PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE Nouvelle série tome 46 (60), 1989, pp. 201–213

GENERALIZED RANDOM PROCESSES ON THE ZEMANIAN SPACE A

Z. Lozanov-Crvenković and S. Pilipović

Abstract. We give several representation theorems for the generalized random processes whose sample functions are generalized functions from Zemanian space A^′. Using these representations we give the characterizations of a sequence of generalized random processes on A that converges almost surely (A^′).

1. Introduction

The generalized random processes (g.r.p.) were studied by several authors [1,3,4,5,7,8,10,11,12,13] and a variety of different viewpoints have been taken to define g.r.p.. In this paper we follow the aproach of [1,4,7,10,12,13]. In [1,3,7,8,12,13] spaces D and K{M_p} were taken to be the spaces of test functions and in [1,7,8,12,13] representation theorems for g.r.p. were given. In [7,8] several types of convergences of g.r.p. were defined and investigated, and representation theorems for expectation and conditional expectation of g.r.p. were given as well.

For a space of test functions we take the space A, whose elements have orthonormal expansions. The space A and its dual space A^′ were introduced in [14]. Our construction of the spaces A and A^′ is different from [14], and details are given in [11].

Since elements from A and A^′ have orthonormal expansions we are able to give several representation theorems for g.r.p. on A. In Theorem 3.1 we give the representation of a g.r.p. as an infinite series on a set of arbitrary large probability. In Theorem 3.2 we give the conditions under which this representation is valid on a set of probability one. In Theorems 3.3, 3.4, 3.5, we use generalized diferential self-adjoint operator to represent a g.r.p..

In Section 4 we investigate almost sure convergence of g.r.p. on A. In Theorem 4.1 we give the necessary and sufficient conditions for almost sure convergence

AMS Subject Classification (1980): Primary 60 H 05, 46 F 05

of a sequence of g.r.p., and in Theorems 4.2, 4.3 and 4.4 we give the characterization of such convergence using the representations obtained in Theorems 3.1, 3.4 and 3.5.

Our approach to the notion of almost sure convergence is motivated by the papers of Kitchens [7,8].

2. Spaces A and A^′

We shall use the notation from [14]. Let I be an open interval of the real line R and L^2(I) be the space of the equivalence classes of square integrable functions with values in the set of complex numbers C with the usual norm. Denote by C^∞(I) the set of infinitely differentiable (smooth) functions, by N the set {1, 2, . . . } and let N_0 = N ∪ {0}. Let R be a linear differential self-adjoint operator of the form R = θ_0D^{n1} θ_1 . . . D^{nν} θ_ν where D = d/dx, n_k ∈ N_0, k = 1, 2, . . . , ν; θ_k, k = 0, 1, . . . , ν, are smooth functions without zeros on I. We suppose that there exists a sequence of real numbers {λ_n, n ∈ N_0}, and a sequence of smooth functions {ψ_n, n ∈ N_0} such that Rψ_n = λ_nψ_n, n ∈ N_0. Furthermore, suppose that the sequence {|λ_n|, n ∈ N_0} monotonically tends to infinity and that {ψ_n, n ∈ N_0} is a complete orthonormal system (o.n.s.). We can enumerate ψ_n and λ_n so that |λ_0| ≤ |λ_1| ≤ |λ_2| ≤ . . . . Put ~λ_n = λ_n if λ_n ≠ 0, and ~λ_n = 1 if λ_n = 0, n ∈ N_0. The sequence {~λ_n, n ∈ N_0} is nondecreasing and |~λ_n| → ∞, n → ∞. Let R^{k+1} = R(R^k ), k ∈ N_0, R^0 = ℑ, ℑ is the identity operator. In [11] the scale of spaces A_k , k ∈ N_0 is defined in the following way.

A_k = { φ ∈ L^2(I) : φ = ∞∑ m=0 a_mψ_m, ‖φ‖_k = ∞∑ m=0 |a_m|^2~λ^{2k}_m < ∞ } , k ∈ N_0. Put A = ∞⋂ k=0 A_k = { φ ∈ L^2(I) : φ = ∞∑ m=0 a_mψ_m, ∀k ∈ N, ∞∑ m=0 |a_m|^2~λ^{2k}_m < ∞ } .

The set S_r = { φ = ∑_s m=0(a_m + ib_m)ψ_m : s ∈ N_0, a_m, b_m ∈ Q, m ∈ N_0 } , (Q is the set of rational numbers), is a countable dense set in each A_k, k ∈ N_0, and hence in A.

Let A^′, (A^′_k) be the dual space of the space A, (A_k). We have A^′ = ⋃_∞ k=0 A^′_k.

From [14, ch. 9.3. and 9.6.] it follows that (R^k ψ_m, φ) = (ψ_m, R^kφ), n, k ∈ N_0, φ ∈ A, where for φ ∈ A, f ∈ A^′, (f, φ) = ⟨f, φ⟩.

3. Generalized random processes on Ω × A

Let (Ω, F, P ) be a probability space and P a complete measure. Throughout the paper we shall assume that (Ω, F, P ) is fixed.

Definition 3.1. A generalized random process is a mapping ξ : Ω × A → C such that: (i) ∀φ ∈ A, ξ( · , φ) is a random variable; (ii) ∀ω ∈ Ω, ξ(ω, · ) is an element from A^′.

THEOREM 3.1. Let ξ be a g.r.p. on Ω × A. Then for every ε ∈ (0, 1) there exists a non-negative integer k = k(ε), a set B ∈ F with P (B) ≥ 1 − ε, and a sequence {c_n, n ∈ N_0} of random variables, such that

ξ(ω, φ) = ∞∑ n=0 c_n(ω)(ψ_n, φ), ω ∈ B, φ ∈ A (_∞∑ n=0 |c_n(ω)|^2~λ^{−2k}_n )_{1/2} < k, ω ∈ B.

Proof . The proof is similar to the proof of Lemma 4 and Theorem 1 of [13]. See also [1,12,10]. For every ω_0 ∈ Ω we have that ξ(ω_0, · ) ∈ A^′. So, there exist C(ω_0) and k(ω_0) such that |ξ(ω_0, φ)| ≤ C(ω_0)‖φ‖_{k(ω0 )}, φ ∈ A. Put B_N (φ) = { ω ∈ Ω : |ξ(ω, φ)| ≤ N‖φ‖_N , N ∈ N_0, φ ∈ A } , B_N = ⋂ φ∈A B_N (φ), N ∈ N_0.

We have that B_N = ⋂ φ∈S_r B_N (φ), N ∈ N_0.

Since S_r is a denumerable dense set in A it follows that B_N is a measurable set. Furthermore, B_N ⊂ B_{N+1}, N ∈ N_0 and Ω = ⋃_∞ N=0 B_N . Hence, for a given ε > 0 there exists k ∈ N_0 such that P (B_k) ≥ 1 − ε. If we put B = B_k we obtain that |ξ(ω, φ)| ≤ k‖φ‖_k, φ ∈ A, ω ∈ B. For φ ∈ A, define (3.1) ξ_1(ω, φ) = { ξ(ω, φ), ω ∈ B 0, ω /∈ B. Put, for ω ∈ Ω,

R(ω) = sup { |ξ_1(ω, φ)|, φ ∈ A, ‖φ‖_k ≤ 1 } = sup { |ξ_1(ω, φ)|, φ ∈ S_r, ‖φ‖_k ≤ 1 } . We have that R(· ) is a measurable function, R(·) ≤ k, and |ξ_1(ω, φ)| ≤ R(ω)‖φ‖_k, φ ∈ A, ω ∈ B.

According to the probabilistic Hahn-Banach theorem, [4], ξ_1 can be extended to A_k. Denote this extension by ~ξ_1. It follows that |~ξ_1(ω, φ)| ≤ R(ω)‖φ‖_k, φ ∈ A_k, ω ∈ Ω. A mapping from Ω × A_k to Ω × l^2 defined by i : (ω, φ) → (ω, {~λ^k_na_n}), φ = ∞∑ n=0 a_nψ_n ∈ A, is an isometry of the spaces Ω × A_k and Θ = i(Ω × A_k) ⊂ Ω × l^2. A g.r.p. ξ_2 on Θ is defined by ξ_2(ω, {~λ^k_na_n}) = ~ξ_1(ω, φ), ω ∈ Ω, φ ∈ A_k, where (ω, {~λ^k_na_n}) = i(ω, φ) and |ξ_2(ω, {~λ^k_na_n})| ≤ R(ω) (_∞∑ n=0 |a_n|^2~λ^{2k}_n )_{1/2} , ω ∈ Ω. According to the probabilistic Hahn-Banach theorem ξ_2 can be extended to Ω × l^2. Denote this extension by ~ξ_2. We have that ~ξ_2(ω, {~λ^k_na_n}) = ξ_2(ω, {~λ^k_na_n}), (ω, {~λ^k_na_n}) ∈ Θ, |~ξ_2(ω, {b_n})| ≤ R(ω)‖{b_n}‖_l2 , {b_n} ∈ l^2, ω ∈ Ω. For every ω ∈ Ω, ~ξ_2(ω, ·) is a continuous linear functional on l^2. Therefore, there exists a sequence {~c_n(ω), n ∈ N_0} such that ∞∑ n=0 |~c_n(ω)|^2 < ∞, and ~ξ_2(ω, {b_n}) = ∞∑ n=0 ~c_n(ω)b_n, {b_n} ∈ l^2, ω ∈ Ω. In an obivous way we define, and denote by the same letters,

~ξ_2 : Ω × L^2(Ω) → C, ~ξ_2(ω, φ) = ~ξ_2(ω, {b_n}), φ =^∞∑ n=0 b_nψ_n, {b_n} ∈ l^2. Since ~ξ_2(· , φ) is a random variable for every φ ∈ L^2(I), it follows, putting φ = ψ_n, that ~c_n(ω) = ~ξ_2(ω, ψ_n) are random variables. Moreover, for the dual norm we have |~ξ_2(ω, ·)|^′_L2_{(I)} = (_∞∑ n=0 |~c_n(ω)|^2 )_{1/2} = R(ω), ω ∈ Ω. We have for ω ∈ B, φ ∈ A, ξ(ω, φ) = ξ_1(ω, φ) = ~ξ_1(ω, φ) = ξ_2(ω, {~λ^k_na_n}) = ~ξ_2(ω, {~λ^k_na_n}) = ∞∑ n=0 ~c_n(ω)~λ^k_na_n = ∞∑ n=0 ~c_n(ω)~λ^k_n(ψ_n, φ). Define c_n(ω) = ~c_n(ω)~λ^k_n, n ∈ N_0 and the assertion follows.

THEOREM 3.2. Let ξ be a g.r.p. on Ω × A. Suppose there exist a random variable r, a set Z ∈ F with P (Z) = 0, and a non-negative integer k, such that |ξ(ω, φ)| ≤ r(ω)‖φ‖_k, for ω ∈ Ω \ Z, φ ∈ A. Then there exists a sequence {c_n, n ∈ N_0} of random variables, such that ξ(ω, φ) = ∞∑ n=0 c_n(ω)(ψ_n, φ) ω ∈ Ω \ Z, φ ∈ A, (_∞∑ n=0 |c_n(ω)|^2~λ^{−2k}_n )_{1/2} < r(ω), ω ∈ Ω \ Z.

The proof is similar to the proof of Theorem 3.1, putting Ω \ Z instead of B in (3.1).

We define the differential operator ~R^k , k ∈ N_0, on the set of g.r.p.’s by ~R_k ξ(ω, φ) = ξ(ω, R^kφ), ω ∈ Ω, φ ∈ A, ~R^{k+1} = ~R( ~R^k), k ∈ N_0, ~R^0 = ℑ.

We shall denote ~R by R.

Next, we shall give representation theorems of a g.r.p. that are analogous to the Theorem 9.6.2 from [14, Ch. 9.6]. Put Λ = {n ∈ N_0 : λ_n = 0}, Λ^c = N_0 \ Λ.

THEOREM 3.3. Let ξ be a g.r.p. on Ω × A. For every ε ∈ (0, 1) there exist B ∈ F with P (B) ≥ 1 − ε, a non-negative integer k_0 = k_0(ε), a g.r.p. ξ_0 on Ω × L^2(I), and random variables c_n, n ∈ Λ, such that

ξ(ω, φ) = R^{k0} ξ_0(ω, φ) + ∑ n∈Λ c_n(ω)(ψ_n, φ), ω ∈ B, φ ∈ A.

Proof . From Theorem 3.1 it follows that there exist B ⊂ Ω with P (B) ≥ 1−ε, and k_0 = k_0(ε) such that ξ(ω, φ) = ∞∑ n=0 c_n(ω)(ψ_n, φ), ω ∈ B, φ ∈ A, where c_n(ω) are random variables with (_∞∑ n=0 |c_n(ω)|^2~λ^{−2k0}_n )_{1/2} < k_0, ω ∈ B. Put b_n(ω) = { c_n(ω)/~λ^{k0}_n , ω ∈ B 0, ω /∈ B.

We have that

ξ_0(ω, φ) = ∞∑ n=0 b_n(ω)(ψ_n, φ) is a g.r.p. on Ω × L^2(I). Namely ξ_0 is determined by the function X_0(ω, t) = ∑_∞ n=0 b_n(ω)ψ_n(t), on Ω × I, where, for fixed ω ∈ Ω, X_0 is in L^2(I). We have that, for ω ∈ Ω, φ ∈ A,

R^{k0} ξ_0(ω, φ) = ξ_0(ω, R^{k0} φ) = ∞∑ n=0 b_n(ω)λ^{k0}_n (ψ_n, φ) = ∑ n∈Λ^c c_n(ω)(ψ_n, φ). So, ξ(ω, φ) = R^{k0} ξ_0(ω, φ) + ∑ n∈Λ c_n(ω)(ψ_n, φ). □

Remark 3.1. From the proof of Theorem 3.3 we can conclude that instead of k_0 and ξ_0 Theorem 3.3 holds for every k ≥ k_0 and the corresponding g.r.p. on Ω × L^2(I), ξ_k .

Remark 3.2. The representation of ξ(ω, φ) in Theeorem 3.3 means that ξ(ω, φ) = ∫ I X_0(ω, t)R^{k0} φ(t) dt + ∑ n∈Λ c_n(ω)(ψ_n, φ), ω ∈ B, φ ∈ A.

In the same way as in Theorems 3.2 and 3.3 we can prove the following

THEOREM 3.4. Let ξ be a g.r.p. on Ω × A. Suppose there exist a random variable r such that E(r) < ∞, a set Z ∈ F such that P (Z) = 0, a non-negative integer k_0 such that |ξ(ω, φ)| ≤ r(ω)‖φ‖_{k0} , ω ∈ Ω \ Z, φ ∈ A. Then for every k ≥ k_0 there exist a g.r.p. on Ω × L^2(I), ξ_k(ω, φ), and random variables c_n, n ∈ Λ, idependent of k, such that ξ(ω, φ) = R^kξ_k(ω, φ) + ∑ n∈Λ c_n(ω)(ψ_n, φ) = ∫ I X_k(ω, t)R^k φ(t) dt + ∑ n∈Λ c_n(ω)(ψ_n, φ), ω ∈ Ω \ Z, φ ∈ A, where X_k is the function on Ω × I which determines ξ_k.

Next we shall give a similar representation where X_k is a continuous random process. By continuous stohastic process on Ω × I we shall mean the process which for almost every ω ∈ Ω is a continuous function on I. In our next theorem we shall suppose that sequences {ψ_n, n ∈ N_0} and {λ_n, n ∈ N_0} satisfy the following conditions:

(∗) there exist s_0 ∈ N_0 and a constant K, such that sup { |ψ_n(t)/~λ^s_n| : n ∈ N_0, t ∈ I } < K,

(∗∗) there exists p_0 ∈ N_0 such that for p ≥ p_0, ∑ n∈Λ^c λ −2p n < ∞. Conditions (∗) and (∗∗) are not too restrictive. For example, Hermite, Fourier and Laguerre complete orthonormal suystems satisfy these conditions. For other o.n.s. which satisfy these conditions we refer to [14, ch. 9.8] and [2, ch. 10.18].

THEOREM 3.5. Let ξ be a g.r.p. on Ω × A. Suppose that there exist a random variable r such that E(r) < ∞, a set Z ∈ F, such that P (Z) = 0, a non-negative integer k_0, such that |ξ(ω, φ)| ≤ r(ω)‖φ‖_{k0} , for ω ∈ Ω \ Z, φ ∈ A. Then, for k ≥ k_0, there exist a continuous random process X_k(ω, t) on Ω × I, and random variables c_n, n ∈ Λ, such that ξ(ω, φ) = ∫ I X_k(ω, t)R^{k+p+s}φ(t) dt + ∑ n∈Λ c_n(ω)(ψ_n, φ), ∀ω ∈ Ω \ Z, φ ∈ A, where s ≥ s_0, s_0 is from (∗), and p ≥ p_0, p_0 is from (∗∗).

Proof . From Theorem 3.2 it follows that there exists a sequence of random variables {c_n, n ∈ N_0} such that ξ(ω, φ) = ∞∑ n=0 c_n(ω)(ψ_n, φ), ω ∈ Ω \ Z, φ ∈ A, (_∞∑ n=0 |c_n(ω)|^2~λ^{−2k}_n )_{1/2} ≤ r(ω), ω ∈ Ω \ Z. Let k ≥ k_0. Define X_k(ω, t) = ∑ n∈Λ^c c_n(ω)λ^{−(k+p+s)} n ψ_n(t), ω ∈ Ω, t ∈ I. We have that for every ω ∈ Ω \ Z, t ∈ I, ∑ n∈Λ^c |c_n(ω)λ^{−(k+p+s)} n ψ_n(t)| ≤ K ∑ n∈Λ^c |(c_n(ω)λ^{−k}_n )(λ^{−p}_n )|

≤ K ( ∑ n∈Λ^c |c_n(ω)|^2λ^{−2k}_n )_{1/2}( ∑ n∈Λ^c λ^{−2p}_n )_{1/2} < ∞. It follows that for every ω ∈ Ω \ Z, X_k(ω, ·) is a continuous function. Since X_k(·, t), t ∈ I, is measurable it follows that X_k is jointly measurable on Ω × I. For φ = ∑_∞ n=0 a_nψ_n ∈ A we have that ∞∑ n=0 |a_n|^2~λ^{2(k+p+s)} n = C < ∞. Also, ( ∑ n∈Λ^c |c_n(ω)|^2λ^{−2(k+p+s)} n )_{1/2} ≤ r(ω), ω ∈ Ω.

Hence, ∫ Ω\Z ∫ I |X_k(ω, t)R^{k+p+s}φ(t)| dtdP (ω)

≤ ∫ Ω\Z {(∫ I |X_k(ω, t)|^2 dt )_{1/2}(∫ I |R^{k+p+s}φ(t)|^2 dt )_{1/2}} dP (ω)

≤ ∫ Ω\Z {( ∑ n∈Λ^c |c_n(ω)|^2λ^{−2(k+p+s)} n )_{1/2}( ∑ n∈Λ^c |a_n|^2λ^{2(k+p+s)} n )_{1/2}} dP (ω) ≤ C ∫ Ω\Z |r(ω)| dP (ω) < ∞. It follows from Fubini’s theorem that X_k(· , ·)R^{k+p+s}φ(· ) ∈ L^1((Ω \ Z) × I) and, again, from the Fubini theorem that ξ_k(· , φ) = ∫ I X_k(· , t)R^{k+p+s}φ(t) dt is a random variable for every φ ∈ A and hence a g.r.p. It is obvious that for every ω ∈ Ω \ Z and every φ ∈ A, ξ_k(ω, φ) = ∑ n∈Λ^c c_n(ω)λ^{−(k+p+s)} n (ψ_n, R^{k+p+s}φ) = ∑ n∈Λ^c c_n(ω)(ψ_n, φ). So, finally we have ξ(ω, φ) = ξ_k(ω, φ) + ∑ n∈Λ c_n(ω)(ψ_n, φ) = ∫ I X_k(ω, t)R^{k+p+s}φ(t) dt + ∑ n∈Λ c_n(ω)(ψ_n, φ), ω ∈ Ω \ Z, φ ∈ A.

4. Almost sure convergence of a sequence of g.r.p. on A

Definition 4.1. A sequence {ξ_n, n ∈ N} of g.r.p. on A^′ converges to a g.r.p. ξ almost surely (A^′) if there exists a set Z ∈ F such that P (Z) = 0 and for ω ∈ Ω\Z, ξ_n(ω, · ) converges to ξ(ω, · ) in A^′.

Since ξ_n → ξ iff ξ_n − ξ → 0 we shall consider the case ξ_n → 0.

THEOREM 4.1. Let {ξ_n, n ∈ N} be a sequence of g.r.p. on A. The following conditions are equivalent :

A. The sequence {ξ_n} converges to zero almost surely (A^′). B. (i) For every φ ∈ A, ξ_n(· , φ) → 0 almost surely, n → ∞ ;

(ii) There exist a set Z ∈ F such that P (Z) = 0, and for every ω ∈ Ω \ Z, {ξ_n(ω, ·), n ∈ N} is bounded in A^′.

C. (i) For every φ ∈ A, ξ_n(· , φ) → 0 almost surely, n → ∞ ;

(ii) For every ε ∈ (0, 1) there exist a set B ∈ F, a non-negative integer k, both independent of n, such that P (B) ≥ 1 − ε, and for every ω ∈ B, φ ∈ A, |ξ_n(ω, φ)| ≤ k‖φ‖_k. Proof . The proof is similar to the proof of Theorem 2.2 [7]. We shall prove A =⇒ C =⇒ B =⇒ A. A =⇒ C. Assume that ξ_n → 0 almost surely (A^′), then C (i) follows immediately. We have that for each ω ∈ Ω\Z the sequence ξ_n(ω, ·) is bounded, and since A^′ = ⋃_∞ k=0 A^′_k, it follows that there exists a non-negative integer k = k(ω), independent of n, such that |ξ_n(ω, φ)| ≤ k(ω)‖φ‖_{k(ω)}, φ ∈ A. Now, as in Theorem 3.1, put

A_n(φ) = { ω ∈ Ω : |ξ_n(ω, φ)| ≤ N‖φ‖_N } , φ ∈ A, N ∈ N, A_N = ⋂ φ∈S_r A_n(φ). We have that A_N ∈ F, and that Ω \ Z ⊂ ⋃_∞ N=1 A_N , A_N ⊂ A_{N+1}, N ∈ N.

Thus, we obtain that for a given ε ∈ (0, 1) there exist k ∈ N_0 such that P (A_k ) ≥ 1 − ε. Put B = A_k and C (ii) follows.

C =⇒ B. The conditions C (i) and B (i) are the same, and to show that C (ii) =⇒ B (ii), choose ε = 1/p, p ∈ N. Then there exist B_p and k_p with P (B_p) ≥ 1 − 1/p such that for ω ∈ B_p, |ξ_n(ω, φ)| ≤ k_p‖φ‖_{kp} , φ ∈ A. Let Z = Ω \ ⋃_∞ p=1 B_p.

Then P (Z) = 0 and B (ii) follows.

B =⇒ A. From B (i) it follows that for each φ ∈ S_r there exists a set Z_φ ∈ F such that P (Z_φ) = 0 and for each ω ∈ Ω \ Z_φ, ξ_n(ω, φ) → 0. Let Z^′ = Z ∪ (⋃ φ∈S_r Zφ ) , (where Z is from B (ii)). Then P (Z^′) = 0. For each φ ∈ S_r and ω ∈ Ω \ Z^′, ξ_n(ω, φ) → 0. Since from B (ii) we have that for each ω ∈ Ω \ Z^′ {ξ_n(ω, ·)} is bounded on A, it follows by the Banach-Steinhaus theorem that for every ω ∈ Ω \ Z^′, ξ_n(ω, ·) → 0, that is, ξ_n converges almost surely (A^′). □

THEOREM 4.2. Let {ξ_n} be a sequence of g.r.p.’s on A. Then ξ_n → 0 almost surely (A^′) iff for every ε ∈ (0, 1) there exist a set A ∈ F, with P (A) ≥ 1 − ε, and a non-negative integer k_0 such that for k > k_0 and ω ∈ A (4.1) sup_{‖φ‖} k ≤1 |ξ_n(ω, φ)| → 0, n → ∞.

Proof . From Theorem 4.1, part C (ii) it follows that for a given ε ∈ (0, 1) there exist B ∈ F, P (B) ≥ 1 − ε, and a non-negative integer k_0 such that, for ω ∈ B, φ ∈ A, n ∈ N, |ξ_n(ω, φ)| ≤ k_0‖φ‖_{k0} . Then, from Theorem 3.1 it follows that for every n ∈ N there exists a sequence of random variables {c_{m,n} : m ∈ N_0} such that for every ω ∈ B, φ ∈ A,

(4.2) ξ_n(ω, φ) = ∞∑ m=0 c_{m,n}(ω)(ψ_m, φ), and, for every n ∈ N,

(4.3) (_∞∑ m=0 |c_{m,n}(ω)|^2~λ^{−2k}_m )_{1/2} < C, k ≥ k_0, ω ∈ Ω. Since ξ_n → 0 almost surely (A^′), there exists Z ∈ F, P (Z) = 0, such that for ω ∈ Ω \ Z, ξ_n(ω, φ) → 0, for every φ ∈ A. Put A = B \ Z. Then P (A) ≥ 1 − ε since P (· ) is a complete measure. Putting φ = ψ_m, m ∈ N_0, in (4.2) we obtain for ω ∈ Ω (4.4) ξ_n(ω, ψ_m) = c_{m,n}(ω) → 0, n → ∞, m ∈ N_0.

Let k > k_0 be fixed. We have ( φ = ∑_∞ m=0 a_mψ_m ∈ A )

|ξ_n(ω, φ)| = | | | | ∞∑ m=0 c_{m,n}(ω)(ψ_m, φ) | | | | (4.5)

= | | |^∞ ∑ m=0 c_{m,n}(ω)|~λ_m|^{−k}|~λ_m|^ka_m | | | ≤ (_∞∑ m=0 |c_{m,n}(ω)|^2~λ^{−2k}_m )_{1/2} ‖φ‖_k. Further, ∞∑ m=0 |c_{m,n}(ω)|^2~λ^{−2k}_m = m_0∑

m=0 |c_{m,n}(ω)|^2~λ^{−2k}_m + ~λ^{−2}_{m0 +1} · ∞∑ m=m_0+1 |c_{m,n}(ω)|^2~λ^{−2(k−1)} m , where m_0 is chosen so that for C from (4.3)

~λ^{−2}_{m0+1} ≤ ε^2/2C^2.

From (4.4) it follows that there exists n_0 = n_0(ε) such that

m_0∑

m=0 |c_{m,n}(ω)|^2~λ^{−2k}_m < ε^2/2, n ≥ n_0. Thus, we have that, ω ∈ A, φ ∈ A, k > k_0, |ξ_n(ω, φ)| ≤ ε‖φ‖_k; so (4.1) follows.

Conversely, C (ii) follows immediately. For each integer p choose ε = 1/p. There exist A_p and k_p with P (A_p) ≥ 1 − 1/p, such that sup ‖φ‖_{kp} ≤1 |ξ_n(ω, φ)| → 0, ω ∈ A_p. Let Z = Ω \ ⋃_∞ p=1 A_p, then P (Z) = 0 and for ω ∈ Ω \ Z there exists p(ω) such that ω ∈ A_{p(ω)} and there exists k_{p(ω)} such that sup ‖φ‖_{kp(ω)} ≤1 |ξ_n(ω, φ)| → 0

Thus, for given φ ∈ A, and for ω ∈ Ω \ Z |ξ_n(ω, φ)| ≤ sup ‖φ‖_{kp(ω)} ≤1 |ξ_n(ω, φ)| ‖φ‖_{kp(ω)} → 0. So C (i) follows.

THEOREM 4.3. Let {ξ_n} be a sequence of g.r.p. on A. Then ξ_n → 0 almost surely (A^′) iff for every ε ∈ (0, 1) there exist a set B ∈ F with P (B) ≥ 1 − ε, an integer k_0 ∈ N_0, (where B and k_0 are independent of n ), for each m ∈ Λ a sequence of random variables {c_{m,n}, n ∈ N}, and for every k > k_0 a sequence of functions X_{k,n} on Ω × I, n ∈ N, such that, for n ∈ N

ξ_n(ω, φ) = ∫ I X_{k,n}(ω, t)R^kφ(t) dt + ∑ m∈Λ c_{m,n}(ω)(ψ_m, φ), ω ∈ B, φ ∈ A; (4.6)

‖X_{k,n}(ω, ·)‖_{L2} < k, ω ∈ Ω; (4.7) ‖X_{k,n}(ω, ·)‖_{L2} → 0, n → ∞, ω ∈ Ω \ Z; (4.8) ∑ m∈Λ c_{m,n}(· ) → 0, n → ∞, ω ∈ B \ Z, (4.9)

where B is the set from Definition 4.1.

Proof . Assume that ξ_n → 0 almost surely (A^′) and let ε ∈ (0, 1) be given. From C (ii) of Theorem 4.1 it follows that there exist a set B ∈ F, with P (B) ≥ 1−ε, a positive integer k_0, both independent of n, such that |ξ_n(ω, φ)| ≤ k_0‖φ‖_{k0} , ω ∈ B, φ ∈ A. Then, from Theorem 3.2 it follows that for every n ∈ N and for k ≥ k_0 there exist a function X_{k,n} on Ω × I, and random variables c_{m,n}, m ∈ Λ, such that (4.6) and (4.7) hold.

Now, since ‖X_{k,n}(ω, · )‖_{L2} = { sup_{‖φ‖k ≤1} |ξ_n(ω, φ)|, ω ∈ B 0, ω /∈ B, from Theorem 4.2, (4.8) follows. □

As in Theorem 4.2 we obtain that c_{m,n}(·) → 0, ω ∈ B \ Z, m ∈ N_0. Since Λ is finite, (4.9) follows. □

Suppose that the conditions (∗) and (∗∗) are satisfied.

THEOREM 4.4. Let {ξ_n, n ∈ N} be a sequence of g.r.p. on A. If ξ_n → 0 almost surely (A^′), then for every ε ∈ (0, 1) there exist a set B ∈ F, with P (B) ≥ 1 − ε, an integer k_0 ∈ N_0, (where B and n are independent of n ), for each m ∈ Λ a sequence of random variables {c_{m,n}, n ∈ N}, and for every k > k_0, a sequence of continuous random processes X_{k,n}, on Ω × I, such that for n ∈ N ξ_n(ω, φ) = ∫ I X_{k,n}(ω, t)R^{k+p+s}φ(t) dt + ∑ m∈Λ c_{m,n}(ω)(ψ_m, φ), (4.10)

ω ∈ B, φ ∈ A, where s ≥ s_0, p ≥ p_0; ‖X_{k,n}(ω, ·)‖_{L2} ≤ k, ω ∈ Ω; (4.11) for each ω ∈ Ω \ Z, X_{k,n}(ω, ·) → 0 on I, n → ∞;

(4.12) {X_{k,n}(ω, ·)} is equicontinuous on I, ω ∈ Ω \ Z;

(4.13) for each t ∈ I, X_{k,n}(· , t) → 0 on Ω \ Z, n → ∞;

(4.14) ∑ m∈Λ c_{m,n}(·) → 0, n → ∞, ω ∈ B \ Z, (4.15)

where Z is the set from Definition 4.1.

Proof . Theorem 3.3 and C (ii) of Theorem 4.1 imply (4.10) and (4.11) where for n ∈ N_0 and k ≥ k_0 X_{k,n}(ω, t) = { ∑_∞ m=0 c_{m,n}(ω)~λ^{−(k+p+s)} m ψ_m(t), ω ∈ B, t ∈ I 0, ω /∈ B, t ∈ I. Now let t ∈ I. For ω /∈ B, X_{k,n}(ω, t) = 0 and for ω ∈ B \ Z, |X_{k,n}(ω, t)| = | | | ∞∑ m=0 c_{m,n}(ω)~λ^{−(k+p+s)} m ψ_m(t) | | | ≤ K ∞∑ m=0 |c_{m,n}(ω)~λ^{−(k+p)} m | < ε, n ≥ n_0(ε), in the same way as in Theorem 4.2, since k + p > k_0, hence (4.12) follows. (4.15) follows in the same way as in Theorem 4.3.

To establish (4.13) observe that from the condition (∗∗) it follows that for p > p_0, ∑_∞ m=0 ~λ−2p_m = A < ∞. We can choose l_0 such that ( min_{m≥l0} ~λ^2_m )_{−1} < ε^2/(4AK^2k^2).

{~λ_n, n ∈ N_0} is monotone sequence, hence ~λ^2_{l0} = min_{m≥l0} ~λ^2_m. Since ψ_m(t), m ∈ N_0, are continuous functions, for every t, t^′ ∈ I and every ε > 0 there exists δ(ε, t) such that_{l0 −1} ∑ m=0 |ψ_m(t) − ψ_m(t^′)|^2~λ^{−2(s+p)}_m < ε^2 2k^2 , if |t − t^′| < δ(ε, t). Now we have for t, t^′ ∈ I, |t − t^′| < δ(ε, t), ω ∈ B |X_{k,n}(ω, t) − X_{k,n}(ω, t^′)| ≤ ∞∑ m=0 |c_{m,n}(ω)| |~λ_m|^{−(k+p+s)}|ψ_m(t) − ψ_m(t^′)|

≤ (_∞∑ m=0 |c_{m,n}(ω)|^2|~λ_m|^{−2k} )_{1/2}(_∞∑ m=0 |ψ_m(t) − ψ_m(t^′)|^2~λ^{−2(p+s)}_m )_{1/2}

≤ k l_0−1∑

m=0 ( |ψ_m(t) − ψ_m(t^′)|^2~λ^{−2(p+s)}_m + 2K^2 ∞∑ m=l_0 ~λ^{−2p}_m )_{1/2}

≤ k ( ε^2 2k^2 + 2K^2 ~λ2_{l0} ∞∑ m=l_0 ~λ^{−2(p−1)} m )_{1/2} ≤ k ( ε^2 2k^2 + ε^2 2k^2 )_{1/2} = ε. So (4.13) follows. Further on, for t_0 ∈ I |X_{k,n}(· , t_0)| = |X_{k,n}(·, t_0) − X_{k,n}(· , t) + X_{k,n}(·, t)| ≤ |X_{k,n}(·, t_0) − X_{k,n}(· , t)| + |X_{k,n}(· , t)|. We have from (4.13) that |X_{k,n}(· , t_0) − X_{k,n}(· , t)| ≤ ε/2 when |t − t_0| < δ(ε, t_0), and, from (4.12) |X_{k,n}(· , t)| ≤ ε/2, for n ≥ n_0(ε); so (4.14) follows.

REFERENCES

[1] C. Chaning, Representation of random linear functional on certain S{M_p} spaces, Studia Math. 64 (1979), 195–212.

[2] Erdelyi, Magnus, Oberhettinger, Tricomi, Higher Transcendental Functions, Vol. 2 , Mc Graw-Hill, New York-Toronto-London, 1953.

[3] I. M. Gel’fand, N. Ya. Vilenkin, Generalized Functions, Vol. 4 , Academic Press, New York, 1964.

[4] O. Hanš, Measurability of extensions of continous random transforms, Amer. Math. Statist.

30 (1959), [5] H. Inaba and I. Shioya, Generalized random processes on the Sobolev space H^m_0 (T ): Their relations to generalized random functions, Res. Act. Fac. Sci. Engrg. Tokyo Denki Univ. 4 (1982), 3–10.

[6] G. Köthe, Topologishe lineare Räume I , Springer Verlag, 1960. [7] L. J. Kitchens, Convergence of random functionals on K{M_p} spaces, preprint. [8] L. J. Kitchens, Almost sure representatiom of random functionals on K{M_p} spaces, preprint.

[9] M. Loève, Probability Theory, Van Nostrand, Toronto, New York, London, 1955. [10] Z. Lozanov-Crvenković and S. Pilipović, On some classes of generalized random linear functionals, J. Math. Anal. Appl. 129 (1988), 433–442.

[11] Z. Lozanov-Crvenković and S. Pilipović, A class of generalized random processes with values in L^2(Ω), Rev. Res. Fac. Sci. N. Sad Ser. Mat., to appear.

[12] C. H. Swartz and D. E. Myers, Random functionals on K{M_p} spaces, Studia Math. 39 (1971), 233–240; Correction to the paper “Random functionals on K{M_p} spaces”, Studia Math. 43 (1972), 273.

[13] M. Ullrich, Representation theorems for random Schwartz distributions, in “Trans. of the 2nd Prague Conference, Prague 1959”, pp. 101–166.

[14] A. G. Zemanian, Integral Transforms of Generalized Functions, Nauka, Moskva, 1974, (in Russian).

Institute of Mathematics (Received 30 08 1988) University of Novi Sad (Revised 09 02 1989) 21000 Novi Sad, Yugoslavia