PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE Nouvelle série, tome 34 (48), 1983, pp. 175–182

NON-ANTICIPATIVE INTEGRAL TRANSFORMATIONS OF STOCHASTIC PROCESSES

Ljiljana Petrović

Summary. Let X be a stochastic process, defined on the interval [0; 1], and Y its nonanticipative integral transformation defined by

(1) Y (t) = t∫ 0 g(t, u)X(u)du

In this paper we shall investigate conditions related to the family (2) G = {g(t, u), t ∈ [0; 1], u ≤ t} under which the process Y : 1^∘ generates the spaces H(Y ; t) equal to the corresponding spaces H(X; t) of the process X; 2∘ belongs to the same class as the process X; 3^∘ is continuous, provided X is continuous.

Introduction. Let X = {X(t), t ∈ [0; 1]} be a stohastic process of the second order, that is ‖X(t)‖ < ∞ for each t ∈ [0; 1]; the inner product and the norm are defined as in [2]. The Hilbert spaces generated by elements X(s), s ≤ t, will be denoted by H(X; t). In the whole paper, we assume that all considered processes satisfy the following conditions: (a) H(X; 0) = 0 and (b) X(t) is continuous in the quadratic mean for each t. From (b) it follows immediately that the space H(X) is separable [1].

At first, we consider conditions related to the family G, under which the operator A : X → Y defined by (1) on the curve determined by X, is linearly extendable to the whole H(X). We assume that ‖X(t)‖ < M, t ∈ [0; 1] and that the operator A is bounded, that is that there exists a constant K > 0 such that ‖A‖ < K. For

instance, it is sufficient to assume that the condition t∫ 0 t∫ 0 g(t, u)g(t, v)dudv < ∞ is satisfied for each t ∈ [0; 1].

Theorem 1. If the operator A from (1) is linear and bounded on elements from {X(t), t ∈ [0; 1]}, then it can be linearly extended to H(X).

AMS Subject Classification (1980): Primary 60 G 05, 60 G 12.

Proof . The operator A is linear on the curve X(t) iff (3) A(αX(t_1) + βX(t_2)) = αAX(t_1) + βAX(t_2); α, β ∈ R; t_1, t_2 ∈ [0; 1]. We shall show that the operator A is linear on H(X), i.e., that (4) A(αx + βy) = αAx + βAy, holds for all x, y ∈ H(X) and α, β ∈ R.

The space H(X) contains:

1^∘ finite linear combinations of elements from the curve determined by X(t); 2^∘ limits of sequences of elements of the form 1^∘. Let x_n and y_m be elements of the form:

x_n = n∑ i=1 α_iX(t_i), y_m = m∑ j=1 β_j X(t^∗_j ); α_i, β_j ∈ R; t_i, t^∗_j ∈ [0; 1].

Assuming that t_i = { t_i, i = 1, n t^∗_{i−n}, i = n + 1, n + m , we have A(αx_n + βy_m) = A n+m∑ i=1 γ_iX(t_i) where γ_i = { αα_i, i = 1, n ββ_{i−n}, i = n + 1, n + m , so that (4) follows from (3).

Let x and y be elements of the form 1^∘; we have (5) A(x + y) = A l.i.m._{n,m→∞}(x_n + y_m) = l.i.m._{n,m→∞} A(x_n + y_m). Relation (5) is equivalent to (6) l.i.m._{n→∞} Ax_n + l.i.m._{m→∞} Ay_m + A l.i.m._{n→∞}x_n + A l.i.m._{m→∞}y_m = Ax + Ay From (5) and (6) A(x + y) = Ax + Ay. Therefore, operator A is linear on H(X).

Lemma 1. The process X(t) t∫ 0 h(t, u)dZ(u), where Z is a process with orthogonal increments such that ‖dZ(u)‖^2 = σdv, σ > 0, is continuous in the quadratic mean iff the functions h(t, u) are continuous in the first argument for almost all values of the second argument.

Proof . Let the functions h(t, u) be continuous in the point t_0 ∈ [0; 1] for every u, i.e., (7) Leb {u :| h(t, u) − h(t_0, u) |→ 0, t → t_0} = 1. We shall show that the process X(t) is continuous in the quadratic mean in t_0 that is (8) ‖X(t) − X(t_0)‖ → 0, t → t_0. For each t, t_0 ∈ [0; 1] we have

(9)

‖X(t) − X(t_0)‖ = = ‖ ‖ ‖ min{t,t_0} ∫ 0 [h(t, u) − h(t_0, u)]dZ(u) + I_{{v:v≥t0 }}(t) t∫ t_0 h(t, u)dZ(u)−

− I_{{v:v<t0 }}(t) t_0∫

t h(t_0, u)dZ(u) ‖ ‖ ‖ = σ min{t,t_0} ∫ 0 | h(t, u) − h(t_0, u) |^2 du+

+ I_{{v:v≥t0 }}(t)σ t∫ t_0 | h(t, u) |^2 du − I_{{v:v<t0 }}(t)σ t_0∫

t | h(t_0, u) |^2 du.

Since we have (7), the last sum tends to zero as t → t_0; thus X(t) is contiuous in the quadratic mean in t_0.

Moreover, it is easily seen that conversely, in view of (9), relation (8) follows from relation (7).

1. Equality of spaces H(X, t) and H(Y ; t) for each t ∈ [0; 1]. We shall investigate conditions related to the function family G, given by (2), under which the spaces H(Y ; t), generated by Y , are identical to the corresponding spaces H(X; t) of X for each t ∈ [0; 1].

Let X(t) =^N ∑ i=1 t∫ 0 h_i(t, u)dZ_i(u), where N is an arbitrary natural number or

infinity, be the Hida-Cramer representation of the stohastic process {X(t), t ∈

[0; 1]} of the second order. It is known that H(X; t) =^N ∑ i=1 ⊕H(Z_i; t) iff the

family {h_i(t, ·), t ∈ [0; 1], i = 1, . . . , N} is complete with respect to F_Z = (F_1, . . . , F_N )(F_n(t) = E | Z_n(t) |^2, 0 ≤ t ≤ 1, n = 1, N). The transformation of X, defined by (1) can be written as

(10) Y = N∑ i=1 t∫ 0 [^t∫ v g(t, u)h_i(u, v)du ] dZ_i(v).

According to [5] equality H(Y ; t) =^N ∑ i=1 ⊕H(Z_i; t), t ∈ [0; 1] holds iff the

family {_t ∫ v g(t, u)h_i(u, v)du, t ∈ [0; 1], i = 1, . . . , N } is complete with respect to

F_Z = (F_1, . . . , F_N ). Let f(·) = (f_1(·), . . . , f_N (·)) be the function from L_2(dF_Z ) such that

(11) N∑ i=1 t∫ 0 [^t∫ v g(t, u)h_i(u, v)du ] f_i(v)dF_i(v) = 0 for each t ≤ t_0.

It is equivalant to t∫ 0 g(t, u) [_N∑ i=1 u∫ 0 h_i(u, v)f_i(v)dF_i(v) ] du = 0.

If the family G, from (2), is complete with respect to the Lebesque measure then from (11) it follows that

(12) N∑ i=1 t∫ 0 h_i(u, v)f_i(v)dF_i(v) = 0 almost everywhere on [0; t_0].

If the functions h_i(u, v), i = 1, . . . , N are continuous in the first argument for almost all v, then, relation (12) holds everywhere on [0; t_0]. By assumption, the family {h_i(u, ·), u ∈ [0; 1]; i = 1, . . . , N} is complete, so that (11) implies f_i(v) = 0, i = 1, . . . , N almost everywhere with respect to F_Z = (F_1, . . . , F_N ).

But since the continuity of functions h_i(u, v), i = 1, . . . , N in the first argument for almost all values of the second argument, is equivalent to the continuity of X in the quadratic mean, we proved:

Theorem 2. If X is a second order stohastic process with multiplicity N(N is an arbitrary natural number of infinity), the process Y is defined by (1), the family G from (2) is complete with respect to the Lebesque measure, and X is continuous in the quadratic mean, then the equality H(X; t) = H(Y ; t) holds for every t ∈ [0; 1].

Consequence 1. If X is a Markov process, the process Y is defined by (1), and the family G from (2) is complete with respect to the Lebesgue measure, then the equality H(X; t) = H(Y, t) holds for each t ∈ [0; 1].

Remark: The completeness of the family G with respect to the Lebesgue measure is sufficient, but not necessary for the equality of the spaces H(X; t) and H(Y ; t), t ∈ [0; 1].

2. Some conditions under which X and Y belong to the same class of stochastic processes. Here we shall determine some conditions related to the family G, from (2), under which the given process X and the process Y , defined by (1), belong to the same class of processes.

If X is Markov process, then according to [3, 4] (13) X(t) = h(t)Z(t), t ∈ [0; 1], h(t) ≠ 0 almost everywhere is its Hida-Cramer representation. Z is a process with orthogonal increments, so that (13) becomes X(t) = t∫ 0 h(t)dZ(u); u ∈ [0; 1]. The transformation (1) of X becomes

(14) Y (t) = t∫ 0 g_∗(t, v)dZ(v) where (15) g_∗(t, v) = ∫_t v g(t, u)h(u)du. Assume that family G, from (2), is complete with respect to the Lebesgue measure. Then, according to Consequence 1., equality H(X; t) = H(Y ; t) holds for each t ∈ [0; 1]. If Y is a Markov process, then [5] for each s, t ∈ [0; 1], s ≤ t, the projection of Y (t) onto H(Y ; s) coincides with the projection of Y (t) onto element Y (s) (16) P_{H(Y ;s)}Y (t) = a(t, s)Y (s), s ≤ t, where a(t, s) [5] is a scalar function defined for s, t ∈ [0; 1], s ≤ t by a(t, s) = r(t, s)/r(s, s), s ≤ t and r(s, t) is the correlation function of the process Y . Function a(·, ·) satisfies conditions (see [3, 5])

a(t_3, t_1) = a(t_3, t_2) · a(t_2, t_1) for any t_1 ≤ t_2 ≤ t_3; t_1, t_2, t_3 ∈ [0; 1], and a(t_2, t_1) = h(t_2)/h(t_1) for any t_1 ≤ t_2; t_1, t_2 ∈ [0; 1].

From (16) it follows that

(Y (t_3) − a(t_3, t_2)Y (t_2), Y (t_1)) = 0 for all t_1 ≤ t_2 ≤ t_3. The last relation is, according to (14), equivalent to

t_1∫

0 [g_∗(t_3, v) − a(t_3, t_2)g_∗(t_2, v)]g_∗(t_1, v)dv = 0 or_{t1} ∫ 0 [g_∗(t_3, v) − h(t_3)/h(t_2) · g_∗(t_2, v)]g_∗(t_1, v)dv = 0.

Since g_∗(t_1, v) = 0 for v > t_1, the last equality implies ∞∫ 0 [g_∗(t_3, v) − h(t_3)/h(t_2) · g_∗(t_2, v)]g_∗(t_1, v)dv = 0.

and that means (17) g_∗(t_1, ·) ⊥ g_∗(t_3, ·) − h(t_3)/h(t_2) · g_∗(t_2, ·) in L_2(dv).

By analogy with the definition of the process with orthogonal increments, we can define the function families with orthogonal increments if under “increment” of the function family G_∗(t, ·) = {g_∗(t, ·), t ∈ [0; 1]} on (t_1, t_2) one means the difference G_∗(t_2, ·) − h(t_2)/h(t_1) · G_∗(t_1, ·), and the inner product is defined in the usual way as in L_2(dv). Then condition (17) means that the family G_∗ from (15) has the orthogonal increments. In that way we proved:

Theorem 3. Let X be a Markov process, and let family G from (2) be complete with respect to the Lebesgue measure, and family G_∗ from (15) has orthogonal increments. Then the process Y , defined by (1), is a Markov process.

Corollary 1. If X is a stohastic process with orthogonal increments, and the family G_∗ = {g_∗(t, ·), t ∈ [0; 1]} (where g_∗(t, v) = t∫ v g(t, u)du) has orthogonal increments, then the process Y , defined by (1) has orthogonal increments too.

It is easily seen that by “increment” of the function family G_∗ = {g_∗(t, ·), t ∈ [0; 1]} on (t_1, t_2) one means the difference G_∗(t_2, ·) − G_∗(t_1, ·).

3. Some sufficient conditions for continuity of the process Y. Here, we determine the conditions related to the family G, from (2), under which the process Y , defined by (1) is continuous, if X is continuous.

Let X(t) = N∑ i=1 t∫ 0 h_i(t, u)dZ_i(u) be the Hida-Cramer representation of X.

Then, according to (10)

Y (t) = N∑ i=1 t∫ 0 [^t∫ v g(t, u)h_i(u, v)du ] dZ_i(v).

By Lemma 1, the process Y is continuous iff functions g^∗(t, v) = t∫ v g(t, u)h_i(u, v)du, i = 1, . . . , N are continuous on t, for almost all v, i.e., if Leb {v :| g^∗(t, v) − g^∗(t_0, v) |→ 0, t → t_0} = 1.

But, this is equivalent to

0 = lim_{t→t0} (^t0∫ v [g(t, u) − g(t_0, u)]h_i(u, v)du + t∫ t_0 g(t, u)h_i(u, v)du ) =

= t_0∫

v lim_{t→t0} [g(t, u) − g(t_0, u)]h_i(u, v)du, i.e., to the condition that all functions from family G are continuous in t for almost all u. Thus, we have:

Theorem 4. Let X be a continuous second order stohastic process, and let the functions from family G be continuous in the first argument for almost all values of the second argument. Then, the process Y , defined by (1) is continuous.

REFERENCES

[1] H. Cramer, Stochastic Processes as Curves in Hilbert Space, Theor. Probability Appl. 9 (1964), 195–204.

[2] H. Cramer, Structural and Statistical Problems for a Class of Stochastic Processes, Princeton University Press, Princeton, New Jersey, 1961.

[3] T. Hida, Canonical Representation of Gaussian Processes and their Applications, Mem.

Coll. Sci., Univ. Kyoto, Ser. A, 33 (1960), 109–155.

[4] Z. Ivković, Yu. A. Rozanov, A Characterization of Cramer Representation of Stochastic Processes, Publ. Inst. Math. (Beograd) (N.S.) 14(28) (1973), 69–74.

[5] Z. Ivković, J. Bulatović, J. Vukmirović, S. Živanović, Application of Spectral Multiplicity in Separable Hilbert to Stochastic Processes, Matematički Institut, Beograd, 1974.

Prirodno-matematički fakultet (Received 09 09 1982) Institut za matematiku 34000 Kragujevac Jugoslavija