PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE Nouvelle série tome 40 (54), 1986, pp.113–115

A NOTE ON THE TOPOLOGY ASSOCIATED WITH A LOCALLY CONVEX SPACE

Stojan Radenović

Abstract. We show that the barrelled (resp. σ-barrelled, d-barrelled) topology associated with a locally convex space (E, t) induces on a subspace F of countable conimension in E the associated barrelled (resp. σ-barrelled d-barrelled) topology. We also give a new proof of a few results from [8].

It has been shown in [1], [3], [4] and [12], that the properties of being barrelled, quasi-barrelled, bornological, σ-barrelled, d-barrelled, σ-quasi-barrelled, d-quasi-barrelled, b-barrelled, g-barrelled, p-space and b-space, are preserved under passage to subspaces of finite codimension. It is also known [6], [12], that a countablecodimesnional subspace of a barrelled (resp. σ-barrelled, d-barrelled) space is barrelled (resp. σ-barrelled, d-barrelled) space. On the other hand, the properties of being ultra-bornological, sequentially barrelled, k-barrelled and k-space are not preserved under passage to dense hyperplane [4], [5], [9], [11].

In general, if R is a property invariant under passage to an arbitrary inductive limit and the finest locally convex topology, then for every locally convex space (E, t) there exists a locally convex topology Rt, which is uniquely defined, i.e. Rt = lim ind t_i, where t_i ≥ t and t_i has the property R, for all i ∈ I ([2], [8]). We say that Rt is the topology associated with a locally convex space (E, t). For example, R is one of the properties being barrelled, quasi-barrelled, . . .

In this note we consider when the topology associated with a locally convex space (E, t) induces the topology associated with a subspace. We follow [7] and [8] for definitions concerning locally convex spaces. We shall need the following result of [8]:

If the linear mapping f : (E, t) → (F, p) is continuous, then f : (E, Rt) → (F, Rp) is continuous too.

We start with the following result:

AMS Subject Classification (1980): Primary 46A07.

114 Radenović

Theorem 1. If R is a property invariant under projective topology, then from (E, t) = proj lim(E_i, f_i, t_i) it follovs that (E, Rt) = proj lim(E_i, f_i, Rt_i), i.e. R(proj lim t_i) = proj lim tRt_i.

Proof. By the result above it follows that f : (E, t_i) → (E, t) is again a continuous linear mapping from (E, Rt) in (E, Rt_i) for all i; according to the definition of projective topology we have that Rt ≥ proj lim Rt_i, and finally Rt ≤ proj lim Rt_i, since proj lim Rt_i has the property R. This completes the proof.

From this theorem we obtain:

Corollary 1. [8, Proposition I.8.1. and I.8.2]. If F is a subspace of finite codimension in (E, t), then we have Rt|F = R(t|F ), where Rt is the barrelled (resp. σ-barrelled, d-barrelled, quasi-barrelled, σ-quasi-barrelled, d-quasi-barrelled, bornological) topology associated with the space (E, t_i) and t|F is the relative topology on the subspace F .

Corollary 2. If F is a closed subspace of finite codimension in (E, t), then we have Rt|F = R(t|F ), where Rt is ultra-bornological (resp. k-barrelled, k-space) topology associated with the space (E, t).

Corollary 3. If F is a subspace of countable codimension in (E, t), then we have Rt|F = R(t|F ), where Rt is the barrelled (resp. σ-barrelled, d-barrelled topology associated with the space (E, t).

Corollary 4. If (E, t) is a topological product of a family (E_i, t_i), of locally convex spaces, then we have Rt = ΠRt_i, i.e. R(Πt_i) = ΠRt_i, where R, is a property invariant under topological product.

Remark 1. We present here a direct and elementary proof that Rt|F = R(t|F ) where R is a property invariant under finite or countably codimensional subspace. The method used in [8] cannot be used to prove our Theorem and Corollary 3. Otherwise, the conclusion of Corollary 3 holds for every subspace with codimension less than c. We know that Valdivia has proved the following theorem: If (E, t) is a barrelled (resp. σ-barrelled, d-barrelled) space and F its subspace with codimension less than c, then (F, t|F ) is a barrelled (resp. σ-barrelled, d-barrelled).

From [2, Lemma 1.1] we know that if U is a barrel in a subspace F of finite codimension in a locally convex space (E, t), then there exists a barrel V in E such that V ∩F = U. From this it follows that the strong topology β(E, E^′) induces on a subspace F the strong topology β(F, F^′). If is a subspace of countable codimension, we have the following theorem:

Theorem 2. Let (E, t) be a locally convex space such that (E, β(E, E^′)) is a barrelled space and let F be a subspace of countable codimension in E; then the strong topology β(E, E^′) induces the strong topology β(F, F^′).

Proof. Since (E, β(E, E^′)) is a barrelled locally convex space, then the strong topology β(E, E^′) is the barrelled topology associated with the space (E, t). Hence, according to Corollary 3 we have that β(E, E^′)|F = Rt|F = R(t|F ) ≥ β(F, F^′). From [2], we know that Rt ≥ β(E, E^′) for every locally convex space (E, t), where R

A note on the topology associated with a locally convex space 115

is property of being barrelled. Otherwise, β(F, F^′) ≥ β(E, E^′)|F , for every subspace F . Hence, β(E, E^′)|F = β(F, F^′) and the proof of the theorem is completed.

Corollary. If (E, t) is a locally convex space which satisfies the conditions of Theorem 2, then a subset A of E is strongly bounded in E, if and only if A ∩ F is strongly bounded in F .

Remark 2. If F is a subspace of countable codimension in E, then examples A and B from [6] show that the strong topology β(E, E) may not induce, the strong topology β(F, F^′). The conclusion of Theorem 2 holds for every ”subspace of codimension less than c. We do not know whether the condition (E, β(E, E^′)) is a barrelled space” can be omitted from Theorem 2.

REFERENCES

[1] J. Dieudonné, Sur les propriétés de permanence de certains espaces vectoriels topologiques, Ann. Polon. Math. 25 (1952), 50–55.

[2] Y. Komura, On linear topological spaces, Kumam. J. Sci. A5, (1965), 148–157. [3] K. Noureddine, Sur une propriété de perm. de certaines classes déspaces loc. konv. C.R.

Acad. Sci Paris 277 (1972), 587–589.

[4] S. Radenović, Sur une propriété de permanence de certaines classes d’espaces loc. conv.

Publ. Inst. Math. 25 (39) (1979), 143–147.

[5] S. Radenović, Hyperplanes of k-barrelled spaces, Mat. Vesnik 36 (1984), 183–185. [6] S. Saxon and M. Levin, Every countable-codimensional subspace of barrelled space is barrelled, Proc. Amer. Math. Soc. 29 (1971), 91–96.

[7] H. Schaefer, Topological Vector Spaces, Mc Milan, New York, 1966. [8] J. Schmets, Espaces de Fonctions Continues, Springer-Verlag, 1976. [9] M. Valdivia, Sur certaine hyperplanes qui ne sont pas ultrabornologigues, C.R. Acad. Sci Paris 284 (1977), 35–36.

[10] M. Valdivia, Absolutely convex sets in barrelled spaces, Ann. Inst. Fourier, Grenoble 21 (1971), 3–13.

[11] J.H. Webb, Sequentially barrelled spaces, Math. Colloq. U.C.T., 1973, 73–87. [12] J.H. Webb, Countable-codimensional subspaces of locally convex spaces, Proc. Edinburgh Math. Soc. 18 (1973), 167–171.

Prirodno matematički fakultet (Received 08 05 1985) 34000 Kragujevac Jugoslavija