PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE

Nouvelle série tome 46 (60), 1989, pp. 91–96

ON CONJUGATE Π-VARIATION AND THE COEFFICIENTS OF POWER SERIES

J. L. Geluk

Abstract. We prove a result connecting the asymptotic behaviour of the maximum modulus of an entire function with its coefficients. Application of this result gives an asymptotic relation between the moments and the tail of the distribution function of a random variable.

Introduction and results

In this note we prove the equivalence of an asymptotic relation for the coefficients of a power series and the behaviour of the maximum modulus for a class of entire functions. For several orders of growth of the coefficients similar results are known. See e.g. Boas [2], Geluk [5], [6]. Suppose f(x) = ∑_∞ n=0 c_nx^n is entire. The order of growth of the coefficients we consider includes cases like

|c_n|^{−1/n} = n log^α n + o(n log^{α−1} n) (n → ∞), α > 0

In order to formulate our results we need two definitions

Definition 1. Suppose π : R^+ → R^+ has the property that there exists a function a : R^+ → R^+ such that lim_{t→∞} ( π(tx) − π(t) ) /a(t) = log x for all x > 0.

Then we say π ∈ Π^+ or π ∈ Π^+(a). The class Π^− is defined similary, exept for π ∈ Π^− we require lim_{t→∞} ( π(tx) − π(t) ) /a(t) = − log x. Finally Π = Π^+ ∪ Π^−.

For properties concerning the class Π the reader is referred to Geluk, de Haan [8] or Bingham, Goldie, Teugels [1]. Pairs of conjugate slowly varying functions are introduced by de Bruijn [3]. In de Haan, Resnick [9], this notion is extended to the class Π as follows.

Definition 2. Suppose π ∈ Π(a). Any function π^∗ : R^+ → R^+ satisfying lim_{t→∞} π(t){a(t)}^{−1} [ π(t)π^∗ ( tπ(t) ) − 1 ] = 0 is a conjugate function for π.

AMS Subject Classification (1980): Primary 30 A 64, 40 E 05

Given π ∈ Π(a) one can construct a conjugate function as follows. Choose π_0 such that π(t) − π_0(t) = o ( a(t) ) (t → ∞) and such that π_0 is continuous and increasing. This is possible by [8, prop. 1.19.6].

Define v(t) = tπ_0(t) with inverse function v^{−1}. Then π^∗(t) = v^{−1}(t)/t is a conjugate function. Also, if π ∈ Π^±(a), then π^∗ ∈ Π^∓(a^∗) where the function a^∗ satisfies a^∗ ( tπ(t) ) ∼ a(t)/π^2(t) (t → ∞). See [9, theorem 1].

From the above construction it follows that if π_1(t) − π_2(t) = o ( a(t) ) , where π_i ∈ Π(a) for i = 1, 2 then π^∗_1 (t) − π^∗_2 (t) = o ( a^∗(t) ) (t → ∞). Moreover it follows that (π^∗)^∗(t) = π(t) + o ( a(t) ) . For this reason the function π and π^∗ are said to form a conjugate pair.

Our main result is the following

THEOREM 1. Suppose f is entire, f(x) = ∑_∞ n=0 c_nx^n with maximum modulus M(s, f) = max_{|z|=s} |f(z)|. Then there exists π ∈ Π^±(a) such that

lim^∗ n→∞ |c_n|^{−1/n} − nπ(n) na(n) = 0 (1)

if and only if there exists π^∗ ∈ Π^∓(a^∗) such that lim_{s→∞} log M(s, f) − e^{−1}sπ^∗(e^{−1}s) sa^∗(s) = 0. (2)

In (1) lim^∗ denotes the limit inferior over all n for which c_n ≠ 0. If one of the above conditions holds, then we can choose the functions π and π^∗ in such a way that they from a conjugate pair.

Using the above results it is possible to prove a relation between the asymptotic behaviour of the moments of a random variable and the tail of its distribution function. Related results are given in Kasahara [10], Dewess [4], Geluk [5], [6].

Before we formulate the result we need one more definition.

Definition 3. Suppose φ : R^+ → R^+ is non-decreasing. We say φ ∈ Γ if there exists a positive function b such that lim_{t→∞} φ ( t + xb(t) ) /φ(t) = e^x for x ∈ R.

The function b is called an auxiliary function for φ.

THEOREM 2. Suppose the random variable Y has an entire characteristic function and P(|Y | > y) > 0 for y ∈ R. Then the following statements are equivalent.

(i) There exists a function φ ∈ Γ such that lim_{y→∞} − log P(|Y | > y) φ(y) = 1.

(ii) There exists a function π ∈ Π^−(a) such that π(n) → 0 as n → ∞ and lim_{n→∞} e^{−1}(E|Y |^n)^{−1/n} − π(n) a(n) = 0.

If one of the above conditions holds, then we can choose the functions φ and π in such a way that φ^c(s) = e^{−1}sπ^∗(e^{−1}s), where π^∗ is a conjugate function for π and φ^c is the function complementary to φ, defined by φ^c(s) = sup_{y>0}{sy − φ(y)} for s > 0.

2. Proofs

Proof of theorem 1. Suppose (1) holds true with π ∈ Π^−(a) and ε > 0 is arbitrary. We omit the case π ∈ Π^+(a) which can be proved similarly. Since π ∈ Π^−(a), there exists n(ε) such that |c_n|^{−1/n} ≥ nπ(n) − εna(n)/2 ≥ nπ(ne^ε) for all n ≥ n(ε) satisfying c_n ≠ 0. Hence for |z| = s we have | | | ∞∑ n=1 c_nz^n | | | ≤ ∞∑ n=1 |c_n|s^n ≤ ∑ n<n_ε |c_n|s^n + ∑ n≥n_ε { s/ ( nπ(ne^ε) )}_n . (3)

We denote the last sum by ∑ . Without loss of generality we may assume π to be differentiable with derivative π^′(t) ∼ −a(t)/t as t → ∞. See [8, prop. 1.19.6]. We estimate the index n_0 of the maximal term in ∑ for large values of s. Considering n as a continuous variable, by differentiation n_0 satisfies ξ = yπ(y) exp(yπ^′(y)/π(y)), (4) where ξ = se^{−1+ε} and y = n_0e^ε.

Since π ∈ Π^−(a) and −yπ^′(y) ∼ a(y) = o ( π(y) ) this implies ξ = yπ(ey) + o ( ya(y) ) as y → ∞. Inversion then gives y = ξπ^∗(eξ) + o ( ξa^∗(ξ) ) as ξ → ∞ and substitution of the expression for ξ and y leads to

n_0 = se^{−1}π^∗(e^εs) + o ( sa^∗(s) ) , s → ∞. (5) Now we write ∑ = ∑ 1 + ∑ 2, where the summations in ∑ 1 and ∑ 2 are taken over n_ε ≤ n < 2sπ^∗(s) and n ≥ 2sπ^∗(s) respectively. Observe that if we choose π^∗(t) = v^{−1}(t)/t as in the introduction the summation in ∑ 2 is over the values of n such that nπ(n/2) ≥ 2s. Hence ∑ 2 ≤ ∞∑ n=1 { π(n/2) 2π(ne^ε) }_n < ∞ (6)

by Cauchy’s root test, since the function π is slowly varying. The first sum can be estimated by ∑ 1 ≤ 2sπ^∗(s) { s n_0π(n_0e^ε) }_{n0} . (7)

With n_0 and s connected by (5) we have by (4) log s n_0π(n_0e^ε)

= 1 + yπ^′(y) π(y) = 1 − a(y) π(y) ( 1 + o(1) ) = 1 − a^∗(s)π ( sπ^∗(s) )( 1 + o(1) )

as s → ∞, the last equality being justified by y = n_0e^ε ∼ e^{ε−1}sπ^∗(s) hence a(y) π(y) ∼ a ( sπ^∗(s) ) π ( sπ^∗(s) ) ∼ a^∗(s)π ( sπ^∗(s) ) . Substituting this with (5) in the right-hand side of (7) gives ∑ 1 ≤ 2sπ^∗(s) × exp [{ se^{−1}π^∗(e^εs) + o ( sa^∗(s) )} { 1 − a^∗(s)π ( sπ^∗(s) )( 1 + o(1) )}] . (8)

Since π^∗(e^εs) ∼ π^∗(s) and π^∗(s)π(sπ^∗(s)) → 1, s → ∞, combination of (3), (6) and (8) gives lim_{s→∞} log M(s, f) − se^{−1}π^∗(e^εs) sa^∗(s) ≤ −e^{−1}. Since π^∗ ∈ Π^+(a^∗) this implies lim_{s→∞} log M(s, f) − se^{−1}π^∗(s) sa^∗(s) ≤ (ε − 1)e^{−1}. Since ε > 0 is arbitrary, the left hand side is at most −e^{−1}. By (1) for any ε > 0 there exists a sequence n_k → ∞ (k → ∞) such that for n = n_k |c_n|^{−1/n} ≤ nπ(n) + ε 2 na(n) ≤ nπ(ne^{−ε}). Application of Cauchy’s inequality gives M(s, f) ≥ |c_n|s^n ≥ { s nπ(ne^{−ε}) }_n for n = n_k and s > 0. (9)

Substituing s = s_n = enπ(n) we find for n = n_k > n(ε) log M(s_n, f) ≥ n { 1 + log ( 1 + π(n) − π(e^{−ε}n) a(e^{−ε}n) a(e^{−ε}n) π(e^{−ε}n) )}

≥ n ( 1 − 2ε a(n) π(n) ) since π ∈ Π^−(a).

As a consequence, lim_{n→∞} log M(s_n, f) − e^{−1}s_nπ^∗(s_n) s_na^∗(s_n) ≥ lim_{n→∞} 1 − 2εa(n)/π(n) − π(n)π^∗(enπ(n)) eπ(n)a^∗ ( nπ(n) ) = −2εe^{−1} + lim_{n→∞} 1 − π(n)π^∗ ( enπ(n) ) eπ(n)a^∗ ( nπ(n) ) = (−1 − 2ε)e^{−1}.

Since ε > 0 is arbitrary, by combination of the above results it follows that lim_{s→∞} (log M(s, f) − e^{−1}sπ^∗(s))/(sa^∗(s)) = −e^{−1}, which is equivalent to (2) since π^∗ ∈ Π^+(a^∗). The proof of the converse part of theorem 1 is similar to the proof of the corresponding part in [6] and is omitted.

For the proof of theorem 2 we need three lemmas.

Definition 4. Suppose φ : R^+ → R^+ is measurable and φ(t)/t → ∞ as t → ∞. Define the function ~φ by ~φ(s) = log s ∫_∞ 0 e^{us−φ(u)}du, s > 0. Define the function φ^c by φ^c(x) = sup_{y>0}{xy − φ(y)} (10)

LEMMA 1. If φ : R^+ → R is locally bounded and φ(t) ∼ ∫_t 0 s(u) du (t → ∞) with s ∈ Γ, then

φ^c(x) = ∫_x 0 s^←(u) du + o ( xa(x) ) = ~φ(x) as x → ∞ where the inverse function s^← of s satisfies s^← ∈ Π^+(a).

Hence φ^c(x)/x and ~φ(x)/x are in Π^+(a).

LEMMA 2. Suppose F is the distribution function of a non-negative random variable with entire characteristic function and ^F is defined by ^F (s) = ∫_∞ 0 e^{su}dF (u) for s ∈ R. Let φ : R^+ → R^+ be such that φ(t)/t → ∞ (t → ∞). Then ^F (s) ≤ e^{φ(s)} for s > 0 implies 1 − F (x) ≤ e^{−φc(x)} for x > 0, where φ^c is defined by (10). Conversely, if there exists an x_0 such that 1 − F (x) ≤ e^{−φ(x)} for x > x_0 and with φ ∈ Γ, then ^F (s) ≤ exp { φ^c(s) + o(sa(s)) } as s → ∞, where φ^c(x)/x ∈ Π^+(a) (see Lemma 1).

LEMMA 3. Suppose the assumptions of lemma 2 are satisfied and suppose moreover that φ ∈ Γ. Then φ^c(s)/s ∈ Π^+ and φ^c(s)/s → ∞ as s → ∞. Moreover lim_{x→∞} − log ( 1 − F (x) ) φ(x) = 1 if and only if lim_{s→∞} log ^F (s) − φ^c(s) sa(s) = 0.

Lemma 1 above is a combination of theorems 1.5 and 1.9 in [7]. The proof of the lemmas 2 and 3 is omitted since it is similar to the lemmas in [6].

Proof of theorem 2. With F the distribution function of |Y | we have ^F (s) = M(s, f). Application of lemma 3 and theorem 1 shows that (i) is equivalent to lim_{n→∞} (E|Y |^n/n!)^{−1/n} − nπ(n) na(n) = 0, with π ∈ Π^−(a),

where the functions φ and π are related by φ^c(s) = e^{−1}sπ^∗(e^{−1}s). The last expression is equivalent to (ii) since (n!)^{1/n} = ne^{−1} + O(log n) (n → ∞).

Example. π^∗(t) = log t + o(1) (t → ∞) if and only if π(t) = 1 log t + log log t log^2 t + o ( 1 log^2 t ) , t → ∞. Application of theorem 2 then shows that lim_{y→∞} − log P(|Y | > y) exp(ey − 1)

= 1 if and only if

lim_{n→∞} e^{−1}(log^2 n)(E|Y |^n)^{1/n} − log n − log log n = 0.

REFERENCES

[1] N. H. Bingham, C. M. Goldie, J. L. Teugels, Regular Variation, Cambridge Univ. Press, 1987.

[2] R. P. Boas, Integrability Theorems for Trigonometric Transforms, Springer-Verlag, 1967. [3] N. G. de Bruijn, Pairs of slowly oscillating functions occurring in asymptotic problems concerning the Laplace transform, Nw. Arch. Wisk. 7 (1959), 20–26.

[4] M. Dewess, The tail behaviour of a distribution function and its connection to the growth of its entire characteristic function, Math. Nachr. 81 (1978), 217–231.

[5] J. L. Geluk, On the relation between the tail probability and the moments of a random variable, Indag. Math. (Proc. Kon. Ned. Akad. v. Wetenschappen) (4) 46 (1984), 401–405.

[6] J. L. Geluk, On a theorem in entire function theory and its application in probability theory, J. Math. Anal. Appl. 118 (1986), 165–172.

[7] J. L. Geluk, On the asymptotic behaviour of an exponential integral, Analysis 9 (1989), 107–126.

[8] J. L. Geluk, L. de Haan, Regular variation, extensions and Tauberian theorems, CWI tract 40, Amsterdam, 1987.

[9] L. de Haan, S. Resnick, Conjugate Π-variation and process inversion, Ann. Prob. 7 (1979), 1028–1035.

[10] Y. Kashara, Tauberian theorems of exponential type, J. Math. Kyoto Univ. 18 (1978), 209– 219.

Econometric Institute (Received 13 10 1988) Erasmus University Rotterdam P.O.Box 1738 3000 DR Rotterdam The Netherlands