PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE Nouvelle série, tome 39 (53), 1986, pp. 119–128

ASYMPTOTIC BEHAVIOUR OF SOME COMPLEX SEQUENCES

Slavko Simić

Abstract. We give asymptotic behaviour of a complex sequence with parameters and an application tu Karamata’s slowly varying functions.

This article is inspired by the paper [1] of D. D. Adamović, in which the following statement has been proved:

A. For each complex number z and all natural numbers n, n∑ k=1 z^k k^m ( n k ) ∼ { (z + 1)^{n+m}/(zn)^m, if |z + 1| > 1 − log^m n/m!, if |z + 1| ≤ 1 ∧ z ≠ 0, and |z + 1| ≤ 1 ∧ z ≠ 0, more precisely, n∑ k=1 z^k k^m ( n k ) = − log^m n m! − [log(−z) + C] log^{m−1} n (m − 1)! + O(log^{m−2} n), n → ∞ (z complex number, m ∈ N), here C denotes Euleur’s constant and the determination of the complex logarithm is such that log 1 = 0.

The first part of that asymptotic estimation was proved by Adamović original method, exposed in [2] and [3], and the second one using an identity and induction on n ∈ N. Unfortunately, both methods fail if m is a positive real number; so our intention in this article is to establish corresponding – in some cases more precise – results for a generalized sequence, using another method of estimating its integral representation.

1. We shall first study the asymptotic behaviour (as n → ∞) of the complex sequences f_n(z, α, β) = n∑ k=1 ( n k ) z^k (k + β)^α

(n = 1, 2, 3, . . . )

AMS Subject Classification (1980): Primary 30E15.

where α and β are positive reals and z is an arbitrary complex number. Aftewards, we shall show that our results concerning sequences f_n(z, α, β) imply and make more precise the statement A.

It appears that the behaviour of f_n(z, α, β) fundamentally depends of z being interior, exterior or on the circle |z + 1| = 1. For that reason, we shall formulate our results concerning the asymptotic estimation of f_n(z, α, β) in the following propositions:

Propositison 1. If z + 1| > 1, α > 0, β > 0, then f_n(z, α, β) ∼ (z + 1)^{n+α}/(zn)^α, n → ∞. Proposition 2. If |z +1| < 1, α > 0, β > 0, then the behaviour of f_n(z, α, β) is represented by the asymptotic expansion f_n(z, α, β) ∼ 1 Γ(α) ln^{α−1}(−zn) −zn)^β ∞∑ k=0 a_k ln^k(−zn) , n → ∞, where a_0 = Γ(β), a_k = (−1)^k (_{α−1} k ) Γ^{(k)}(β), (k = 1, 2, . . . ) and Γ and Γ^{(k)} denote the Gamma function and its derivatives.

Proposition 3. If |z + 1| = 1 ∧ z ≠ 0, then (a) for β > α > 0 or 0 < α = β < 1: f_n(z, α, β) ∼ (z + 1)^{n+α}/(zn)^α, n → ∞; (b) for α > β > 0: f_n(z, α, β) ∼ 1 Γ(α) ln^{α−1}(−zn) −zn)^β ∞∑ k=0 a_k ln^k(−zn) , n → ∞;

(c) for α = β > 1: f_n(z, α, β) ∼ 1 Γ(α) ln^{α−1}(−zn) (−zn)^β [α−1]∑

k=0 a_k ln^k(−zn) , z → ∞. In (b) and (c) the coefficients a_k are defined as before. In all formulae cited above power and logarithm functions have principal values.

Finally we shall give an application of our results to the asymptotic behaviour of sequences of slowly varying functions in Karamata’s sense. We remind the reader that if F_{k−1}(x) = o(F_k (x)), S ∋ x → x_0, (k = 1, 2, . . . , n_0), and; G(x) = ∑_{n0} k=1 b_kF_k (x) + o(F_{n0} (x)), S ∋ x → x_0, then the sum on the right-hand side is called the asymptotic expansion of G(x) as S ∋ x → x_0, and we write: G(x) ∼ n_0∑

k=0 b_kF_k(x), S ∋ x → x_0; furthermore, if F_{k−1}(x) = o(F_k(x)), S ∋ x → x_0 (k = 1, 2, 3, . . . n), and G(x) ∼ n∑ k=0 b_kF_k(x), S ∋ x → x_0, (n = 1, 2, 3, . . . ), then the series ∑_∞ k=1 b_kF_k(x) is called the asymptotic expansion of G(x) as S ∋ x → x_0, which is denoted by G(x) ∼ ∑_∞ k=1 b_kF_k(x), S ∋ x → x_0. We also remark that in the sequel the expression F (x) = O(G(x)), x ∈ S, means that there exists a positive constant A (independent of x, but depending probably on some parameters) such that (∀x ∈ S)|F (x)| ≤ A|G(x)|.

In the proofs of Proposition 1–3 we shall use an integral representation of f_n(z, α, β), which we obtain in the following way, applying the wellknown integral representation of the Gamma-function: f_n(z, α, β) = n∑ k=0 ( n k ) z^k (k + β)^α = 1 Γ(α) n∑ k=0 ( n k ) z^k ∞∫ 0 x^{α−1}e^{−(k+β)x}dx =

= 1 Γ(α) ∞∫ 0 x^{α−1}e^{−βx} n∑ k=0 ( n k ) (ze^{−x}dx = 1 Γ(α) ∞∫ 0 x^{α−1}e^{−βx}(1 + ze^{−x})^ndx. So, (1) f_n(z, α, β) = 1 Γ(α) ∞∫ 0 x^{α−1}e^{−βx}(1 + ze^{−x})^ndx, (z complex , α, β > 0).

Proof of Proposition 1. Let ξ_n = ln(1 + n^{−1/2}), n ∈ N. From (1) it follows that: Γ(α)f_n(z, α, β) = ∞∫ 0 x^{α−1}e^{−βx}(1 + ze^{−x})^ndx = ξ_n∫

0 x^{α−1}e^{−βx}(1 + ze^{−x})^ndx + ∞∫ ξ_n x^{α−1}e^{−βx}(1 + ze^{−x})^ndx = I_1 + I_2.

Since x → |1 + z|e^{−x} + 1 − e^{−x} is monotone decreasing for |z + 1| > 1, we have:

I_2 = ∞∫ ξ_n x^{α−1}e^{−βx}(1 + ze^{−x})^ndx = O ∞∫ ξ_n x^{α−1}e^{−βx}|1 + ze^{−x}|^ndx =

= O ∞∫ ξ_n x^{α−1}e^{−βx}(|z + 1|e^{−x} + 1 − e^{−x})^ndx =

= O |z + 1|e^{−ξn} + 1 − e^{−ξn} )^n ∞∫ ξ_n x^{α−1}e^{βx}dx =

= O (( |z + 1| − |z + 1| − 1 √ n + 1 )_n) = O ( |z + 1|^n exp ( − √ n |z + 1| − 1 |z + 1| )) , n ∈ N.

Since, for |z + 1| ≥ 1, ln ( 1 + e^x − 1 z + 1 ) = x z + 1

+ O(x^2), x ∈ (0, ξ_n), we get:

I_1 = ξ_n∫

0 x^{α−1}e^{−βx}(1 + ze^{−x})^ndx = (z + 1)^n ξ_n∫

0 x^{α−1}e^{−βx} ( e^{−x} ( 1 + e^x − 1 z + 1 ))_n dx =

= (z + 1)^n ξ_n∫

0 x^{α−1}e^{−βx} exp ( n ln e^{−x} ( 1 + e^x − 1 z + 1 )) dx =

= (z + 1)^n ξ_n∫

0 x^{α−1}e^{−βx} exp ( n ( −x + x z + 1

+ O(x^2) )) dx =

= (z + 1)^n ξ_n∫

0 x^{α−1}e^{−βx} exp ( − nzx z + 1 ) exp(O(nx^2))dx =

Because, e^t = 1 + O(te^t), t ∈ (0, ∞), and

nx^2 = O(nξ^2_n) = O(n ln(1 + n^{−1/2})) = O(O(1)) = O(1), for x ∈ (0, ∞), (taking the first O with respect to x ∈ (0, ξ_n), and the next with respect to n ∈ N), we have further:

I_1 = (z + 1)^n ξ_n∫

0 x^{α−1}e^{−znx/(z+1)}dx + n(z + 1)^n ξ_n∫

0 x^{α−1}e^{−znx/(z+1)}O(x^2)dx

e^{O(nx2)} = (z + 1)^n ξ_n∫

0 x^{α−1}e^{−znx/(z+1)}dx − (z + 1)^n ξ_n∫

0 x^{α−1}e^{−znx/(z+1)}dx+

+(z + 1)^n ξ_n∫

0 x^{α−1}e^{−znx/(z+1)}O(x^2)dx = I_{12} + I_{13} + I_{14}.

Now, because Re z z + 1

= 1 − cos arg(z + 1) |z + 1| > 0, |z + 1| ≥ 1 ∧ z ≠ 0, we get:

I_{14} = O n|z + 1|^n ξ_n∫

0 x^{α+1}e^{−βx} exp ( −nxRe ( z z + 1 )) dx =

= O n|z + 1|^n ξ_n∫

0 x^{α+1}exp ( − ( β + nRe z z + 1 ) x ) dx =

= O ( n|z + 1|^n (β + nRe (z/(z + 1))^{α+2} ) = O ( |z + 1|^n n^{α+1} ) , n ∈ N

I_{13} = O n|z + 1|^n ∞∫ ξ_n x^{α−1}e^{−βx}e^{−nxRe (z/z+1)}dx =

= O n|z + 1|^ne^{−nξnRe (z/z+1)} ∞∫ ξ_n x^{α−1}e^{−βx}dx = = O(|z + 1|^n(1 + n^{−1/2})^{−nRe z/(z+1)}) = O(|z + 1|^ne^{−√nRe (z/z+1)}), n ∈ N

I_{12} = (z + 1)^n ∞∫ 0 x^{α−1}e^{−(β+nz/z+1)x}dx = (z + 1)^n Γ(α) (β + nz/(z + 1))^α . Finally, we have:

I_1 = I_{12} + I_{13} + I_{14} = (z + 1)^n

Γ(α) (β + nz/(z + 1))^α + O ( |z + 1|^n n^{α+1} ) , for |z + 1| ≥ 1 ∧ z ≠ 0, and hence,

f_n(z, α, β) = (I_1 + I_2)/Γ(α) ∼ (z + 1)^{n+α}/(zn)^α, n → ∞, for |z + 1| > 1, which completes the proof.

Proof of Proposition 2. Let δ_n = ln n^{3/4}, n ∈ N. Then, by (1), Γ(α)f_n(z, α, β) = δ_n∫

0 + ∞∫ δ_n = J_1 + J_3.

Since x → |z + 1|e^{−x} + 1 − e^{−x} is monotone increasing for |z + 1| < 1, we have:

J_1 = δ_n∫

0 x^{α−1}e^{−βx}(1ze^{−x})^ndx = O δ_n∫

0 x^{α−1}e^{−βx}|(z + 1))e^{−x} + 1 − e^{−x}|^ndx =

= O δ_n∫

0 x^{α−1}e^{−βx}(|z + 1|e^{−x} + 1 − e^{−x})^ndx =

= O (|z + 1|e^{−δ}n + 1 − e^{−δ}n )^n δ_n∫

0 x^{α−1}e^{−βx}dx =

= O(1 − (1 − |z + 1|)/n^{3/4})^n = O(e^{−n1/4 (1−|z+1|)}), n ∈ N. Similarly, since for x ∈ (δ_n = ∞), ln(1 + ze^{−x}) = ze^{−x} + O(e^{−2x}), and e^{nO(exp(−2x))} = 1 + nO(e^{−2x})e^{nO(exp(−2x))} = = 1 + O(ne^{−2δn} )e^{O(n exp(−2δn))} = 1 + O(n^{−1/2}),

(taking O’s in the first two expressions with respect to x ∈ (δ_n, ∞) and in the last two with respect to n ∈ N, we obtain:

J_2 = ∞∫ δ_n x^{α−1}e^{βx}(1 + ze^{−x})^ndx = ∞∫ δ_n x^{α−1}e^{βx}e^{n ln(1+z exp(−x))})dx =

= ∞∫ δ_n x^{α−1}e^{βx}e^{nz exp(−x)}e^{nO(exp(−2x))}dx = ∞∫ δ_n x^{α−1}e^{βx}e^{nz exp(−x)}dx+

+ O(n^{−1/2}) ∞∫ δ_n x^{α−1}e^{βx}e^{nz exp(−x)}dx = I_{23} + I_{24}.

Now, putting nRe ze^{−x} → x, we obtain:

J_{24} = O ∞∫ δ_n x^{α−1}e^{−βx}e^{nRe z exp(−x)}dx = O(1/n^{β+1/2−ε}), n ∈ N,

since we have, with arbitrary chosen ε > 0, x^{α−1} = O(e^{εx}), x ∈ (δ_n, ∞).

Substituting −zne^{−x} → w in I_{23} (in the sense of forming a complex rectilinear integral, whose calculation leads to J_{23}), and noting that |z + 1| ≤ 1 ∧ z ≠ 0 ⇒ Re z < 0, we get:

J_{23} = 1 (−zn)^β −zn^{1/4}∫

0 e^{−w} ln^{α−1} ( −zn w ) · w^{β−1}dw,

the path the of integration being a line segment. Integrating the function w → e^{−w} ln^{α−1 −zn}_w w^{β−1}dw around the contour L (Figure), we get:

J_{23} = 1 (−zn)^β |z|n^{1/4}∫

0 e^{−x}(ln(−zn) − ln x)^{α−1}x^{β−1}dx + exp(−O(n^{1/4})), n ∈ N, and, as above,

J_{23} = ln^{α−1}(−zn) (−zn)^β ∞∫ 0 e^{−x} ( 1 − ln x ln(−zn) )_{α−1} x^{β−1}dx + exp) − O(n^{1/4})) =

= ln^{α−1}(−zn) (−zn)^β ∞∫ 0 x^{β−1}e^{−x} (_r ∑ k=0 (−1)^k ( α − 1 k ) ln^k x ln^k(−zn) +

+ O ( ln^r x ln^r(−zn) ) ) dx + exp(−O(n^{1/4})) =

= ln^{α−1}(−zn) (−zn)^β (_r ∑ k=0 (−1)^k ( α − 1 k ) 1 ln^k(−zn) ∫_∞ 0 ln^k xx^{β−1}e^{−x}dx+

+ O ( 1 ln^r(−zn) ) ) + exp(−O(n^{1/4})) =

= ln^{α−1}(−zn) (−zn)^β (_r ∑ k=0 a_k ln^k(−zn) + O ( 1 ln^r(−zn) )) , where,

a_0 = ∞∫ 0 e^{−x}x^{β−1}dx = Γ(β) and a_k = (−1)^k ( α − 1 k ) ∫_∞ 0 e^{−x}x^{β−1} ln^k xdx =

= (−1)^k ( α − 1 k ) Γ^{(k)}(β), k = 1, 2, . . . .

So, for |z + 1| < 1, we have, with the O’s taken with respect to n ∈ N, f_n(z, α, β) = 1 Γ(α)

(J_1 + J_2) = ln^{α−1}(−zn) Γ(α)(−zn) (_r ∑ k=0 a_k ln^k(−zn) + O ( 1 ln^r(−zn) )) +

+ O ( 1 n^{β+1/2−ε} ) + exp(−O(n^{1/4})) ∼ ln^{α−1}(−zn) Γ(α)(−zn)^β ∞∑ k=0 a_k ln^k(−zn) , n → ∞.

Proof of Proposition 3. For |z + 1| = 1 ∧ z ≠ 0;

Γ(α)f_n(z, α, β) = ∞∫ 0 x^{α−1}e^{−βx}(1 + ze^{−x})^ndx = ξ_n∫

0 + δ_n∫

ξ_n + ∞∫ δ_n = I_1 + K + J_2,

where ξ_n and δ_n are defined as above. Since the previously given estimations for I_1 and J_2 are valid for |z + 1| = 1 ∧ z ≠ 0, we need only estimate the integral K.

Puting z + 1 = e^{iφ}, φ ∈ (o, 2π), we obtain, K = δ_n∫

ξ_n x^{α−1}e^{−βx}((z + 1)e^{−x} + 1 − e^{−x})^ndx =

= O δ_n∫

ξ_n x^{α−1}e^{−βx}|e^{iφ}e^{−x} + 1 − e^{−x}|^ndx =

= O δ_n∫

ξ_n x^{α−1}e^{−βx} ( 1 − 4 sin^2 φ 2 · e^{−x}(1 − e^{−x}) )_{n/2} dx , n ∈ N.

As, for x ∈ (ξ_n, δ_n), e^{−x}(1 − e^{−x}) > e^{−δn} (1 − e^{−δn} ) > 1/2n^{3/4}, we have

K = O δ_n∫

ξ_n x^{α−1}e^{−βx} ( 1 − 2 sin^2 φ/2 n^{3/4} )n/2 dx = O ( exp ( − sin^2 φ 2 · n^{1/4} )) .

So, under the condition |z + 1| = 1 ∧ z ≠ 1, for each r ∈ N fixed,

f_n(z, α, β) = (I_1 + K + J_2)/Γ(α) = (z + 1)^{n+α}/(zn)^α+ + ln^{α−1}(−zn) Γ(α)(−zn)^β (_r ∑ k=0 a_k ln^k(−zn) + O ( 1 ln^{r+1}(−zn) )) + + O(1/n^{α+1}) + O(1/n^{β+1/2−ε}), n ∈ N, which implies the statements of Proposition 3.

Remarks. 1. We note that, f_n(z, 1, 1) = n∑ k=0 ( n k ) z^k K = 1 = (z + 1)^n − 1 (n + 1)z . 2. One concludes that Proposition 1–3 and the last remark completely determine the asymptotic behaviour of complex sequences f_n(z, α, β).

2. The application of previous results to the sequence: ∑_n 1 (_n k )_zk k^α (z ∈ C, α > 0, n → ∞) will give a generalization of Proposition A from [1] (α ∈ R^+).

It is easy to show that ∑_n 1 (_n k )_{zk} k^α = nzfn−1(z, α + 1, 1). From Proposition 1 it follows that, for |z + 1| > 1, we have:

Proposition 1^′ n∑ k=1 z^k k^α ∼ nz (z + 1)^{(n−1)+(α+1)} (z(n − 1))^{α+1} ∼ (z + 1)^{n+α} (zn)^α , n → ∞, Propositions 2 and 3_b imply, for |z + 1| ≤ ∧z ≠ 0 (because α+ > 1 = β);

Proposition 2^′. n∑ k=1 z^k k^α ∼ − ln^α(−zn) Γ(α + 1) ∞∑ k=0 b_k ln^k(zn) , n → ∞ where b_0 = 1, b_k = (−1)^kΓ^{(k)}(1) (_α k ) , k = 1, 2, . . . .

Taking the first three terms of the last asymptotic sequence and noting that Γ^′(1) = −C and Γ^{′′}(1) = C^2 + π^2/6, C being Eulers constant, we obtain, for |z + 1| ≤ 1 ∧ z ≠ 0: n∑ k=1 ( n k ) z^k k^α = − 1 Γ(α + 1) ( ln^α(−zn) − αΓ^′(1) ln^{α−1}(−zn)+ + α(α − 1) 2 Γ^{′′}(1) ln^{α−2}(−zn) ) + O(ln^{α+3}(−zn)), n ∈ N_1

that is, n∑ k=1 ( n k ) z^k k^α = − ln^{α−1} n Γ(α + 1) − ln^{α−1} Γ(α)

(ln(−z) + C) − ln^{α−2} n Γ(α − 1) (ln2(−z) 2 + +C ln(−z) + 1 2 ( C^2 + π 6 ) ) + O(ln^{α−3}(−zn)), n ∈ N. This equality includes generalizes and makes more precise the statement in Proposition A. Aljančić shows an interesting application of Proposition 1^′ concerning Karamats’s slowly varying functions. By definition L(x) > 0, x > 0, is a slowly varying function (SVF) if lim L(tx)/L(x) = 1, for any t > 0. R(x) > 0 is called a regularly varying function (RVF) with index α, α ∈ R, if R(x) = x^αL(x). Vuilleumier [7] gives necessary and sufficient conditions for an SVF asymptotic relation.

Proposition M^′. If the matrix (a_{nk}) satisfies conditions (1) ∞∑ n |a_{nk}|k^η = O(n^η ), (2) n∑ 1 |a_{nk}|k^{−η} = O(n^{−η} ), (n → ∞), for some η > 0, and if there exist a number A such that (3) n∑ 1 a_{nk} → A (n → ∞), then L^′_n/L_n → A, (n → ∞), for any SVF L_n, where L^′_n = ∑_∞ 1 a_{nk}L_k, (k = 1, 2, . . . ).

We shall apply our results to Proposition M in the following way: Let us define a triangular matrix (a_{nk}) by a_{nk} = { (_n k )_ak k^α n^α (a+1)^n , a > 0, 1 ≤ k ≤ n 0, k > n Proposition 1^′ shows that, for the matrix (a_{nk} ) defined above, condition (3) is satisfied with A = ((a + 1)/a)^α. It also shows that n^η n∑ k=0 |a_{nk}|k^{−η} = n∑ k=0 a_{nk} (n k )_η ∼ ( a + 1 a )_{α+η} , so condition (2) is valid.

The validity of condition (1) is obvious since the matrix (a_{nk}) is triangular. From Proposition M it follows that:

L^′_n = ∞∑ 1 a_{nk}L_k ∼ AL_n (n → ∞), that is n∑ k=1 ( n k ) a^k k^α L_k ∼ ( a + 1 a )_α (a + 1)^n n^α L_n, a, α > 0, n → ∞.

Puting R_n = n^{−α}R_n, we obtain:

Proposition 4. For any RVF R_n with index– α, α > 0: n∑ k=1 ( n k ) a^kR_k ∼ ( a + 1 a ) (a + 1)^nR_n, a > 0, (n → ∞)

(which, in fact, is true for every |alpha ∈ R!).

The conclusion is that our Proposition 1 is the core of an asymptotic relation for a wide class of sequence.

Acknowledgement. The author is grateful to Professors S. Aljačić, D. Adamović and D. Aran -delović for their help in preparing this article.

REFERENCES

[1] D. Adamović, An identity and asymptotic behaviour of some complex sequences, Publ.

Elektrotehn. Fak. Ser. Mat. Fiz. 544–576 (1976).

[2] D. Adamović, Sur la ronvergence des rapports, de la samme partiele an terme général et du reste au terme général d’une séerie réllean complexe, Publ. Inst. Math. (Beograd) 15 (29) (1973), 5–20.

[3] D. Adamović, Quelques compléments aux résultats du travail “Sur la convérgence des rapports . . . ”, Publ. Inst. Math. (Beograd) 20 (34) (1976), 9–27.

[4] D. Adamović, Corrections and supplements of some results in three earlier papers, Publ.

Elektrotehn. Fak. Ser. Mat. Fiz. (in preparation).

[5] S. Simić, On a hypothesis of D. Adamović concerning asymptotic behaviour of some comtplex sequences, Publ. Inst. Math. (Beograd) 25 (39) (1979), 167–178.

[6] A. Erdelyi, Asumptotic Expansians, Dover, New York, 1956.

[7] M. Vulleumier, Sur le comportment asymptotique des transformations linéaires des suites, Math. Zeitschrift 98 (1967),

Pedagoška akademija, (Received 21 12 1984) Ljutice Bogdana 46 11000 Beograd Jugoslavija