PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE Nouvelle série tome 52 (66), 1992, 67–76

L_p-APPROXIMATION BY ITERATIVE COMBINATION OF PHILLIPS OPERATORS

Vijay Gupta and P. N. Agrawal

Abstract. An estimate of error in L_p-approximation in terms of higher order integral modulus of smoothness is obtained using the device of Steklov means for an iterative combination, due to Micchelli, of Phillips operators.

1. Introduction. Phillips [7] introduced the following linear positive operators S_λ(f, t) = ∫_∞ 0 W (λ, t, u)f(u)du, f ∈ L_p[0, ∞) where p ≥ 1, t ∈ [0, ∞) and W (λ, t, u) = e^{−λ(t+u)} (_∞ ∑ n=1 (λ^2t)^nu^{n−1} n!(n − 1)! + δ(u) ) , δ(u) being the Dirac–delta function.

It turns out that the order of approximation by the Phillips operator S_λ(f, t) is at best O(λ^{−1}). With the aim of improving the order of approximation by the Phillips operators, May [5] applied the technique of linear combinations to S_λ. These combinations were introduced by Butzer [2] in order to improve the order of approximation by Bernstein polynomials. Micchelli [6] offered yet another approach for improving the order of approximation by Bernstein polynomials B_n by considering the iterative combinations T_{n,k} = I − (I − B_n)^k and proved some direct and saturation results. Agrawal and Kasana [1] improved a result of Micchelli [6] and obtained a Voronovskaja type asymptotic formula for these operators.

In this paper, we consider Micchelli combination for the Phillips operator S_λ and prove some direct results in L_p-approximation. For f ∈ L_p[0, ∞), we define the operator

(1.1) S_{λ,k}(f(u), t) = [I − (I − S_λ)^k](f, t) = k∑ r=1 (−1)^{r+1} ( k r ) S^r_λ(f(u), t) AMS Subject Classification (1985): Primary 41 A 30, 41 A 36 Research supported partially by Council of Scientific and Industrial Research, India.

where S^r_λ denotes the r-th iterative (superposition) of the operator S_λ.

In what follows, we suppose that

0 < a_1 < a_3 < a_2 < b_2 < b_3 < b_1 < ∞, I_i = [a_i, b_i], i = 1, 2, 3. and that [α] denotes the integral part of α.

2. Degree of approximation. We denote by ω_{2k}(f, p, I_1), k = 0, 1, 2, . . . , 1 ≤ p < ∞, the 2k-th order integral modulus of smoothness of f on I_1.

Theorem 2.1. If f ∈ L_p[0, ∞), p ≥ 1, then for all λ sufficiently large ‖S_{λ,k}(f, ·) − f‖_{Lp(I2 )} ≤ M_k { ω_{2k}(f, λ^{−1/2}, p, I_1) + λ^{−k} ‖f‖_{Lp[0,∞)} } where M_k is a constant independent of f and λ.

The method of proof is first to approximate in a smooth subspace of L_p[0, ∞) (Lemma 2.6 below) and then use Steklov means to obtain the degree of approximation in L_p[0, ∞). The use of Steklov means has been a powerfull tool in the development of results as against the usual procedures exploiting Peetre’s K-functional technique of Wood in [9].

First we define the Steklov means and then mention some results in the form of lemmas which will be used in the sequel. Let f ∈ L_p[0, ∞), 1 ≤ p < ∞. Then for sufficiently small η > 0, the Steklov mean f_{η,m} of m-th order corresponding to f is defined by f_{η,m}(u) = η^{−m} ∫_{η/2} −η/2 · · · ∫_{η/2} −η/2 { f(u) + (−1)^{m−1}Δ^{m∑}m_{i=1 ui} f(u) }^m∏ i=1 du_i, u ∈ I_1. It is easy to check [4,8] that

(i) f_{η,m} has derivatives up to order m, f^{(m−1)}η,m ∈ AC(I_1) and f^{(m)}η,m exists a.e. and belongs to L_p(I_1);

(ii) ‖ ‖ ‖f^{(r)}η,m ‖ ‖ ‖_{Lp(I2 )} ≤ Mrη^{−r}ωr(f, η, p, I1), r = 1 (1) m; (iii) ‖f − f_{η,m}‖_{Lp(I2)} ≤ M_{m+1}ω_m(f, η, p, I_1); (iv) ‖f_{η,m}‖_{Lp(I2)} ≤ M_{m+2} ‖f‖_{Lp(I1)}; (v) ‖ ‖f^{(m)}η,m ‖ ‖_{Lp(I2)} ≤ Mm+3η^{−m} ‖f‖_{Lp(I1 )}, where Mi’s are certain constants depending on i but independent of f and η.

Lemma 2.1, [5] Let the function μ_{λ,m}(t), m ∈ N^0 (the set of non-negative integers) be defined by μ_{λ,m}(t) = ∫_∞ 0 W (λ, t, u)(u − t)^mdu. Then μ_{λ,0}(t) = 1, μ_{λ,1}(t) = 0, μ_{λ,2}(t) = 2t/λ, and the following recurrence relation holds 2t λ D(μ_{λ,m}(t)) + t λ^2

D^2(μ_{λ,m}(t)) = μ_{λ,m+1}(t) − 2tm λ μ_{λ,m−1}(t) − tm(m − 1) λ^2 μ_{λ,m−2}(t) − 2tm λ^2 D^2(μ_{λ,m−1}(t)).

Consequently, (i) μ_{λ,m}(t) is a polynomial in t and 1/λ for every t ∈ [0, ∞).

(ii) μ_{λ,m}(t) = O ( λ^−[^{m+12} ] ) , for every t ∈ [0, ∞).

Moreover, by using Hölder’s inequality we have (2.1) S_λ(|u − t|^r, t) = O(λ^{−r/2}) for each r > 0 and for every fixed t ∈ [0, ∞).

For every m ∈ N^0 the m-th moment μ^{{p}}_{λ,m} for the operator S^p_λ is defined by μ^{{p}}_{λ,m}(t) = S^p_λ((u − t)^p; t). Let μ_{λ,m}(t) denote μ^{{1}}_{λ,m}(t).

Lemma 2.2. The following recurrence relation holds

(2.2) μ^{{p+1}}_{λ,m} (t) = m∑ j=0 ( m j ) m−j∑ i=0 1 i! D^i ( μ^{{p}}_{λ,m−j} (t) ) μ_{λ,i+j} (t), where D denotes the operator d/dt.

Proof. By the definition above, we have μ^{{p+1}} λ,m (t) = S_λ(S^p_λ((μ − t)^m; x); t) = m∑ j=0 ( m j ) S_λ((x − t)^j S^p_λ((u − x)^{m−j} ; x); t)

= m∑ j=0 ( m j ) S_λ (_{m−j} ∑ i=0 (x − t)^{i+j} i! D^i ( μ^{{p}}_{λ,m−j} (t) ) ; t ) . Now, (2.2) follows immediately.

Lemma 2.3. We have (2.3) μ^{{p}}_{λ,m}(t) = O ( λ^{−[(m+1)/2]} ) . Proof. For p = 1, the result follows from Lemma 2.1. Suppose the result is true for p; we shall prove it for p + 1. Now, μ^{{p}}_{λ,m−j} (t) = O ( λ^{−[(m−j+1)/2]} ) is a polynomial in t of degree ≤ m − j; it follows that D^i ( μ^{{p}}_{λ,m−j} (t) ) = O ( λ^{−[(m−j+1)/2]} ) . using Lemma 2.2, we obtain μ^{{p+1}} λ,m (t) = O m∑ j=0 m−j∑ i=0 λ^{−[(m−j+1)/2]+[(i+j+1)/2]}

= O m∑ j=0 m−j∑ i=0 λ^{−[(m+i+1)/2]} which implies (2.3), by induction hypothesis. ♦

Lemma 2.4. For l-th moment (l ∈ N) of S_{λ,k}, we have

(2.4) S_{λ,k}((u − t)^l, t) = O(λ^{−k} ).

Proof. For k = 1, the result follows from Lemma 2.1. Now, suppose that (2.4) holds for some k; then by using Lemma 2.2 and Lemma 2.3, we can infer it for k +1 (induction argument.) ♦

Lemma 2.5 [3] Let 1 ≤ p < ∞, f ∈ L_p[a, b], f^{(k)} ∈ AC[a, b] and f^{(k+1)} ∈ L_p[a, b]; then ‖ ‖f^{(j)} ‖ ‖_{Lp[a,b]} ≤ kj (‖ ‖ ‖f^{(k+1)} ‖ ‖_{Lp[a,b]} + ‖f‖_{Lp[a,b]} ) , j = 1, 2, . . . , k,

where k_j ’s are certain constants depending only on j, k, p, a and b.

Lemma 2.6. If p > 1, f ∈ L_p[0, ∞), f has 2k derivatives on I_1 with f^{(2k−1)} ∈ AC(I_1) and f^{(2k)} ∈ L_p(I_1), then for all λ sufficiently large (2.5) ‖S_{λ,k}(f, t) − f(t)‖_{Lp(I2 )} ≤ M_1λ^{−k} {‖ ‖ ‖f^{(2k)} ‖ ‖_{Lp(I1 )} + ‖f‖_{Lp[0,∞)} } . If f ∈ L_1[0, ∞), f has (2k − 1) derivatives on I_1 with f^{(2k−2)} ∈ AC(I_1) and f^{(2k−1)} ∈ BV(I_1), then for all λ sufficiently large (2.6) ‖S_{λ,k}(f, t) − f(t)‖_{L1(I2 )} ≤ M_2λ^{−k} {‖ ‖ ‖f^{(2k−1)} ‖ ‖_{BV(I1 )} + ‖ ‖f^{(2k−1)} ‖ ‖_{L1(I2 )} + ‖f‖_{L1[0,∞)} }

where M_1 and M_2 are constants independent of f and λ.

Proof. First assume p > 1; then, by the hypothesis, for t ∈ I_2 and u ∈ I_1 f(u) = 2k−1∑

j=0 f^{(j)}(t) (u − t)^j j! + 1 (2k − 1)! ∫_u t (u − w)^{2k−1}f^{(2k)}(w)dw. Hence, we can write f(u) = 2k−1∑

j=0 (u − t)^j j! f^{(j)}(t)

(2.7)

+ 1 (2k − 1)! ∫_u t (u − w)^{2k−1}ϕ(u)f^{(2k)}(w)dw + F (u, t)(1 − ϕ(u)), where ϕ(u) is the characteristic function of I_1 and for all u ∈ [0, ∞) and t ∈ I_2 F (u, t) = f(u) − 2k−1∑

j=0 (u − t)^j j! f^{(j)}(t),

Using (2.7) in (1.1), we have S_{λ,k}(f, t) − f(t) = 2k−1∑

j=1 f^{(j)}(t) j! S_{λ,k}((u − t)^j , t)

+ 1 (2k − 1)! S_{λ,k} ( φ(u) ∫_u t (u − w)^{2k−1}f^{(2k)}(w)dw, t )

+ S_{λ,k} (F (u, t)(1 − ϕ(u)), t) = Σ_1 + Σ_2 + Σ_3, say In view of Lemma 2.4 and [3]

‖Σ_1‖_{Lp(I2 )} ≤ C_1λ^{−k} 2k−1∑

j=1 ‖ ‖f^{(j)} ‖ ‖_{Lp(I2 )} ≤ C_2λ^{−k} ( ‖f‖_{Lp(I2)} + ‖ ‖f^{(2k)} ‖ ‖_{Lp(I2 )} ) . To estimate Σ_2, let h_f be the Hardy–Littlewood majorant [9] of f^{(2k)} on I_1. Use of Hölder’s inequality and (2.1) leads to:

J_1 = | | | |S^λ(φ(u) ∫_u t (u − w)^{2k−1}f^{(2k)}(w)dw, t) | | | | ≤ S_λ ( φ(u) | | | ∫_u t |u − w|^{2k−1}|f^{(2k)}(w)|dw | | | , t )

≤ S_λ ( φ(u)(u − t)^{2k} |h_f (u)|, t ) ≤ { S_λ ( |u − t|^{2kq} φ(u), t )}_{1/q} · {S_λ (|h_f (u)|^pφ(u), t)}^{1/p} ≤ C_3λ^{−k} (∫_{b1} a_1 W (λ, t, u)|h_f (u)|^pdu )_{1/p}

Fubini’s theorem and [10, Ch. 2] imply that ‖J_1‖^p_{Lp(I2 )} ≤ C_3λ^{−kp} ∫_{b2} a_2 ∫_{b1} a_1 W (λ, t, u)|h_f (u)|^pdu dt ≤ C_3λ^{−kp} ∫_{b1} a_1 (∫_{b2} a_2 W (λ, t, u)dt ) |h_f (u)|^pdu ≤ C_4λ^{−kp} ‖ ‖ ‖f^{(2k)} ‖ ‖ ‖^p_{Lp(I1 )} Consequently ‖Σ_2‖_{Lp(I2 )} ≤ C_5λ^{−k} ‖ f^{(2k)} ‖ L_p(I_1 ). For u ∈ [0, ∞) \ [a1, b1], t ∈ I2

there exists a δ > 0 such that |u − t| ≥ δ. Thus |S_λ(F (u, t)(1 − φ(u)), t)| ≤ δ^{−2k}S_λ(|F (u, t)|(u − t)^{2k}, t) = δ^{−2k} S_λ(|f(u)|(u − t)^{2k}, t) + 2k−1∑

j=0 |f^{(j)}(t)| j! S_λ(|u − t|^{2k+j} , t) = J_2 + J_3, say.

Hölder’s inequality and (2.1) get us: |J_2| ≤ δ^{−2k}(S_λ(|f(u)|^p, t)^{1/p}(S_λ(|u − t|^{2kq} , t))^{1/q} ≤ C_6λ^{−k} [S_λ(|f(u)|^p, t)]^{1/p} . Again applying Fubini’s theorem, we get ‖J_2‖_{Lp(I2 )} ≤ C_7λ^{−k} ‖f‖_{Lp[0,∞)}. Moreover, using (2.1) and [3], we obtain ‖J_3‖_{Lp(I2)} ≤ C_8λ^{−k} 2k−1∑

j=0 ‖ ‖f_{(i)} ‖ ‖ L_p(I_2 ) ≤ C_8λ^{−k} ( ‖f‖_{Lp(I2 )} + ‖ ‖f_{(2k)} ‖ ‖ L_p(I_2 ) ) . Combining the estimates of J_2 and J_3, we are led to:

‖Σ_3‖_{Lp(I2 )} ≤ C_9λ^{−k} [ ‖f‖_{Lp[0,∞)} + ‖ ‖f_{(2k)} ‖ ‖ L_p(I_2) ] . Hence the result (2.5) follows.

Now assume p = 1; then by the assumption on f for almost all t ∈ I_2 and for all u ∈ I_1, f(u) = 2k−1∑

i=0 (u − t)^i i! f^{(i)}(t) + 1 (2k − 1)! ∫_u t (u − w)^{2k−1}df^{(2k−1)}(w). We can write f(u) = 2k−1∑

i=0 (u − t)^i i! f^{(i)}(t) + 1 (2k − 1)! ∫_u t (u − w)^{2k−1}df^{(2k−1)}(w)φ(u) +F (u, t)(1 − φ(u)), where φ(u) denotes the characteristic function on I_1 and F (u, t) is defined as earlier for almost all t ∈ I_2 and for all u ∈ [0, ∞). Thus S_{λ,k}(f, t) − f(t) = 2k−1∑

i=1 f^{(i)}(t) i! S_{λ,k}((u − t)^i, t) + 1 (2k − 1)! S_{λ,k} (∫_u t (u − w)^{2k−1}df^{(2k−1)}(w)φ(u), t )

+ S_{λ,k}(F (u, t)(1 − φ(u)), t) = J_1 + J_2 + J_3, say.

Applying Lemma 2.2 and [3], we obtain

‖J_1‖_{L1(I2 )} ≤ C_1λ^{−k} [ ‖f‖_{L1(I2 )} + ‖ ‖f^{(2k−1)} ‖ ‖_{L1(I2 )} ] . Furthermore K ≡ ‖ ‖ ‖S_λ (∫_u t (u − w)^{2k−1}df^{2k−1}(w)φ(u), t )‖ ‖ L_1(I_2 ) ≤ ∫_{b2} a_2 ∫_{b1} a_1 W (λ, t, u)|u − t|^{2k−1} | | | ∫_u t | |df^{(2k−1)}(w) | | | | | du dt.

For each λ there exists a non-negative integer r = r(λ) such that

rλ^{−1/2} < max(b_1 − a_2, b_2 − a_1) ≤ (r + 1)λ^{−1/2}.

Then, we have K ≤ r∑ l=0 ∫_{b2} a_2 {∫_{t+(l+1)λ−1/2} t+lλ^{−1/2} φ(u)W (λ, t, u)|u − t|^{2k−1}

· (∫_{t+(l+1)λ−1/2} t φ(w) | | |df^{(2k−1)}(w) | | | ) du

+ ∫_{t−lλ}−1/2 t−(l+1)λ^{−1/2} φ(u)W (λ, t, u)|u − t|^{2k−1}

· (∫_t t−(l+1)λ^{−1/2} φ(w) | | |df^{(2k−1)}(w) | | | ) du } dt. Let φ_{t,c,d}(w) denote the characteristic function of the interval [ t − cλ^{−1/2}, t + dλ^{−1/2} ]

where c, d are non-negative integers. Now proceeding along the lines of [9, p. 70] we obtain, after using Lemma 2.1 and Fubini’s theorem:

K ≤ C_2λ^{−(2k+1)/2} {_r ∑ l=1 l^{−4} (∫_{b1} a_1 (∫_w w−(l+1)λ^{−1/2} dt ) | |df_{(2k−1)}(w) | |

+ ∫_{b1} a_1 (∫_{w+(l+1)λ−1/2} w dt ) | |df_{(2k−1)}(w) | | )

+ ∫_{b1} a_1 (∫_{w+λ−1/2} w−λ^{−1/2} dt ) | | |df^{(2k−1)}(w) | | | }

≤ C_3λ^{−k} ‖ ‖ ‖f^{(2k−1)}(w) ‖ ‖ ‖_{BV(I1)} .

Hence, ‖J_2‖_{L1(I2 )} ≤ C_4λ^{−k} ‖ ‖f^{(2k−1)} ‖ ‖_{BV(I1 )}, where C_4 is a constant which depends

on k.

For all u ∈ [0, ∞) \ [a_1, b_1] and all t ∈ I_2, we can choose a δ > 0 such that |u − t| ≥ δ. Therefore ‖S_λ(F (u, t)(1 − φ(u)), t)‖_{L1(I2)} ≤ ∫_{b2} a_2 ∫_∞ 0 W (λ, t, u)|f(u)|(1 − φ(u))du dt

+ 2k−1∑

i=0 1 i! ∫_{b2} a_2 ∫_∞ 0 W (λ, t, u)|f^{(i)}(t)| |u − t|^i(1 − φ(u))du dt = J_4 + J_5, say.

For sufficiently large u there exist positive constants R_0 and C_6 such that (u − t)^{2k} u^{2k} + 1

> C_6 for all u ≥ R_0, t ∈ I_2.

By Fubini’s theorem

J_4 = (∫_{R0} 0 ∫_{b2} a_2 + ∫_∞ R_0 ∫_{b2} a_2 ) W (λ, t, u)|f(u)|(1 − φ(u))dt du = J_6 + J_7, say.

Next, by using Lemma 2.1, we have

J_6 ≤ C_7λ^{−k} (∫_{R0} 0 |f(u)|du ) ,

J_7 ≤ 1 C_6 ∫_∞ R_0 ∫_{b2} a_2 W (λ, t, u) (u − t)^{2k} (u^{2k} + 1) |f(u)|dt du ≤ C_8λ^{−k} (∫_∞ R_0 |f(u)|du )

Hence, J_4 ≤ C_9λ^{−k} ‖f‖_{L1([0,∞))}. Further, using (2.1) and [3] we get

J_5 ≤ C_{10}λ^{−k} ( ‖f‖_{L1(I2)} + ‖ ‖ ‖f^{(2k−1)} ‖ ‖ ‖_{L1(I2 )} ) . Combining the estimates of J_4 and J_5 we have

‖J_3‖_{L1(I2 )} ≤ C_{11}λ^{−k} ( ‖f‖_{L1[0,∞)} + ‖ ‖ ‖f^{(2k−1)} ‖ ‖ ‖_{L1(I2 )} ) . The result (2.6) follows.

Proof of Theorem 2.1. Let f_{η,2k}(u) be the Steklov mean of 2k-th order corresponding to f(u) where η > 0 is sufficiently small and f(u) is defined to be zero outside [0, ∞). Then we have ‖S_{λ,k}(f, ·) − f‖_{Lp(I2)} ≤ ‖S_{λ,k}(f − f_{η,2k}, ·)‖_{Lp(I2)} + ‖S_{λ,k}(f_{η,2k}, ·)‖_{Lp(I2 )} + ‖f_{η,2k} − f‖_{Lp(I2 )} = Σ_1 + Σ_2 + Σ_3, say.

To estimate Σ_1, let φ(u) be the characteristic function of I_3. Then S_λ((f − f_{η,2k})(u), t) = S_λ(φ(u)(f − f_{η,2k})(u), t) + S_λ((1 − φ(u))(f − f_{η,2k})(u), t) = Σ_4 + Σ_5, say.

The following is true for p = 1; the truth for p > 1 follows from Hölder’s inequality. ∫_{b2} a_2 |Σ_4|^pdt ≤ ∫_{b2} a_2 ∫_{b3} a_3 W (λ, t, u)|(f − f_{η,2k})(u)|^pdu dt

Now, applying Fubini’s theorem, we get ∫_{b2} a_2 |Σ_4|^pdt ≤ ∫_{b3} a_3 ∫_{b2} a_2 W (λ, t, u)|(f − f_{η,2k})(u)|^pdt du ≤ ‖f − f_{η,2k}‖^p_{Lp(I3 )} . Hence, ‖Σ_4‖_{Lp(I2)} ≤ ‖f − f_{η,2k}‖_{Lp(I3 )}. Using Hölder’s inequality (2.1) and Fubini’s theorem we get the following for p ≥ 1: ‖Σ_5‖_{Lp(I2)} ≤ C_1λ^{−k} ‖f − f_{η,2k}‖_{Lp[0,∞)} . Now, using Jensen’s inequality and Fubini’s theorem we obtain ‖f_{η,2k}‖_{Lp[0,∞)} ≤ C_2 ‖f‖_{Lp[0,∞)}. Hence ‖Σ_5‖_{Lp(I2)} ≤ C_3λ^{−k} ‖f‖_{Lp[0,∞)}. Again by the property of Steklov means, we get

Σ_1 ≤ C_4 { ω_{2k}(f, η, p, I_1) + λ^{−k} ‖f‖_{Lp[0,∞)} } . It is well known that ‖ ‖f^{(2k−1)} η,2k ‖ ‖_{BV(I3 )} ≤ ‖ ‖f^{(2k)}_{η,2k} ‖ ‖_{L1(I3 )} .

Therefore by virtue of Lemma 2.6 (for p ≥ 1) and Lemma 2.5 we have

Σ_2 ≤ C_5λ^{−k} {‖ ‖ ‖f^{(2k)}_{η,2k} ‖ ‖ ‖_{Lp(I3)} + ‖fη,2k‖_{Lp[0,∞)} }

≤ C_6λ^{−k} { η^{−(2k)}ω_{2k}(f, η, p, I_1) + ‖f‖_{Lp[0,∞)} } , in view of the properties of Steklov means.

To estimate Σ_3, we use the Steklov means property (iii) and obtain that Σ_3 ≤ C_6ω_{2k}(f, η, p, I_1). The result follows. ♦

Acknowledgements. We are extremely thankful to the referee for his valuable comments and suggestions. We are also thankful to Dr. G. S. Srivastava for his help in revising the paper.

REFERENCES

[1] P. N. Agrawal and H. S. Kasana, On the iterative combinations of Bernstein polynomials, Demonstratio Math. 17 (3) (1984), 777–783.

[2] P. L. Butzer, Linear combinations of Bernstein polynomials, Canad. J Math. 5 (1953), 559– 567.

[3] S. Goldberg and A. Meir, Minimum moduli of ordinary differential operators, Proc. London Math. Soc. 23 (1971), 1–15.

[4] E. Hewitt and K. Stromberg, Real and Abstract Analysis, McGraw-Hill, New York, 1956. [5] C. P. May, On Phillips operators, J. Approx. Theory 20 (1977), 315–332. [6] C. A. Micchelli, The saturation class and iterates of the Bernstein polynomials, J. Approx.

Theory 8 (1973), 1–18.

[7] R. S. Phillips, An Inversion formula and semigroups of linear operators, Ann. of Math. 59 (1954), 325–356.

[8] A. Timan, Theory of Approximation of Functions of Real Variables, Macmillan, New York, 1963.

[9] B. Wood, L_p-approximation by linear combination of integral Bernstein type operators, Ann.

Numer. Theor. Approx. 13 (1984), 65–72.

[10] A. Zygmund, Trigonometrical Series, Dover, New York, 1955.

Department of Mathematics (Received 30 10 1990) University of Roorkee Roorkee – 247 667 (U.P.) India