PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE Nouvelle série tome 46 (60), 1989, pp. 132–140

ON SOME NEUTRIX PRODUCTS OF DISTRIBUTIONS

B. Fisher and A. Takači

Abstract. The neutrix product [2] of the distributions x^λ_+L(x) and x^μ or δ^{(m)} is analysed and explicitly calculated, where λ, μ /∈ Z, m ∈ N_0 and L is a slowly varying function at both zero and infinity [7].

The neutrix product of distributions is defined with a fixed infinitely differentiable function ρ : R → [0, ∞), which has the following properties:

(i) ρ(x) = 0, |x| ≥ 1, (ii) ρ(x) = ρ(−x), x ∈ R,

(iii)

∫_1 −1 ρ(x) dx = 1. The sequence δ_n(x) = n · ρ(nx), n ∈ N, x ∈ R, is a so-called “delta sequence” i.e. it is a sequence of functions from the space D which tends to the measure δ in the topology of D^′. Further on, for arbitrary g ∈ D^′ we put g_n(x) = g ∗ δ_n(x), n ∈ N, x ∈ R. (1) Then the sequence of infinitely differentiable functions {g_n} tends to g in the topology of D^′.

This leads to the following definition of the product of two distributions on an open interval (a, b):

Definition 1. Let f and g be distributions and let g_n be as in (1). We say that the product f ∘ g exists and is equal to the distribution h on (a, b) if for each φ ∈ D(a, b) lim_{n→∞}⟨f · g_n, φ⟩ = lim_{n→∞}⟨f, g_n · φ⟩ =: ⟨h, φ⟩. It turns out that this definition gives an extension of the product of continuous functions (observed as regular distributions). However, the neutrix product of distributions, see [2], is even more general. In order to define it we need

AMS Subject Classification (1980): Primary 46 F 10

Definition 2. A neutrix N is a commutative additive group of functions ν : N^′ → N^{′′} (where the domain N^′ is a set and the range N^{′′} is a commutative additive group) with the property that if ν is in N and ν(ξ) = γ for all ξ in N^′, then γ = 0. The functions in N are said to be negligible. Now suppose that N^′ is contained in a topological space with a limit point b which is not in N^′ and let N be a commutative additive group of functions ν : N^′ → N^{′′} with the property that if N contains a function of ξ which tends to a finite limit γ as ξ tends to b, then γ = 0. It follows that N is a neutrix. If now f : N^′ → N^{′′} and there exists a constant β such that f(ξ) − β is negligible in N, then β is called the neutrix limit of f(ξ) as ξ tends to b and we write N- lim_{ξ→b} f(ξ) = β, where β is always unique if it exists.

Now let N^′ = N and N^{′′} = R and N be the neutrix whose neglibigle functions are all linear sums of functions that tend to zero and all functions of the form

n^λ, n^λ ln^{m−1} n, ln^m n (2)

for all real λ ≠ 0 and m ∈ N. Then we have

Definition 3. Let f, g and g_n be as in Definition 1. We say that the neutrix product f · g exists and is equal to h on the open interval (a, b) if N- lim_{n→∞}⟨f · g_n, φ⟩ = N- lim_{n→∞}⟨f, g_n · φ⟩ =: ⟨h, φ⟩ for each φ ∈ D(a, b).

It is important to note that if the product of two distributions exists by Definition 1 then so does the neutrix product and they are equal, see [2]. However, the converse does not hold as the following example shows:

Example 1. Let f = g = δ. Then for arbitrary φ ∈ D we have ⟨δ · δ_n, φ⟩ = δ_n(0)φ(0) = nρ(0)φ(0). It follows that the product δ ∘δ does not exist by Definition 1 but it does by Definition 3 and then δ · δ = 0.

The neutrix product (Definition 3) has some “expected” properties of a product. For instance, if h = f · g exists for f, g, ∈ D^′, then

supp h ⊆ supp f ∩ supp g, and (3.1) sing supp h ⊆ sing supp f ∪ sing supp g. (3.2)

Further, if f · g and f^′ · g (or f · g^′) exist, then f · g^′ (or f^′ · g) exists too and the Leibniz rule holds: (f · g)^′ = f^′ · g + f · g^′. However, the neutrix product is not commutative as the following example shows.

Example 2. Let f = δ and g = x^{−1}. Then (x^{−1})_n = x^{−1} ∗ δ_n is an odd function and so (x^{−1})_n(0) = 0. Thus for arbitrary φ ∈ D we have

⟨δ · (x^{−1})_n, φ⟩ = (x^{−1})_n(0)φ(0) = 0

implying δ · x^{−1} · φ = 0, but ⟨x^{−1} · δ_n, φ⟩ = ∫_∞ 0 x^{−1}[δ_n(x)φ(x) − δ_n(−x)φ(−x)] dx

= ∫_∞ 0 x^{−1}δ_n(x)[φ(x) − φ(−x)] dx = φ^′(0) + O(1/n)

implying x^{−1} · δ = −δ^′.

On using Definition 3, one can find several important (neutrix) products of distributions, like x^λ_+ ln^j x · x^μ_− for different values of λ, μ and j (see [2], [3], [4]). However, the more general cases, like x^λ_+L(x) · x^μ_− or x^λ_+L(x) · δ^{(m)}(x) cannot be obtained with the neutrix used in the mentioned papers. Here and also throughout this paper L : (0, ∞) → (0, ∞) is a given locally integrable function which satisfies the following conditions lim x→0+ L(kx) L(x) = 1 for any k > 0, (4.1) lim_{x→∞} L(kx) L(x) = 1 for any k > 0. (4.2)

A positive locally integrable function satisfying (4.1) (resp. (4.2.)) is called slowly varying at zero (resp. slowly varying at infinity). The first example of a function satisfying the relations (4) is the logarithm.

The distribution x^λ_+L(x) in S^′_+ (tempered distributions with supports in [0, ∞)), is defined for different values of the real parameter λ by: ⟨x^λ_+L(x), φ(x)⟩ = ∫_∞ 0 x^λL(x)φ(x) dx if λ > −1, (5.1) ⟨x^λ_+L(x), φ(x)⟩ = ∫_∞ 0 x^λL(x) [ φ(x) − l−1∑ j=0 x^j j! φ^{(j)}(0) ] dx (5.2)

if −(l + 1) < λ < −l and l ∈ N, ⟨x^λ_+L(x), φ(x)⟩ = ∫_1 0 x^λL(x) [ φ(x) − −λ−1∑

j=0 x^j j! φ^{(j)}(0) ] dx

+ ∫_∞ 1 x^λL(x) [ φ(x) − −λ−2∑

j=0 x^j j! φ^{(j)}(0) ] dx (5.3)

if λ ∈ Z_− = {−1, −2, . . . } and φ ∈ S.

(By definition if λ = −1, then the last summation is omitted.)

It is worth noting that if L(x) = 1 on (0, ∞), then the distribution x^λ_+ defined by relations (5) coincides with the distribution x^λ_+ defined in [6] (see also [2]):

x^λ_+ =

Γ(λ + 1) Γ(λ + l + 1)

D^lx^{λ+l}_+ (6)

if −(l + 1) < λ < −l, l ∈ N. The distribution x^μ_− is defined in an analogous way to (6); its support is (−∞, 0].

The aim of this paper is to analyse and explicitely calculate several neutrix products involving slowly varying functions. For that reason we replace the neutrix N from Definition 3 with the one whose negligible functions are all linear sums of functions that tend to zero and all functions of the form n^λ, n^λL(1/n), L(1/n) (7) for all real λ ≠ 0 (compare with (2)). Naturally, if L(1/n) tends to a non zero limit as n → ∞, then L(1/n) is omitted in (7).

Before we turn to the announced neutrix products, we cite two statements that we need later on.

THEOREM 1. Let L be a slowly varying function at zero and let f be a locally integrable function on the interval [0, b] with the property that ∫_b 0 x^{−δ} |f(x)| dx < ∞ for some δ > 0. Then the integral Φ(ε) = ∫_b 0 f(x)L(εx) dx exists and Φ(ε) ∼ L(ε) ∫_b 0 f(x) dx as ε → 0^+.

THEOREM 2. Let x^λ_+L(x) be given by (5.2) for −(l + 1) < λ < −l, l ∈ N and L a slowly varying function both at zero and at infinity. Then there exists a locally integrable function K : (0, ∞) → R which is both slowly varying at zero and at infinity and satisfies the following conditions:

D^l(x^{l+λ}_+ K(x)) = x^λ_+L(x), K_l(x) ∼ ((λ + 1) · . . . · (λ + l))^{−1}L(x)

as x → 0^+ and as x → +∞.

Theorem 1 is an easy consequence of Théorème 2 from [1, p. 82], while Theorem 2 was proved in [8, p. 180, Lemma 2].

Because of (3.1) and (3.2) it is clear that

x^λ_+L(x) · x^μ_− = n∑ j=0 a_j D^j δ(x) (8)

for some constants a_j and some n ∈ N_0 whatever λ and μ are, provided that the left hand side exists. The case L(x) ≡ 1 was analysed in [3]:

THEOREM 3. The neutrix product of x^λ_+ and x^μ_− exists and x^λ_+ · x^μ_− = 0, provided that λ + μ /∈ Z_− = {−1, −2, . . . }.

We first of all prove the following generalization of (8):

THEOREM 4. The neutrix product of x^λ_+L(x) and x^μ_− exists and

x^λ_+L(x) · x^μ_− = 0 (9)

provided that λ, μ, λ + μ /∈ Z_−, i.e. all a_j from (8) are zero.

Proof . We follow the lines of the proof of Theorem 6 from [3], giving the modifications necessary because of the slowly varying function L.

Suppose first of all that λ, μ, λ + μ > −1. Then the left hand side of (9) exists even in the sense of Definition 1, since by (5.1) and (1) we have for φ ∈ S ⟨x^λ_+L(x), (x^μ_−)_nφ(x)⟩ = ∫_∞ 0 x^λL(x)φ(x) (∫_∞ −∞ (t − x)^μ_−δ_n(t) dt ) dx = ∫_{1/n} 0 x^λL(x)φ(x) (∫_{1/n} x (t − x)^μδ_n(t) dt ) dx = ∫_{1/n} 0 δ_n(t) (∫_t 0 x^λL(x)(t − x)^μφ(x) dx ) dt = n^{−λ−μ−2} ∫_1 0 s^{λ+μ+1}δ_n ( s n ) ∫_1 0 v^λ(1 − v)^μL ( sv n ) φ ( sv n ) dvds. The function L is slowly varying at zero and so we can find a positive number ε > 0 such that |L(x)| ≤ Cx^{−ε} for 0 < x < 1 and λ + μ + 1 − ε > 0; (10) the constant C depends on λ, μ and ε. Further on, the function φ is fast decreasing, hence bounded and so |⟨x^λ_+L(x), (x_−)_nφ(x)⟩| ≤ C^′n^{−λ−μ−1+ε} ∫_1 0 s^{λ+μ+1}ρ(s) (∫_1 0 v^λ(1 − v)^μ dv ) ds for some constant C^′ > 0 and ε > 0 from (10).

Now let λ > −1, −(m + 1) < μ < −m, m ∈ N, and λ + μ /∈ Z. As in [3], we have for j ∈ N_0

Γ(μ + m + 1)

Γ(μ + 1) ∫_∞ −∞ x^λ_+L(x)(x^μ_−)_nx^j dx = n^{−λ−μ−j−1} ∫_1 0 s^{λ+μ+j+m+1}ρ^{(m)}(s)

∫_1 0 v^{λ+j} (1 − v)^{μ+m}L ( sv n ) dvds. On using Theorem 1, we see that the right hand side behaves as L ( 1 n ) n^{−λ−μj−1}B(λ + j + 1, μ + m + 1) ∫_1 0 s^{λ+μ+j+m+1}ρ^{(m)}(s) ds.

Hence by the suppositions on λ, μ, j and the function L we have N- lim_{n→∞} ∫_∞ −∞ x^λ_+L(x)(x^μ_−)_nx^j dx = 0. (11)

We note that if j ∈ N is chosen so that j > −(λ + μ + 1) then (11) holds even in the usual sense. The remainder of the proof for the case λ > −1, μ, λ + μ /∈ Z is essentialy as in [3, pp. 324–325] and so we omit it here.

Let us now suppose that (9) is proved for any λ such that λ > −l, λ /∈ Z, any μ such that μ, λ + μ /∈ Z, and any slowly varying function L at both zero and at infinity. On using Theorem 2 for given λ − 1 and L, we can find a function K which is slowly varying at both zero and at infinity and satisfies D^{l+1}(x^{λ+l}_+ K(x)) = x^{λ−1}_+ L(x). (12)

The Leibniz rule gives D^{l+1}(x^{λ+l}_+ K(x) · x^μ_−)

= D^{l+1}(x^{λ+l}_+ K(x)) · x^μ_− + l∑ j=0 ( l + 1 j ) D^j (x^{λ+l}_+ K(x)) · D^{l+1−j} (x^μ_−),

or on using (12)

x^{λ−1}_+ L(x) · x^μ_− = l∑ j=0 C_j D^j (x^{λ+l}_+ K(x)) · x^{μ−l−1+j}_− for some constants C_j , provided that we can show the existence of the right hand side. In fact we will show that each term in the last sum is zero. It is obviously enough to show that D^j (x^{λ+l}_+ K(x)) · x^{μ′}_− = 0 (13) for j = 0, 1, . . . , l and λ, μ^′, λ + μ^′ /∈ Z. This has been proved already for j = 0. If (13) is true for some j ∈ {0, 1, . . . , l − 1}, then

D^{j+1}(x^{λ+l}_+ K(x)) · x^{μ′}_− = D(D^j (x^{λ+l}_+ K(x)) · x^{μ′}_− ) + μ^′D^j (x^{λ+l}_+ K(x)) · x^{μ′ −1}_− = 0, i.e. it is true for j + 1 as well. We have thus proved (9) for λ, μ, λ + μ /∈ Z.

We now prove THEOREM 5. The neutrix product of x^λ_+L(x) and δ^{(m)}(x) exists and x^λ_+L(x) · δ^{(m)}(x) = 0 (14) for m ∈ N_0 and λ ≠ 0, ±1, . . . , ±m, −m − 1, −m − 2, . . . .

Proof . Assume first that λ > −1 and λ ≠ 0, 1, . . . , m. Then for j = 0, 1, . . . we have

∫_∞ −∞ x^λ_+L(x)δ^{(m)}_n (x)x^j dx = n^{m−λ−j} ∫_1 0 t^{j+λ}L ( t μ ) ρ^{(m)}(t) dt (15) ∼ n^{m−λ−j} L ( 1 n ) ∫_1 0 t^{j+λ}ρ^{(m)}(t) dt as n → ∞. Hence the functions ∫_∞ −∞ x^λ_+L(x)δ^{(m)}_n (x)x^j dx are negligible for j = 0, 1, . . . and j ≠ m − λ. Then we have | | | | ∫_∞ −∞ x^λ_+L(x)δ^{(m)}_n (x)x^{m+1} dx | | | | ≤ CL ( 1 n ) n^{−λ−1} ∫_1 0 t^{λ+m+1}|ρ^{(m)}(t)| dt (16)

for some constant C > 0. Since L is slowly varying at zero, the right hand side of the last inequality tends to zero as n tends to infinity. Using Taylor’s theorem for a test function φ ∈ S, we have φ(x) = m∑ j=0 x^j j! φ^{(j)}(0) + x^{m+1} (m + 1)!

φ^{(m+1)}(ξx)

for some ξ = ξ(x) ∈ [0, 1]. It follows from (15) and (16) that

N- lim_{n→∞}⟨x^λ_+L(x), δ^{(m)}_n (x)φ(x)⟩ = 0

i.e. (14) follows for λ > −1 and λ ≠ 0, 1, . . . , m.

Now assume that −2 < λ < −1. On using Theorem 2 we can find a locally integrable function K which is slowly varying both at zero and infinity such that D(x^{λ+1}_+ K(x)) = x^λ_+L(x). Then

0 = D(x^{λ+1}_+ K(x) · δ^{(m)}(x)) = x^λ_+L(x) · δ^{(m)}(x) + x^{λ+1}_+ K(x) · δ^{(m+1)}(x).

It follows from what we have just proved that (14) holds for −2 < λ < −1. More generally, it follows by induction that (14) holds for m ∈ N_0 and λ ≠ 0, 1, . . . , m, −m − 1, −m − 2, . . . .

We are now going to consider the product x^λ_+L(x) · x^{−m}_− for λ /∈ Z_−. For this purpose we note that by definition

D^m ln x_+ = −(m − 1)!x^{−m}_+ , m ∈ N

and this is in accordance with (5.3) for L(x) ≡ 1. Further

D^m ln x_− = −(m − 1)!x^{−m}_− , m ∈ N.

THEOREM 6. The product x^λ_+L(x) · x^{−m}_− exists and x^λ_+L(x) · x^{−m}_− = 0 for m ∈ N_0 and λ /∈ Z_−.

Proof . For λ > −1 we have

⟨x^λ_+L(x), (x^{−m}_− )_nx^j ⟩ = ∫_{1/n} 0 x^{λ+j} L(x) ∫_{1/n} x ln(t − x)δ^{(m)}_n (t) dtdx

= ∫_{1/n} 0 t^{λ+j+1}δ_n(t)

∫_1 0 v^{λ+j} ln(t − tv)L(tv) dvdt. Putting t = s/n and using the method from the proof of Theorem 4 we find that the last double integral is negligible. The rest of the proof is as in [3, p. 326], with the already used modifications.

We will now use the statement and the proof of Theorem 4 for finding the α-product of x^λ_+L(x) and x^μ_−. This product was analysed in [5] as a natural generalization of the neutrix product defined by a vector.

Definition 4. Let f and g be distributions and let g_n be as in (1). We say that the α-neutrix product of f and g, denoted by f^α· g, exists and is equal to the distribution vector h = [h_0, h_1, . . . , h_r, . . . ] on the open interval (a, b) if N- lim_{n→∞}⟨f, g_nφ⟩ = ⟨h_0, φ⟩, N- lim_{n→∞} n^{−α−r}⟨f, g_nφ⟩ = ⟨h_r, φ⟩ (17) for r = 1, 2, . . . and all test functions φ ∈ D(a, b). It is supposed that −1 < α ≤ 0.

The following generalization of Theorem 3 was proved in [5]. THEOREM 7. Let λ, μ be real numbers such that λ, μ, λ+μ /∈ Z and λ+μ < −1.

Then the α-product x^λ_+^α· x^μ_− exists and x^λ_+^α· x^μ_− = h(λ, μ) = [0, h_1(λ, μ), . . . , h_q(λ, μ)], where q = [−λ − μ], α = −λ − μ − q − 1, h_i(λ, μ) = B(μ + 1, λ + q − i + 1) (q − i)! (−1)^{q−i}a_{q−i}(λ, μ)δ^{(q−i)}, a_i(λ, μ) = (−1)^pΓ(λ + μ + i + 2) Γ(λ + μ + p + i + 2)

∫_1 0 u^{λ+μ+p+i+1}ρ^{(p)}(u) du for i = 1, . . . , q and B and Γ denote the beta and gamma functions respectively.

In order to find the α-product of x^λ_+L(x) and x^μ_−, we must slightly change Definition 4. In fact, replacing (17) by N- lim_{n→∞} n^{−α−r}L(1/n)⟨f, g_nφ⟩ = ⟨h_r, φ⟩, r ∈ N, we get a product which will be denoted by f^{(α,L)}· g; L is a slowly varying function with properties (4.1) and (4.2). Similarly as Theorem 4 from [5], one can prove THEOREM 8. Let λ, μ be real numbers such that λ, μ, λ+μ /∈ Z and λ+μ < −1.

Then the (α, L) product x^λ_+L(x)^{(α,L)}· x^μ_− = h(λ, μ) = [0, h_1(λ, μ), . . . , h_q(λ, μ)], where α, q and h_i(λ, μ) are as given in Theorem 7.

Thus we can write ⟨x^λ_+L(x), (x^μ_−)_nφ⟩ = ⟨0, φ⟩ + q∑ r=1 n^{α+r} L(1/n) ⟨h_r, φ⟩ + O ( n^α L(1/n) )

as n → ∞. REFERENCES

[1] S. Aljančić, R. Bojanić, M. Tomić, Sur la valeur asymptotique d’une classe des integrales definies, Publ. Inst. Math. (Beograd) 7 (1954), 81–94.

[2] B. Fisher, A non-commutative neutrix product of distributions, Math. Nachr. 108 (1982), 117–127.

[3] B. Fisher, The neutrix distribution product x^λ_+ · x^μ_−, Publ. Inst. Math. 30 (1983), 321–329. [4] B. Fisher, Some neutrix products of distributions, Rostock. Math. Kolloq. 22 (1983), 67–79. [5] B. Fisher, A. Takači, Some results on α-products of distributions, Serdica 14 (1988), 202–207. [6] I. M. Gel’fand, G. E. Shilov, Generalized Functions, Vol. 1 , Academic Press, New York, 1964. [7] E. Seneta, Regularly Varying Functions, Lecture notes in Math. 508, Springer-Verlag, 1976. [8] A. Takači, On the equivalence at infinity of distributions, Rev. Res. Fac. Sci. Novi Sad, Math.

Ser. 15 (1985), 175–187.

Department of Mathematics (Received 13 02 1989) University of Leicester Leicester LE1 7RH, England

Institut za matematiku Prirodno matematički fakultet 21000 Novi Sad, Jugoslavija