Dp = 1∫ 0 r∫ 0 2π∫ 0 |f^′(se^{it})g(se^{it}) + f(se^{it})g^′(se^{it})|^2sdsdt p/2 r^{−p/2}dr

≤ 1∫ 0 [_r∫ 0 2π∫ 0 |f^′(se^{it})g(se^{it})|^2sdsdt ]_{1/2} +

+ [_r∫ 0 2π∫ 0 |f(se^{it})g^′(se^{it})|^2sdsdt ]_{1/2} p r^{−p/2}dr

≤ c_p 1∫ 0 [_r∫ 0 2π∫ 0 |f^′(se^{it})g(se^{it})|^2sdsdt ]_{p/2} r^{−p/2}dr+

+ 1∫ 0 [_r∫ 0 2π∫ 0 |f(se^{it})g^′(se^{it})|^2sdsdt ]_{p/2} r^{−p/2}dr where c = 1 if 0 < p ≤ 1 and c_p = 2^{p−1}, if 1 ≤ p < 2. It is clear that

(4.2) 1∫ 0 [_r∫ 0 2π∫ 0 |f(se^{it})g^′(se^{it})|^2sdsdt ]_{p/2} r^{−p/2}dr ≤ ‖f‖^p_H∞ ‖g‖^p_Dp

Using Cauch’s integral formula we obtain |f^′(se^{it})| ≤ 4‖f‖_H∞ /(1 − s). Therefore r∫ 0 2π∫ 0 |f^′(se^{it})g(se^{it})|^2sdsdt ≤ 32π‖f‖_H∞ r∫ 0 M^2_2 (s, g)(1 − s)^{−2}sds

≤ 96‖f‖^2_H∞ r∫ 0 [ (1 − s)^{−2} (_s∫ 0 A(ρ, g)dρ )] ds.

Let F (s) = (1 − s)^{−2} s∫ 0 A(r, g)dr. Clearly, the function F (s) is non-decreasing on

(0, 1). Now let r_n = (1 − 2^{−n})r, n = 0, 1, 2, . . . . Then r − r_n = r_n − r_{n−1} = r2^{−n}. So we have

(4.4)

[_r∫ 0 F (s)ds ]_{p/2} = (_∞ ∑ n=1 r_n∫

r_{n−1} F (s)ds )_{p/2} ≤ ∞∑ n=1 [F (r_n)]^{p/2}r^{p/2}2^{−np/2}

≤ 2 ∞∑ n=1 r_{n+1}∫

r_n [F (s)]^{p/2}(r − s)^{p/2−1}ds

= 2 r∫ 0 [F (s)]^{p/2}(r − s)^{p/2−1}ds

= 2 r∫ 0 { (1 − s)^{−p}(r − s)^{p/2−1} (_s∫ 0 A(ρ, g)dρ )_{p/2}} ds In the same way we obtain

(4.5) [_s∫ 0 A(ρ, g)dρ ]_{p/2} ≤ 2 s∫ 0 (s − ρ)^{p/2−1}[A(ρ, g)]^{p/2}dρ. By (4.3), (4.4) and (4.5), we have 1∫ 0 [_r∫ 0 2π∫ 0 | |f^′(s^{it})g(se^{it}) | |^2 sdsdt ]_{p/2} r^{−p/2}dr (4.6)

≤ k^{(1)}_p ‖f‖^p_H∞ 1∫ 0 {_r∫ 0 [ (1 − s)^{−p}(r − s)^{p/2−1} (_s∫ 0 (s − ρ)^{p/2−1}[A(ρ, g)]^{p/2}dρ )] ds } r^{−p/2}dr

= k_p‖f‖^p_H∞ 1∫ 0 ds 1∫ s { (1 − s)^{−p}(r − s)^{p/2−1} (_s∫ 0 (s − ρ)^{p/2−1}[A(ρ, g)]^{p/2}dρ ) r^{−p/2} } dr

≤ k_p‖f‖^p_H∞ 1∫ 0 { (1 − s)^{−p/2}s^{−p/2} (_s∫ 0 (s − ρ)^{p/2−1}[A(ρ, g)]^{p/2}dρ )} ds

= k_p‖f‖^p_H∞ 1∫ 0 dρ 1∫ ρ (1 − s)^{−p/2}s^{−p/2}(s − ρ)^{p/2−1}[A(ρ, g)]^{p/2}ds

≤ k_p‖f‖^p_H∞ 1∫ 0 (_1∫ ρ (1 − s)^{−p/2}(s − ρ)^{p/2−1}ds ) [A(ρ, g)/ρ]^{p/2}dρ As_1 ∫ ρ (1 − s)^{−p/2}(s − ρ)^{p/2−1}ds = π(sin pπ/2)^{−1}, by (4.1 ), (4.2) and (4.6) ‖fg‖_Dp ≤ C_p‖f‖_H∞ ‖g‖_Dp . Using Lemma 5 and Lemma 6 one can easily prove the following two lemmas. Lemma 7. Let f ∈ H^∞. Then f is weakly invertible in D^p, 0 < p ≤ 2, if and only if [fD^p] = D^p.

Lemma 8. If f_1, f_2 ∈ H^∞ and E is a closed subspace of D^p, 0 < p ≤ 2, then [f_1f_2E] = [f_1[f_2E]].

Theorem 2 is now a consequence of Theorem 1, Lemma 7 and Lemma 8.

REFERENCES

[1] P. L. Duren, Theory of H^p spases, Academic Press, New York and London, 1970. [2] F. Holland, J. B. Twomey, On the Hardy class and area function, J. London Math. Soc. (2) 17 (1978), 275–283.

[3] M. Jevtić, Neka svojstva novih Adamarovih proizvoda analitičkih funkcija, Mat. Vesnik 4 (17) (32), (1980), 157–162.

[4] M. Jevtić, Zeros of functions of spaces D^{p,α}, Mat. Vesnik 5 (I8) (33) (1981), 59–64.

[5] H. S. Shapiro, Weakly invertible elements in certain function spaces, and generators in I_1, Michigan Math. J 11 (1964), 161–165.

[6] M. Stoll, Invertible and weakly invertible singular inner functions in the Bergman spaces, Arch. Math. 31 (1978), 501–508.

Institut za matematiku Prirodnomatematčki fakultet Studentski trg 16 11000 Beograd, Jugoslavija