PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE

Nouvelle série tome 44 (58), 1988, pp.115–120

NEW CHARACTERIZATIONS AND PROPERTIES OF ALMOST-OPEN AND ALMOST-CLOSED FUNCTIONS

Charles Dorsett

Abstract. In this paper several recent discoveries about regular open sets and regular closed sets are utilized to further investigate and further characterize almost-open and almost- -closed functions.

1. Introduction

In 1937 regular open sets were introduced. Let (X, T ) be space and let A ⊂ X. Then A is regular open, denoted by A ∈ RO(X, T ), iff A = Int (Cl (A)) [23]. In the 1937 investigation it was shown that RO(X, T ) is base for a topology T_s on X coarser than T and (X, T_s) was called the semiregularization space of (X, T ). The subset A is regular closed, denoted by A ∈ RC(X, T ), iff X − A is regular open. In 1943 and in 1961 the closure operator was used to define θ-continuous and weakly- -continuous functions, respectively. A function f : (X, T ) → (Y, S) is θ-continuous [10] (resp. weakly-continuous [13]) iff for each x ∈ X and each U ∈ S such that f(x) ∈ U, there exists V ∈ T such that x ∈ V and f(Cl (V ) ⊂ Cl (U) (resp. f(V ) ⊂ Cl U). In 1968 and in 1980 the interior and closure operators were used to define almost-continuous and δ-continuous functions, respectively. A function f : (X, T ) → (Y, S) is almost-continuous [22] (resp. δ-continuous [19]) if for each x ∈ X and each U ∈ S such that f(x) U, there exists V ∈ T such that x ∈ V and f(V ) ⊂ Int (Cl (U)) (resp. f(Int (Cl (V ))) ⊂ Int (Cl (U)). Further investigation of almost-continuous and δ-continuous functions revealed that f : (X, T ) → (Y, S) is almost-continuous (resp. δ-continuous) iff f : (X, T ) → (Y, S_s) (resp. f : (X, T_s) → (Y, S_s)) is continuous [17]. Also in 1968 almost-open and almost-closed function sere introduced. A function f : (X, T ) → (Y, S) is almost-open (resp. almost-closed) if for each A ∈ RO(X, T ) (resp. A ∈ RC(X, T )), f(A) is open (resp. closed) in Y [22]. Further investigation of almost-open functions showed that f : (X, T ) → (Y, S) is almost-open iff f : (X, T_s) → (X, S) in open [17].

AMS Subject Classification (1980): Primary 54C10.

Since 1973 the interior and closure operators have been used to define additional collections of subsets associated with a topological space. In 1963 semi open sets were introduce. Let (X, T ) be a space and let A ⊂ X. Then A is semi open iff A ⊂ Cl (Int (A)) [14]. In 1965 [18] semi open sets were further investigated as β-sets and α-sets were introduced. The subset A is an αset, denoted by A ∈ α(X, T ), iff A ⊂ Int (Cl (Int (A))). In 1970 semi open sets were used to define semi closed sets, which were used to define the semi closure of a set. The subset A is semi closed iff X − A is semi open and the semi closure of a subset B, denoted by sclB, is the intersection of all semi closed sets containing B In [2]. In 1978 the semi closure operator was used to define feebly open sets. The subset A is feebly open, denoted by A ∈ F O(X, T ), iff A ⊂ scl (Int (A)) [15]. Further investigations of feebly open sets have shown that F O(X, T ) is a topology on X and T ⊂ F O(X, T ) = F O(X, F O(X, T )) [4], F O(X, T ) = α(X, T ) [5], RO(X, T ) = {scl 0 | 0 ∈ T } [6] = {Ext (0) | 0 ∈ T } [7], RC(X, T ) = {Cl (O) | 0 ∈ T } [7], and F O(X, T )_s = T_s [8]. In this paper the definitions and results above are used to further investigate and further characterize almost-open and almost-closed functions.

2. Almost-Open Functions

Theorem 2.1. Let (X, T ) be a space, Then RO(X, T ) = {O ∈ T | O = scl O}.

Proof. If O ∈ RO(X, T ), then O = scl U for some U ∈ T and scl O = scl (scl U) = scl U = O. If O ∈ T such that O = scl O, then O ∈ {scl U | U ∈ T } = RO(X, T ). Thus RO(X, T ) = {O ∈ T | O = scl O}. Theorem 2.2. Let (X, T ) and (Y, S) be spaces and let f : X → Y .

Then the following are equivalent: (a) f : (X, T ) → (Y, S) is almost-open, (b) f : (X, F O(X, T )) → (S, S) is almost-open, (c) f : (X, T_s) → (Y, S) is almost- -open, (d) for each O ∈ T , f(scl O) ∈ S. (e) for each O ∈ T , f(Ext (O)) ∈ S, and (f) for each A ⊂ Y , f^{−1}(Cl (A)) ⊂ Cl_{Ts} (f^{−1}(A)).

The proof is straightforward using the results above and the facts that (T_s)_s = T_s [3] and that f : (X, T ) → (Y, S) is open iff for each A ⊂ Y , f^{−1}(Cl (A)) ⊂ Cl (f^{−1}(A)) [21] and is omitted.

In [1] it was shown that the restriction of an almost-open function to an open set or to a closed set may fail to be almost-open. In [20] restrictions of almost-open functions were further investigated and motivated the results below.

In 1981 the interior and closure operators were used to define pre-open sets. If (X, T ) is a space and A ⊂ X, then A is pre-open, denoted by A ∈ P O(X, T ), iff A ⊂ Int (Cl (A)) [16].

Theorem 2.3. Let (X, T ) and (Y, S) be spaces and let F : X → Y . Then f : (X, T ) → (Y, S) is almost-open iff for each A ∈ P O(X, T ) and each B ⊂ Y such that A = f^{−1}(B), f\_A : (A, T_A) → (B, S_B ) is almost-open.

Proof. Suppose f : (X, T ) → (Y, S) is almost-open. Let U ∈ RO(A, T_A). Then U = A∩O for some O ∈ RO(X, T ) [11], f(O) ∈ S, and f \_A (U) = f(A∩O) = B ∩ f(O) ∈ S_B . Clearly, since X ∈ P O(X, T ) and X = f^{−1}(Y ), the converse statement is true.

The results above raised questions about almost-open images of pre-open sets, which led to the discoveries below.

Theorem 2.4. Let (X, T ) be a space. Then RO(X, T ) = {Int (Cl (A)) | A ∈ P O(X, T )} = {Int (Cl (A)) | A ⊂ X}. Proof. Since T ⊂ P O(X, T ) and for each U ∈ T , scl U = Int (Cl (U)) [9], then RO(X, T ) = {Int (Cl (U)) | U ∈ T } ⊂ {Int (Cl (A)) | A ∈ P O(X, T )} ⊂ {Int (Cl (A)) | A ⊂ X}. If A ⊂ X, then Int (Cl (A)) ⊂ Int (Cl (Int (Cl (A)))) and since Int (Cl (A)) ⊂ Cl (A), then Cl (Int (Cl (A))) ⊂ Cl (A), which implies Int (Cl (A)) = Int (Cl (Int (Cl (A)))) = scl (Int (Cl (A))) ∈ RO(X, T ) and {Int (Cl (A)) | A ⊂ X} ⊂ RO(X, T ). Thus RO(X, T ) = {Int (Cl (A)) | A ∈ P O(X, T )} = {Int (Cl (A)) | A ⊂ X}.

Corollary 2.1. Let (X, T ) and (Y, S) be spaces and let f : X → Y . Then the following are equivalent: (a) f : (X, T ) → (Y, S) is almost-open, (b) for each A ∈ P O(X, T ), f(Int (Cl (A))) ∈ S, and (c) for each A ⊂ X, f(Int (Cl (A))) ∈ S.

Theorem 2.5. Let (X, T ) and (Y, S) be spaces, let f : (X, T ) → (Y, S) be continuous and almost open, and let A ∈ P O(X, T ). Then f(A) ∈ P O(Y, S).

Proof. Since A ∈ P O(X, T ), then A ⊂ Int (Cl (A)), since f : (X, T ) → (Y, S) is almost-open, then f(Int (Cl (A))) ∈ S, and since f is continuous, then f(Cl (A)) ⊂ Cl (f(A)). Then f(A) ⊂ f(Int (Cl (A))) ⊂ Cl (f(A)), which implies f(A) ⊂ Int (Cl (f(A))) and f(A) ∈ P O(Y, S).

The following example shows that continuous in Theorem 2.5 can not be replaced by almost-continuous even if almost-open is replaced by the stronger condition of open.

Example 2.1. Let X = {a, b}, let T = {∅, X}, let S = {∅, X, {a}}, and let f : X → X be the identity function. Then f : (X, T ) → (Y, S) is almost-continuous and open, {b} ∈ P O(X, T ), but f({b}) ∉ P O(X, S). Theorem 2.6. Let (X, T ) and (Y, S) be spaces, let f : (X, T ) → (Y, S) be almost-continuous and almost-open, and let A ∈ P O(X, T ), then f(A) ∈ P O(Y, S_s). Proof. Since A ∈ P O(X, T ), then A ⊂ Int (Cl (A)), since f : (X, T ) → (Y, S) is almost-open, then f(Int (Cl (A))) ∈ S, and since f(X, T ) → (Y, S_s) is continuous, then f(Cl (A)) ⊂ Cl_{Ss} (f(A)). Then scl f(Int (Cl (A))) ∈ S_S and since scll U = scl_{Ss} U for each U ∈ S [6], then scl f(Int (Cl (A))) = scl_{Ss} f(Int (Cl (A))) ⊂ scl_{Ss} f(Cl (A)) ⊂ Cl_{Ss} (f(A)), which implies f(A) ⊂ Int_{Ss} (Cl_{Ss} (f(A))) and f(A) ∈ P O(Y, S_S ). Further investigation of almost-continuous, almost-open functions led to the following discoveries.

In 1968 [22], where almost-continuous functions were introduced, an example was given showing that θ-continuous need not imly almost-continuous, but the question of whether or not almost-continuous implies θ-continuous was unresolved. Below the 1968 question is resolved.

Theorem 2.7. Let (X, T ) and (Y, S) be spaces and let f : (X, T ) → (Y, S) be almost-continuous. Then f : (X, T ) → (Y, S) is θ-continuous.

Proof. Let x ∈ X and let V ∈ S such that f(x) ∈ V . Since f : (X, T ) → (Y, S_s) is continuous, then for each A ⊂ Y , Cl (f^{−1}(A)) ⊂ f^{−1}(Cl_{Ss} (A)). Since Cl_S (U) = Cl_{Ss} (U) for each U ∈ S [2] and scl V ∈ S_s ⊂ S, then Cl_{Ss} (scl V ) = Cl_S (scl V ) = Cl_S (V ). Then x ∈ f^{−1}(scl V ) ∈ T and f(Cl (f^{−1}(scl V ))) ⊂ f(f^{−1}(Cl_S (V ))) ⊂ Cl_S (V ).

Theorem 2.8. Let (X, T ) and (Y, S) be spaces and let f : (X, T ) → (Y, S) be almost-open. Then the following are equivalent (a) f : (X, T ) → (Y, S) is almost- -continuous, (b) f : (X, T ) → (Y, S) is θ-continuous, and (c) f : (X, T ) → (Y, S) is δ-continuous.

Proof. Clearly, from earlier results, (c) implies (a) and (a) implies (b). (b) implies (c): Let V ∈ S_S . Let x ∈ f^{−1}(V ). Then f(x) ∈ V and there exists W ∈ RO(Y, S) such that f(x) ∈ W ⊂ V . Let U ∈ T such that x ∈ U and f(Cl (U)) ⊂ Cl (W ). Then x ∈ scl U ∈ RO(X, T ), f(scl U) ∈ S, and f(scl U) ⊂ f(Cl (U)) ⊂ Cl (W ), which implies f(scl U) ⊂ Int (Cl (W )) = scl W = W ⊂ V . Thus f^{−1}(V ) ∈ T_S.

In [22], it was indicated that almost-continuous implies weakly-continuous. The following example shows that weakly-continuous is not an equivalent condition in Theorem 2.8. Example 2.2. Let X = {a, b, c}, let T = {∅, X, {c}, {a, c}, {b, c}}, let S = {∅, X, {a}, {b}, {a, b}}, and let f : X → X be the identity function. Then f : (X, T ) → (X, S) is weakly-continuous and almost-open, but not almost-continuous.

Combining results above with the fact that weakly-continuous and open implies almost-continuous [22] gives the following corollary.

Corollary 2.2. Let (X, T ) and (Y, S) be spaces and let f : (X, T ) → (Y, S) be open. Then the following are equivalent: (a) f : (X, T ) → (Y, S) is almost- -continuous, (b) f : (X, T ) → (Y, S) is θ-continuous, (c) f : (X, T ) → (Y, S) is δ-continuous, and (d) f : (X, T ) → (Y, S) is weakly-continuous.

Example 2.1 shows that continuity is not an equivalent condition in Corollary 2.2.

3. Almost-Closed Functions

Theorem 3.1. Let (X, T ) be a space and let A ∈ T . Then scl A = Ext (Ext (A)) and RC(X, T ) = {Cl (Ext (O)) | O ∈ T }.

Proof. Since X = Ext (A) ∪ Fr (Ext (A)) ∪ Ext (Ext (A)), where Ext (A), Fr (Ext (A)), and Ext (Ext (A)) are mutually disjoint sets, scl A ∈ T , and scl A ⊂

Cl (A) = X − Ext (A), then scl A ⊂ Ext (Ext (A)) ⊂ Int (Cl (A)) = scl A, which implies scl A = Ext (Ext (A)).

Let C ∈ RC(X, T ). Let U ∈ T such that C = Cl (U). Then C = Cl (U) = Cl (scl U) = Cl (Ext (Ext (U))). Thus RC(X, T ) ⊂ {Cl (Ext (O)) | O ∈ T } and since {Cl (Ext (O)) | O ∈ T } ⊂ {Cl (V ) | V ∈ T } = RC(X, T ), then RC(X, T ) = {Cl (Ext (O)) | O ∈ T }.

The results above can be combined with the fact that RO(X, T ) = RO(X, T_S) = RO(X, F O(X, T )) [8] to obtain the following characterizations of almost-closed functions.

Corollary 3.1. Let (X, T ) and (Y, S) be spaces and let f : X → Y . Then the following are equivalent: (a) f : (X, T ) → (Y, S) is almost-closed, (b) f : (X, T_S ) → (Y, S) is almost-closed, (c) f : (X, F O(X, T ))) → (Y, S) is almost- -closed, (d) for each O ∈ T , f(Cl (O)) = Cl (f(Cl (O))), (e) for each O ∈ T , f(Cl (Ext (O))) = Cl (f(Cl (Ext (O)))), and (f) for each A ∈ P O(X, T ) and each B ⊂ Y such that A = f^{−1}(B), f\_A : (A, T_A) → (B, S_B ) is almost-closed.

The following example shows that if f : (X, T ) → (Y, S) is continuous and closed, and A ∈ P O(X, T ), then f(A) need not be pre-open in (Y, S) or (Y, S_S ). Example 3.1. Let X = {a, b, c}, let T = {∅, X, {a}, {b}, {a, b}}, and let f : X → X defined by f = {(a, a), (b, c), (c, c)}. Then f : (X, T ) → (X, S) is continuous and closed, {b} ∈ P O(X, T ), and f({b}) ∉ P O(X, T ) = P O(X, T_S ).

The example given in [12] shows that a continuous, closed function need not be δ-continuous. The following example shows that a θ-continuous, closed function need not be almost-continuous.

Example 3.2. Let X = {a, b, c, d, e, f, g, h, i, j}, let T be the topology on X with base {X, {a}, {b}, {a, b, c, d, e}, {f}, {g}, {f, g, h, i, j}}, let Y = {a, b, c, f, g, h}, let S be the topology on Y with base {Y, {a}, {a, c}, {f}, {f, h}} and let k : X → Y defined by k = {(a, a), (b, b), (c, c), (d, b), (e, g), (f, f), (g, g), (h, h), (i, b), (j, g)}. Then k : (X, T ) → (Y, S) is θ-continuous and closed, but not almost-continuous.

REFERENCES

[1] S. Arya and M. Deb, Some weaker forms of open mappings, Math. Student 41 (1973), 425–432.

[2] N. Biswas, On characterizations of semi-continuous functions, Atti Accad. Naz. Lincei Rend. Cl. Sci. Fis. Mat. Natur. (8) 48 (1970), 399–402.

[3] N. Bourbaki, General Topology, Addison Wesley, 1966.

[4] C. Dorsett, Feeble separation axioms, the feebly induced topology, and separation axioms and the feebly induced topology, Karadeniz Univ. Math. J. 8 (1985), 43–54.

[5] , Feebly open, α-set, and semi closure induced topologies and feeble properties, Pure Math. Manuscript 4 (1985), 107–114.

[6] , Properties of topological spaces and the semiregularization topology, submitted.

[7] , New characterizations of regular open sets, extremally disconnestedness, and RS-compactness, submitted.

[8] , New characterizations of topological properties using regular open sets and r-topological properties, submitted.

[9] , Feebly continuous images, feebly compact R_1 spaces and semi topological properties, submitted.

[10] S. Fomin, Extensions of topological spaces, Ann. Math. 44 (1943), 471–480. [11] D. Janković, On topological properties defined by semiregularization topologies, Boll. U.M.I.

(6) 2-A (1983), 373–380.

[12] I. Kovačević, A note related to a paper of Noiri, Publ. Inst. Math. (Beograd) (N.S.) 36 (50) (1984), 103–104.

[13] N. Levine, A decomposition of continuing in topological spaces, Amer. Math. Monthly 68 (1961), 44–46.

[14] , Semi-open sets and semi-continuity in topological spaces, Amer. Math.

Monthly 70 (1963), 36–41.

[15] S. Maheshwari and U. Tapi, On feebly R_0-spaces, An. Univ. Timisoara, Ser. Stiinte Mat.

16 (1978), 173–177.

[16] A. Mashhour, M. El-Monsef, and S. El-Deeb, On precontinuous and weak precontinuous mappings, Proc. Math. and Phys. Soc. Egypt 51 (1981), 47–53.

[17] M. Mršević, I. Reilly, and M. Vamanamurthy, On semi-regularization topologies, J. Austral.

Math. Soc. Ser. A 38 (1985), 40–54.

[18] O. Njastad, On some classes of nearly open sets, Pacific J. Math. 15 (1965), 961–970. [19] T. Noiri, On δ-continuous functions, J. Korean Math. Soc. 16 (1980), 161–166. [20] , Almost-open functions, Indian J. Math. 25 (1983), 73–79. [21] R. Sikorski, Closure homeomorphisms and interior mappings, Fund. Math. 41 (1955), 12– 20. [22] M. Singal and A. Singal, Almost continuous mappings, Yokohama Math. J. 16 (1968), 63–73.

[23] M. Stone, Applications of the theory of Boolean rings to general topology, Trans. A.M.S.

41, (1937), 374–481.

Department of Mathematics and Statistics (Received 28 05 1987) College of Arts and Sciences Lousiana Tech University Ruston, LA 71272 USA