PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE Nouvelle série, tome 55 (69), 1994, 89–97

SOME HERMITE METRICS IN COMPLEX FINSLER SPACES

Irena Čomić and Jovanka Nikić

Abstract. In many papers and books (as [1], [3]–[8] and others) the complex and almost complex structures defined on real spaces are examined. In this paper they are defined on complex Finsler spaces. The complex Finsler space E^′ is formed in such a way, that its tangent space T (E^′) is equal to T (F_1) ⊕ iT (F_2), where F_1 and F_2 are two 2n-dimensional Finsler spaces. Using the nonlinear connections N and N̄ of F_1 and F_2 respectively, the adapted basis B^′ of T (E^′) is formed. In T (E^′) different almost complex structures are given and the form of the corresponding Hermite metrics is determined.

1. Complex Finsler spaces. Let E be a 4n-dimensional, real C^∞ differentiable manifold E. In a local chart, u ∈ E has coordinates (x^a, y^a, ẋ^a, ẏ^a), a, b, c, d, e, f, g = 1, 2, . . . , n. The allowable coordinate transformations in E have the form x^{a′} = x^{a′} (x), ẋ^{a′} = A^{a′}_a (x)ẋ^a, A^{a′}_a = ∂x^{a′}/∂x^a, y^{a′} = y^{a′} (y), ẏ^{a′} = B^{a′}_a (y)ẏ^a, B^{a′}_a = ∂y^{a′}/∂y^a, (1.1)

where rank [A^{a′}_a ] = n, rank [B^{a′}_a ] = n.

We shall use the notations A^{a′}_{b c} = ∂^2x^{a′}/∂x^b∂x^c, B^{a′}_{b c} = ∂^2y^{a′}/∂y^b∂y^c. Let us consider such a complex space E^′, which is in 1–1 correspondence with E. If the notation z^a = x^a + iy^a, ż^a = ẋ^a + iẏ^a, z̄^a = x^a − iy^a, ˙z̄ = ẋ^a − iẏ^a (2.2)

is used, then to each u = (x^a, y^a, ẋ^a, ẏ^a) ∈ E corresponds one and only one u^′ = (z^a, z̄^a, ż^a, ˙z̄^a) ∈ E^′. The allowable coordinate transformation in E^′ are determined by (1.1) and (1.2). Such a complex space E^′ of real dimension 4n will be called complex Finsler space.

AMS Subject Classification (1990): Primary 53B40, 53B35, 53C55, 53C56 Research supported by Science Fund of Serbia, grant 0401A, through Mathematical Institute

The functions z^{a′} = x^{a′} + iy^{a′} = z^{a′} (x, y), ż^{a′} = ẋ^{a′} + iẏ^{a′} = ż^{a′} (x, y, ẋ, ẏ) in the general case of (1.1) are not complex analytic, i.e. the equations ∂z^{a′} ∂z̄^k = 0, ∂ż^{a′} ∂z̄^k = 0, ∂z^{a′} ∂ ˙z̄^k = 0, ∂ż^{a′} ∂ ˙z̄^k = 0 (1.3)

are not satisfied. They would have this property only when A^{a′}_a (x) = B^{a′}_a (y) = A^{a′}_a = const., but this case of linear transformations for the Finsler geometry is not interesting.

T (E) can be considered as a direct summ of T (F_1) and T (F_2), where F_1 = F_1(x, ẋ), F_2 = F_2(y, ẏ) are two Finsler spaces, with the allowable coordinate transformations (1.1).

The basis vectors of T (E) and T (E^′) are connected by the relations ∂ ∂z^a = 1 2 ( ∂ ∂x^a − i ∂ ∂y^a ) , ∂ ∂x^a = ∂ ∂z^a + ∂ ∂z̄^a , ∂ ∂z̄^a = 1 2 ( ∂ ∂x^a + i ∂ ∂y^a ) , ∂ ∂y^a = 1 i ( ∂ ∂z̄^a − ∂ ∂z^a ) . The above relations are valid, when (z, z̄, x, y) are substituted by (ż, ˙z̄, ẋ, ẏ).

The 1-forms from T^∗(E) and T^∗(E^′) are connected by the formulae: dz^a = dx^a + idy^a, dx^a = (dz^a + dz̄^a)/2, dz̄^a = dx^a − idy^a, dy^a = (dz^a − dz̄^a)/2i. (1.4)

The above relations are valid, when (z, z̄, x, y) are substituted by (ż, ˙z̄, ẋ, ẏ).

To obtain the adapted basis in T (E) we introduce two kinds of nonlinear connections: N^a_b (x, ẋ) and N̄^a_b (y, ẏ), as arbitrary functions, which, with respect to (1.1), satisfy the relations N^a_b (x, ẋ) = N^{a′}_b′ (x^′, ẋ^′)A^{b′}_b A^a′ − A^a_b′_c′ẋ^{c′} A^{b′}_b , N̄^a_b (y, ẏ) = N̄^{a′}_{b′} (y^′, ẏ^′)B^{b′}_b B^a_′ − B^a_{b′ c′}ẏ^{c′} B^{b′}_b . (1.5)

Using (1.5), the adapted basis B = { δ δx^a , δ δy^a , ∂ ∂ẋ^a , ∂ ∂ẏ^a } of T (E) is formed, where δ δx^a = ∂ ∂x^a − N^b_a(x, ẋ) ∂ ∂ẋ^b , δ δy^a = ∂ ∂y^a − N̄^b_a(y, ẏ) ∂ ∂ẏ^b . The adapted basis of T^∗(E) is B^∗ = {dx^a, dy^a, δẋ^a, δẏ^a}, where dx^a, dy^a, dẋ^a, dẏ^a are determined by (1.4) and δẋ^a = dẋ^a + N^a_b (x, ẋ)dx^b, δẏ^a = dẏ^a + N̄^a_b (y, ẏ)dy^b.

The basis B of T (E) induces in the similar way the adapted basis B^′ of T (E^′), where

B^′ = { δ δz^a , δ δz̄^a , δ δż^a , δ δ ˙z̄^a } , δ δz^a = ( ∂ ∂z̄^a + ∂ ∂z^a ) − N^b_a(x, ẋ) ( ∂ ∂ ˙z̄^b + ∂ ∂ż^b ) , δ δż^a = ∂ ∂ ˙z̄^a + ∂ ∂ż^a , δ δz̄^a = ( ∂ ∂z̄^a − ∂ ∂z^a ) − N̄^b_a(y, ẏ) ( ∂ ∂ ˙z̄^b − ∂ ∂ż^b ) , δ δ ˙z̄^a = ∂ ∂ ˙z̄^a − ∂ ∂ż^a . T (E^′) is a vector space of real dimension 4n over the field of real numbers. The adapted bases B of T (E) and B^′ of T (E^′) are connected by the relations: δ δz^a = δ δx^a , δ δz̄^a = i δ δy^a , δ δż^a = ∂ ∂ẋ^a , δ δ ˙z̄^a = i ∂ ∂ẏ^a . The basis B^∗ of T^∗(E) induces the adapted basis B^{′∗} = {δz^a, δz̄^a, δż^a, δ ˙z̄^a} = {dx^a, −idy^a, δẋ^a, −iδẏ^a} of T^∗(E^′). In what follows we shall use five kinds of indices: a, b, c, d, e, f, g = 1, 2, . . . , n, i, j, h, k, l, m, p, q = n + 1, . . . , 2n, A, B, C, D, E, F, G = 2n + 1, . . . , 3n, I, J, H, K, L, M, P, Q = 3n + 1, . . . , 4n, α, β, γ, δ, χ, υ, μ = 1, 2, . . . , 4n. Using these indices the adapted basis B^′ of T (E^′) gets the form

B^′ = { δ δz^a , δ δz̄^i , δ δż^A , δ δ ˙z̄^I } = { δ δx^a , i δ δy^i , ∂ ∂ẋ^A , i ∂ ∂ẏ^I } = {∂_α}. To every field T on E, there corresponds, by definition one and only one tensor field on E^′, denoted also by T , such that the product of coefficients of T on E^′ and the corresponding tensor product of basic vectors on E^′ are equal to the corresponding product on E. The coefficients of T on E^′ are the same as the corresponding coefficients on E, or differ from them by the factor −1, i or −i. Each product of the coefficient of T and the corresponding basic vector T on E^′ should be real. That means, that the coefficients of any tensor field T on E^′ are real or imaginary functions. The metric tensor g on E^′ is defined in such a way by (1.12).

The complex Finsler space in which the coefficients of tensors have both real and imaginary parts has the real dimension 8n. In such a space the Cauchy– Riemann conditions (1.3) should be satisfied but, as it was noted earlier, it follows from these equations that only linear transformations of x, y, ẋ, ẏ are allowed, which are not interesting for Finsler spaces. That is the reason, why we restrict our attention to such complex Finsler spaces in which the tensor fields have real or imaginary coefficients.

The generalized linear connection ∇ : T (E^′) ⊗ T (E^′) → T (E^′)((X, Y ) → ∇_X Y, X, Y, ∇_X Y ∈ T (E^′)) is defined in the following way

∇_{∂α} ∂_β = Γ^γ_{β α}∂_γ . (1.6)

We shall use the notation

Γ^γ_{β α} =

F^γ_{β α}, for α = 1, . . . , n; F^γ_{β i} , for α = n + 1, . . . , 2n; C^γ_{β A}, for α = 2n + 1, . . . , 3n; C^γ_{β I} , for α = 3n + 1, . . . , 4n.

(1.7)

The torsion tensor T (X, Y ) = ∇_X Y − ∇_Y X − [X, Y ] for the generalized connection ∇ has the form T (X, Y ) = T^γ_{α β} Y^αX^β ∂_γ , where

T^γ_{α β} = Γ^γ_{α β} − Γ^γ_{β α} (1.8)

except the following components:

T^C_{b a} = F^C_{b a} − F^C_{a b} + δ_bN^C_a − δ_aN^C_b , T^D_{b C} = C^D_{b C} − F^D_{C b} + δ_C N^D_b , T^H_{j i} = F^H_{j i} − F^H_{i j} + δ_jN̄^H_i − δ_iN̄^H_j , T^H_{i K} = C^H_{i K} − F^H_{K i} + δ_KN̄^H_i .

(1.9)

Theorem 1.1 The distribution T (E^′) is involutive, i.e. [∂_α, ∂_β ] = 0 for all α, β = 1, . . . , 4n iff K^c_{b a}(x, ẋ) = ∂N^c_a(x, ẋ) ∂ẋ^b = 0, R^c_{b a}(x, ẋ) = δN^c_a (x, ẋ) δx^b − δN^c_b (x, ẋ) δx^a = 0, K̄^c_{b a}(y, ẏ) = ∂ N̄^c_a(y, ẏ) ∂ẏ^b = 0, R̄^c_{b a}(y, ẏ) = δN̄^c_a (y, ẏ) δy^b − δN̄^c_b (y, ẏ) δy^b = 0.

(1.10)

Proof. By direct calculation we obtain [ δ δx^a , δ δx^b ] = R^C_{b a} (x, ẋ) ∂ ∂ẋ^C , [ i δ δy^i , i δ δy^j ] = iR̄^H_{j i} (y, ẏ)i ∂ ∂ẏ^H , [ δ δx^a , ∂ ∂ẋ^B ] = K^C_{B a}(x, ẋ) ∂ ∂ẋ^C , [ i δ δy^i , i ∂ ∂ẏ^J ] = iK̄^H_{J i} (y, ẏ)i ∂ ∂ẏ^H , [ δ δx^a , i δ δy^j ] = 0, [ δ δx^a , i ∂ ∂ẏ^J ] = 0, [ ∂ ∂ẋ^A , ∂ ∂ẋ^B ] = 0, [ ∂ ∂ẋ^A , i ∂ ∂ẏ^J ] = 0, [ i ∂ ∂ẏ^I , i ∂ ∂ẏ^J ] = 0. (1.11)

If i = a + n, A = a + 2n, I = a + 3n, j = b + n, B = b + 2n, J = b + 3n, h = c + n, C = C + 2n, H = c + 3n, then R^C_{b a} = R^c_{b a}, K^C_{B a} = K^c_{b a}, R̄^H_{j i} = R̄^c_{b a}, K̄^H_{j i} = K̄^c_{b a}. From these relations and (1.11) follows (1.10).

More about the generalized connection and torsion tensor in complex Finsler spaces can be found in [2].

The metric tensor on T^∗(E) ⊗ T^∗(E) expressed in the basis B is given by

g = [dx^a, dy^i, δẋ^A, δẏ^I ] ḡ_{ab} ḡ_{aj} ḡ_{aB} ḡ_{aJ} ḡ_{ib} ḡ_{ij} ḡ_{iB} ḡ_{iJ} ḡ_{Ab} ḡ_{Aj} ḡ_{AB} ḡ_{AJ} ḡ_{Ib} ḡ_{Ij} ḡ_{IB} ḡ_{IJ} ⊗ dx^b dy^j δẋ^B δẏ^J , i = a + n, A = a + 2n, I = a + 3n, a = 1, . . . , n, j = b + n, B = b + 2n, J = b + 3n, b = 1, . . . , n.

We shall suppose that the above matrix has rank 4n, is symmetric and positively definite.

The metric g on T^∗(E^′) ⊗ T^∗(E^′) in the basis B^{′∗} has the form

g = [dx^a, −idy^i, δẋ^A, −iδẏ^I ] g_{ab} g_{aj} g_{aB} g_{aJ} g_{ib} g_{ij} g_{iB} g_{iJ} g_{Ab} g_{Aj} g_{AB} g_{AJ} g_{Ib} g_{Ij} g_{IB} g_{IJ} ⊗ dx^b −idy^j δẋ^B −iδẏ^J ,

where g_{ab} = ḡ_{ab}, g_{aj} = iḡ_{aj} , g_{aB} = ḡ_{aB} , g_{aJ} = iḡ_{aJ} , g_{ij} = −ḡ_{ij} , g_{iB} = iḡ_{iB} , g_{iJ} = −ḡ_{iJ} , g_{AB} = ḡ_{AB} , g_{AJ} = iḡ_{AJ} , g_{IJ} = −ḡ_{IJ} . Definition. The 4n-dimensional differentiable manifold E^′, in which the allowable coordinate transformations are induced by (1.1), the adapted basis B^′ of T (E^′) is formed by N(x, ẋ), N̄(y, ẏ) ((1.5)) the generalized connection ∇ is defined by (1.6), (1.7), the torsion tensor T by (1.8), (1.9), the metric tensor g by (1.12), will be called complex Finsler space E^′(z, z̄, ż, ˙z̄, N, N̄, ∇, T, g).

As usual the connection ∇ in the complex Finsler space is called metric connection iff ∇_X g = 0 for all X ∈ T (E^′). Under the conditions (1.10) and Γ^γ_{β α} = Γ^γ_{α β} ∀α, β, γ = 1, 2, . . . , 4n the coefficients of the metric connections are given by 2Γ^γ_{α β} = g^{γδ}(∂_αg_{δβ} + ∂_β g_{αδ} − ∂_δg_{βα}).

It looks very similar to the Levi–Civita connection, but the summation goes over all δ = 1, . . . , 4n.

2. Different almost complex structures and the corresponding Hermite metrics. It is known, that the almost complex structure F on E^′ is a tensor field of type (1,1), such that at every point u^′ ∈ E^′, F^2 = −I, where I denotes the identity transformation of T_u′ (E^′). The metric tensor g defined on E^′ is called Hermitian iff g(F X, F Y ) = g(X, Y ). The complex Finsler space E^′(z, z̄, ż, ˙z̄, N, N̄, ∇, T, g) endowed with the almost complex structure F and the Hermite metric g, will be denoted by E^′(z, z̄, ż, ˙z̄, N, N̄, ∇, T, Hg, F ) or shorter E^′(Hg, F ). In the complex Finsler space E^′(z, z̄, ż, ˙z̄, N, N̄, ∇, T, g), some Hermite metric for the almost complex structure F , can be obtained in the following way [1]: Hg(X, Y ) = g(X, Y ) + g(F X, F Y ), where g is determined by (1.12).

The torsion tensor of the almost complex structure F , or the Nijenhuis tensor of F is defined by [F, F ](X, Y ) = N(X, Y ) = [F X, F Y ] − [X, Y ] − F [F X, Y ] − F [X, F Y ] for any X, Y ∈ T (E^′). If the Nijenhuis tensor of F vanishes identically on E^′, we say that F is a complex structure on E^′.

If the almost complex structure F is parallel with respect to the generalized metric connection ∇, i.e. ∇_X g = 0, ∇_X F = 0 for all X ∈ T (E^′), then E^′(Hg, F ) is called Kähler complex Finsler space endowed with Hermite metric.

Remark 1. For every almost complex structure F , it is obvious, that −F is also almost complex structure, i.e. (−F )^2 = −I.

Remark 2. The Hermite metric for the almost complex structure −F concides with the Hermite metric for F , i.e. from g(F X, F Y ) = g(X, Y ) it follows g(−F X, −F Y ) = g(X, Y ). Remark 3. For the Hermite metric g and almost complex structure F the relation g(X, F X) = 0 is valid for all X ∈ T (E^′).

Proposition 2.1.The structure J defined on T (E^′) by: J ( δ δx^a ) = i ∂ ∂ẏ^I , J ( i δ δy^i ) = − ∂ ∂ẋ^A , J ( ∂ ∂ẋ^A ) = i δ δy^i , J ( i ∂ ∂ẏ^I ) = − δ δx^a , (2.1)

satisfies the relation J^2 = −I. To the almost complex structure J in the basis B^′ = {δ/δx^a, iδ/δy^i, ∂/∂ẋ^A , i∂/∂ẏ^I } corresponds the matrix

J ⇒ 0 0 0 −1 0 0 1 0 0 −1 0 0 1 0 0 0

(1 stands instead of n × n matrix I).

Proposition 2.2 The metric g determined by (1.12) is a Hermite metric with respect to J iff

g_{ab} = g_{IJ} , g_{ij} = g_{AB} , g_{aJ} = g_{Ib} = 0, g_{Aj} = g_{iB} = 0, g_{aj} = g_{ib} = −g_{AJ} = −g_{IB}, g_{aB} = g_{Ab} = g_{iJ} = g_{Ij} . (2.3)

Proof. The first relation in (2.3) follows from g ( δ δx^a , δ δx^b ) = g_{ab}, g ( J δ δx^a , J δ δx^b ) = g ( i ∂ ∂ẏ^I , i ∂ ∂ẏ^J ) = −ḡ_{IJ} = g_{IJ} . The others can be obtained in a similar way.

From (2.3), it follows that to the Hermite metric g, with respect to the almost complex structure J given by (2.1), in the basis B^{′∗} corresponds the matrix

Hg(J) ⇒ A B C 0 B E 0 C C 0 E −B 0 C −B A , (2.4)

where A = [g_{ab}], B = [g_{aj} ], C = [g_{aB}], E = [g_{ij} ]. Remarks 1, 2 and 3 are valid for the almost complex structure J and for the Hermite metric Hg(J).

Proposition 2.3 The structures L_i given bellow, are almost complex structures and the matrices Hg(L_i) are the corresponding Hermite metrics for L_i, i = 1, 8 (both expressed in the basis B^′ and its dual B^{′∗}).

i : 1 2 3 4

L_i :

i 0 0 0 0 i 0 0 0 0 i 0 0 0 0 i

−i 0 0 0 0 i 0 0 0 0 i 0 0 0 0 i i 0 0 0 0 −i 0 0 0 0 i 0 0 0 0 i i 0 0 0 0 i 0 0 0 0 −i 0 0 0 0 i Hg(L_i) : 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 B C D B 0 0 0 C 0 0 0 D 0 0 0

0 B 0 0 B 0 F G 0 F 0 0 0 G 0 0

0 0 C 0 0 0 F 0 C F 0 I 0 0 I 0

i : 5 6 7 8

L_i :

i 0 0 0 0 i 0 0 0 0 i 0 0 0 0 −i

−i 0 0 0 0 −i 0 0 0 0 i 0 0 0 0 i

−i 0 0 0 0 i 0 0 0 0 −i 0 0 0 0 i

−i 0 0 0 0 i 0 0 0 0 i 0 0 0 0 −i

Hg(L_i) : 0 0 0 D 0 0 0 G 0 0 0 I D G I 0

0 0 C D 0 0 F G C F 0 0 D G 0 0

0 B 0 D B 0 F 0 0 F 0 I D 0 I 0

0 B C D B 0 0 G C 0 0 I D G I 0

(i stands instead of n × n matrix iI, B = [g_{aj} ], C = [g_{aB}], D = [g_{aJ} ], F = [g_{iB} ], G = [g_{iJ} ], I = [g_{AJ} ]. Remarks 1–3 are valid for L_i, i = 1, 8.

Proposition 2.4 The structure F defined on T (E^′) by F ( δ δx^a ) = a δ δx^a − b^{−1}(1 + a^2) ∂ ∂ẋ^A , F ( i δ δy^i ) = c ( i δ δy^i ) − d^{−1}(1 + c^2) ( i ∂ ∂ẏ^I ) , F ( ∂ ∂ẋ^A ) = b δ δx^a − a ∂ ∂ẋ^A , F ( i ∂ ∂ẏ^I ) = d ( i δ δy^i ) − c ( i ∂ ∂ẏ^I ) (2.6)

satisfies the relation F^2 = −I and in the basis B^′ is determined by the matrix

F ⇒ a 0 b 0 0 c 0 d −b^{−1}(1 + a^2) 0 −a 0 0 −d^{−1}(1 + c^2) 0 −c .

In the above matrix every of the real scalar fields a b, c, d, b ≠ 0, d ≠ 0 denotes the corresponding scalar matrix of type n × n.

The almost complex structure F defined by (2.7) is the generalization of the almost complex structure J defined by Ichiyó in [3], (2.1).

Proposition 2.5 The metric g determined by (1.12) is a Hermite metric with respect to F iff its matrix in the basis B^{′∗} has the form: A B C D B E F G C F H I D G I J ,

where

A = [g_{ab}], B = (a + c)^{−1}[b^{−1}(a^2 + 1)F + d^{−1}(c^2 + 1)D] C = (1 + a^2)^{−1}abA, D = [g_{aJ} ] E = [g_{ij} ], F = [g_{Aj} ] G = (1 + c^2)^{−1}cdE, H = (1 + a^2)^{−1}b^2A I = (a + c)^{−1}(dF + bD), J = (1 + c^2)^{−1}d^2E.

Theorem 2.1. The almost complex structures J ((2.1), (2.2)), L_i i = 1, 8 (2.6) and F ((2.6), (2.7)) are complex structures on E^′ iff the relations (1.10) are valid.

Proof. By calculation of the Nijenhuis tensors N (_δ δx^a , δ δx^b ) , . . . , N (_{i∂} ∂ẏ^I , i∂ ∂ẏ^J ) for the almost complex structures J, L_i (i = 1, 8) and F we obtain some linear combinations of the Lie brackets, which appear in (1.11). From (1.11) and Theorem 1.1 it follows that the Nijenhuis tensor for the almost complex structures J, L_i (i = 1, 8) and F is equal to zero iff (1.10) is satisfied. □

REFERENCES

1. A. Bejancu, Geometry of CR-Submanifolds, Reidel, Dordreht, 1986. 2. I. Čomić, Generalized connection in the complex Finsler cpace, (to be published) 3. Y. Ichiyio, Almost complex structures of tangent bundles and Finsler metrics, J. Math. Kyoto Univ. 6 (1967), 419–452.

4. Sh. Kobayashi, K. Nomizu, Foundations of Differential Geometry, Interscience, New York, London, 1963.

5. N. Prakash, Kaehlerian Finsler manifolds, Math. Student. 30 (1962), 1–11. 6. G.B. Rizza, Structure di Finsler di tipo quasi hermitiano, Riv. Mat. Univ. Parma 4 (1963), 83–106.

7. H. Shimada, Remarks on the almost complex structures of tangent bundles, Res. Rep. Kushiro Tech. Coll. 21 (1987), 169–176.

8. K. Yano, Differential Geometry on Complex and Almost Complex Spaces, Pergamon Press, New York, 1965.

Fakultet tehničkih nauka (Received 10 06 1994) 21000 Novi Sad Jugoslavija