PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE

Nouvelle série tome 56 (70), 1994, 79–89

ON IMBEDDINGS OF WEIGHTED SOBOLEV SPACES ON AN UNBOUNDED DOMAIN

Pankaj Jain

Communicated by Stevan Pilipović

Abstract. We obtained (necessary and sufficient) conditions on the weight functions v_0, v_1 and w for the imbedding W^{1,p}(Ω; v_0, v_1) → W^{1,p}(Ω; w) where Ω is an unbounded domain with nonempty boundary. It is shown that in the case when v_0 = v_1 the imbedding holds under weaker conditions.

1. Introduction. In the present paper, we are concerned with certain conditions on the weight functions v_0, v_1 and w for the continuous (and compact) imbedding

W^{1,p}(Ω; v_0, v_1) → W^{1,p}(Ω; w), Ω ⊂ R^N unbounded domain. (1.1) It has been observed that the sufficient conditions for (1.1) are not necessary. Moreover, in the particular case when v_0 = v_1 = v, the sufficient as well as the necessary conditions for the imbedding W^{1,p}(Ω; v, v) → W^{1,p}(Ω; w) (1.2) are estabilished under weaker conditions than those for (1.1).

Further, Gurka and Opic [4] obtained conditions for the imbedding W^{1,p}(Ω; v_0, v_1) → L^q (Ω; w), Ω ⊂ R^N unbounded domain. (1.3) We also show that if v_0 = v_1 = v, then the imbedding W^{1,p}(Ω; v, v) → L^q(Ω; w) (1.4) holds, again under weaker conditions than those for (1.3).

We give notations and terminology in Section 2, the lemmas which are required in the proofs of our main results are given in Section 3. In Section 4, we

AMS Subject Classification (1991): Primary 46 E 35

discuss the continuous imbeddings while in Section 5 the compact imbeddings are considered.

2. Notations and terminology. Let Ω be a domain in R^N . We denote by S, the set of weight functions on Ω, where a weight function is a function measurable and positive almost everywhere (a.e.) in Ω.

For w ∈ S, let us denote by L^p(Ω; w), 1 ≤ p < ∞, the set of all functions u = u(x) on Ω such that

‖u‖_{p;w} = ∫ Ω |u(x)|^pw(x)dx 1/p < ∞. (2.1)

Also, for v_0, v_1 ∈ S, let us write W^{1,p}(Ω; v_0, v_1) = {u ∈ L^p(Ω; v_0): ∂u/∂x_i ∈ L^p(Ω; v_1), i = 1, 2, . . . , N} .

The spaces L^p(Ω; v) and W^{1,p}(Ω; v_0, v_1) are, respectively, known as weighted Lebesgue space and weighted Sobolev space. The two spaces are Banach spaces. The former one with the norm (2.1) while the later one with the norm ‖u‖_{1,p,v0,v1} = ( ‖u‖^p_{,v0} + ∑ ‖ ‖ ‖ ∂u ∂x_i ‖ ‖ ‖ ‖ p p,v_1 )_{1/p} . For various properties and applications of such spaces, one may refer to [1,2,6,7,8].

Given x ∈ R^N , R > 0 and h > 0, write B(x, R) = { y ∈ R^N ; |x − y| < R } and hB(x, R) = B(x, hR). Throughout this paper, it will be assumed that v_0, v_1 ∈ S ⋂ L^1_{loc}(Ω), v^{−1/p}_0 , v^{−1/p}_1 ∈ L^{p′}_{loc}(Ω), [p^′ = p/(p − 1)]. Also, we shall be taking the domain Ω such that Ω = ∞⋃ n=1 Ω_n, (2.2)

where Ω_n are domains in R^N satisfying Ω_n ⊂ Ω_{n+1} ⊂ Ω, Ω_{n+1} ≠ Ω (2.3) and we write Ω^n = Ω\Ω_n, n ∈ N.

Suppose n ∈ N, I = (n, ∞) and r: I → (0, ∞). For x ∈ R, write I(x) = [x − r(x), x + r(x)]. We say that the function r, given above has the property V (n) and write r ∈ V (n) if (i) r is continuous and nondecreasing on I (ii) x − r(x) is nondecreasing on I (iii) lim_{x→∞}[x − r(x)] = ∞, lim_{x→n}− r(x) > 0

(iv) r(x) ≤ x/2 for x ∈ I (v) there is a constant c_r ≥ 1 such that c^{−1}_r ≤ r(y)/r(x) ≤ c_r, for all x ∈ I and all y ∈ I(x) ⋂ I. Finally, we shall use the symbols → and →→, respectively, for continuous and compact imbeddings.

3. Lemmas. In this section, we collect certain results in the form of lemmas on which we rely heavily for the proofs of our main results.

Lemma 1. [5] Let X(Ω) and Y (Ω) be two Banach spaces of functions defined on Ω, where Ω is a domain satisfying (2.2) and (2.3). If X(Ω_n) → Y (Ω_n), n ∈ N then a necessary and sufficient condition for the imbedding x(Ω) → Y (Ω) to hold is that lim_{n→∞} { sup ‖f ‖_{x,Ω}≤1 ‖u‖_{Y,Ω}n } < ∞. (3.1)

Lemma 2. [5] Let X(Ω) and Y (Ω) be as in Lemma 1. If X(Ω_n) →→ Y (Ω_n), n ∈ N then a necessary and sufficient condition for the imbedding X(Ω) →→ Y (Ω) to hold is that lim_{n→∞} { sup ‖f ‖_{X,Ω} ≤1 ‖u‖_{Y,Ω}n } = 0.

Lemma 3. [4] Let n ∈ N, I = (n, ∞) and M = { x ∈ R^N ; |x| > n } . If r: I → (0, ∞) is a function which satisfies (i), (ii) and (iii) of the definition of V (n), then there is a sequence {x_{ki}} ⊂ M such that the following properties are satisfied:

(a) M ⊂ ⋃_∞ k,i=1 Bk,i, where Bk,i = B(xki, r(|xki |)) (b) there exists a number τ depending only on the dimension N such that ∞∑ k,i=1 χ_{Bk,i} (z) ≤ τ, ∀z ∈ R^N .

Lemma 4. [3] Let 1 ≤ p, q < ∞, 1/N ≥ 1/p − 1/q, R > 0 and x ∈ R^N . Then for u ∈ W^{1,p}(B(x, R)), ∫ B(x,R) |u(y)|^qdy 1/q

≤ KR^{N/q−n/p+1} R^{−p} ∫ B(x,R) |u(y)|^pdy + ∫ B(x,R) |∇u(y)|^pdy 1/p ,

where |∇u(y)|^p = ∑_N i=1 | |^{∂u}_{∂xi} (y) | |^p and K > 0 (independent of x, R and u).

From now on Ω will be an unbounded domain and Ω_n = {z ∈ Ω; |z| < n}, n ∈ N. Clearly, the sequence {Ω_n} satisfies (2.2) and (2.3) and consequently Lemmas 1 and 2 hold for this Ω and {Ω_n} also.

Lemma 5. [4] Let n_0 ∈ N, I = (n_0, ∞) and r: I → (0, ∞) be a function such that r(y) ≤ y/2, y ∈ I. If n ≥ n_0, B(x, r(|x|)) ⋂ Ω^{3n} ≠ 0, then |z| > n, for every z ∈ B(x, r(|x|)). 4. Continuous imbeddings. In this section, we discuss the conditions under which the continuous imbedding (1.2) holds. Also, particular cases of the imbeddings (1.2) and (1.3) are discussed. We first prove

Theorem 1. Let Ω be a domain in R^N , 1 ≤ p ≤ ∞ and let the following conditions be satisfied:

S1 there exists n_0 ∈ N such that Ω^{n0} = { x ∈ R^N ; |x| > n_0 } ; S2 W^{1,p}(Ω_n; v_0, v_1) → W^{1,p}(Ω_n; w), n ≥ n_0;

S3 there exists positive measurable functions a_0, a_1 defined on Ω^{n0} and a function r ∈ V (n_0) such that w(y) ≤ a_0(x), (4.1) ( 1 + r^{−p}(|y|) ) a_1(x) ≤ v_1(y); (4.2) for all x ∈ Ω^{n0} and for a.e. y ∈ B (x, r(|x|)). S4 there exists a constant K_0 > 0 such that

v_1(x)r^{−p}(|x|) ≤ K_0v_0(x), for a.e. x ∈ Ω^{n0} .

S5 lim_{n→∞} A_n = A < ∞, where

A_n = sup_{x∈Ωn} a_0(x) a_1(x) r^p(|x|). (4.3) Then W^{1,p}(Ω; v_0, v_1) → W^{1,p}(Ω; w). (4.4)

Proof. Let X(Ω) = W^{1,p}(Ω; v_0, v_1) and Y (Ω) = W^{1,p}(Ω; w). Then, by Lemma 1, it is sufficient to verify (3.1) with Ω^{3n} instead of Ω^n. Taking M = Ω^{n0} in Lemma 3, there exists a sequence {x_{ki}} ⊂ M such that

Ω^{n0} ⊂ ∞⋃ k,i=1 B_{ki}, (4.5)

and there exists a number τ depending only on the dimension N with ∞∑ k,i=1 χ_{Bk,i} (z) ≤ τ, z ∈ R^N . (4.6) Let n ≥ n_0 be fixed. Write K_n = { (k, i) ∈ N × N; B_{ki} ⋂ Ω^{3n} ≠ 0 } . Then, by Lemma 5, we have ⋃ (k,i)∈K_n B_{ki} ⊂ Ω^n ⊆ Ω^{n0} . (4.7)

In view of (4.5), we get ‖u‖^p_{1,p,Ω3n,w} ≤ ∑ (k,i)∈K_n ∫ B_{ki} |u(y)|^pw(y)dy + ∫ B_{ki} |∇u(y)|^pw(y)dy . (4.8)

Using (4.1) and Lemma 4 with p = q, we obtain ∫ B_{ki} |u(y)|^pw(y)dy + ∫ B_{ki} |∇u(y)|^pw(y)dy

≤ a_0(x_{ki}) ∫ B_{ki} |u(y)|^pdy + ∫ B_{ki} |∇u(y)|^pdy

≤ a_0(x_{ki}) (Kr(|x_{ki} |))^p r^{−p}(|x_{ki}|) ∫ B_{ki} |u(y)|^pdy

+ ∫ B_{ki} |∇u(y)|^pdy + ∫ B_{ki} |∇u(y)|^pdy

≤ a_0(x_{ki})K_1r^p(|x_{ki}|) r^{−p}(|x_{ki}|) ∫ B_{ki} |u(y)|^pdy

+(1 + r^{−p}(|x_{ki}|)) ∫ B_{ki} |∇u(y)|^pdy

(4.9) where K_1 = max(K^p, 1).

Since r ∈ V (n_0), as a consequence of the definition of V (n), for x ∈ R^N , |x| > n_0 and for y ∈ B(x, r(|x|)), |y| > n_0 we have c^{−1}_r ≤ r(|y|) r(|x|) ≤ c_r. (4.10)

But, in view of (4.7), (4.10) also holds for y ∈ B_{ki}. Using this fact along with S4 and (4.2), (4.9) takes the form ∫ B_{ki} |u(y)|^pw(y)dy + ∫ B_{ki} |∇u(y)|^pw(y)dy

≤ a_0(x_{ki})K_1r^p(|x_{ki}|) c^p_r ∫ B_{ki} |u(y)|^p dy r^p(|y|) + c^p_r ∫ B_{ki} |∇u(y)|^p ( 1 + 1 r^p(|y|) ) dy

≤ a_0(x_{ki}) a_1(x_{ki}) K_1c^p_r r^p(|x_{ki}|) ∫ B_{ki} |u(y)|^pv_0(y)dy + ∫ B_{ki} |∇u(y)|^pv_1(y)dy

≤ K_2A_n ∫ B_{ki} |u(y)|^pv_0(y)dy + ∫ B_{ki} |∇u(y)|^pv_1(y)dy ,

using (4.3), where K_2 = K_1c^p_r . Thus, (4.8) reduces to ‖u‖^p_{1,p,Ω3n,w} ≤ τK_2A_n‖u‖^p_{1,p,Ω,v0,v1} , (4.11) in view of (4.6), which on using S5 proves the assertion. □

Towards the converse of Theorem 1, we prove the following

Theorem 2. Let Ω be a domain in R^N . Let S1 and the following conditions be satisfied:

N3 there exist positive measurable functions â_0, â_1 defined on Ω^{n0} and a function r ∈ V (n_0) such that w(y) ≥ â_0(x), â_1(x) ≥ v_1(y), for all x ∈ Ω^{n0} and for a.e. y ∈ B(x, r(|x|)). N4 there exists a constant K_0 > 0 such that

K_0v_0(x) ≤ v_1(x)r^{−p}(|x|), for a.e. x ∈ Ω^{n0} .

N5 lim_{n→∞} Â_n = ∞, where

Â_n = sup x∈Ω^n â_0(x) â_1(x) r^p(|x|). Then W^{1,p}(Ω, v_0, v_1) is not imbedded in W^{1,p}(Ω; w).

Proof. In view of N5, there exist an increasing sequence of natural numbers {n_k} and a sequence {x_k} with x_k ∈ Ω^{nk} such that

â_0(x_k) â_1(x_k) r^p(|x_k|) > κ, k ∈ N, (4.12) If we set u_κ = R_{r(xk )/8χ3/4Bk} , k = 1, 2, . . .

where R_ε is a mollifier with radius ε defined in sence of Gurka and Opic [3, Theorem 2.4], then the functions u_k have the following properties:

(i) u_k ∈ c^∞_0 (B_k), 0 ≤ u_k ≤ 1 (ii) u_k ≡ 1 on^1_2 B_k (iii) there exists c > 0 such that | | | ∂u_k ∂x_i (x) | | | ≤ c r(|x_k |) , x ∈ Ω, i = 1, 2, . . . , N

(iv) u_k ∈ W^{1,p}(Ω; v_0, v_1).

The property (ii) above gives that^{∂uk}_{∂xi} = 0, on^1_2 B_k and as a consequence we have |∇u_k(y)| = 0 on 1 2 B_k. (4.13)

Now, by N3, (4.13) and the property (ii) of the function u_k, we get ∫ Ω |u_k(y)|^pw(y)dy + ∫ Ω |∇u_k(y)|^pw(y)dy ≥ ∫ (1/2)B_k w(y)dy ≥ 2^{−N} |B(0, 1)|â_0(x_k)r^N (|x_k |).

(4.14)

Also, it can be shown that ∫ Ω |u_k(y)|^pv_0(y)dy + ∫ Ω |∇u_k(y)|^pv_1(y)dy ≤ Lr^{N−p}(|x_k |)â_1(x_k ), (4.15)

where L = (K^{−1}_0 c^p_r + Nc^p)|B(0, 1) with c_r given by (4.10).

Now, suppose that the imbedding

W^{1,p}(Ω; v_0, v_1) → W^{1,p}(Ω; w), (4.16)

holds; then (4.14) and (4.15) give

2^{−N} |B(0, 1)|â_0(x_k )r^N (|x_k |) ≤ K̃Lr^{N−p}(|x_k |)â_1(x_k),

for k ∈ N, where K̃ is the norm of the imbedding operator from (4.16). This is a contradiction to (4.12) and hence the theorem follows. □

Remark 1. It can be observed from the proof of Theorem 2, that not only the space W^{1,p}(Ω; v_0, v_1), but also the space W^{1,p}_0 (Ω; v_0, v_1) is not continuously imbedded in W^{1,p}(Ω; w).

In the case v_0 = v_1, the imbedding (4.4) holds under weaker conditions in the sence that we do not require (4.10) for the imbedding, and as a consequence, the definition of V (n) can be weakened. Moreover, in this case, the inequality (4.2) can also be replaced by a weaker one.

We say that the function r has the property ∇(n) (written r ∈ ∇(n)) if r satisfies the conditions (i) – (iv) in the difinition of V (n).

In the light of the above discussion, we have the following result.

Theorem 3. Let Ω be a domain in R^N , 1 ≤ p < ∞. Let S2 and S4 with v_0 = v_1 = v along with S1, S5 and the following condition be satisfied S3 there exist positive measurable functions a_0, a_1 defined on Ω^{n0} and a function r ∈ ∇(n_0) such that (4.1) and

a_1(x) ≤ v(y) (4.2)

hold for all x ∈ Ω^{n0} and for a.e. y ∈ B(x, r(|x|)). Then the following imbeding holds W^{1,p}(Ω; v, v) → W^{1,p}(Ω; w). (4.17)

Proof. Using (4.2) in (4.9), we have ∫ B_{ki} |u(y)|^pw(y)dy + ∫ B_{ki} |∇u(y)|^pw(y)dy

≤ a_0(x_{ki})K_3r^p(|x_{ki}|) ∫ B_{ki} |u(y)|^pdy + ∫ B_{ki} |∇u(y)|^pdy

≤ a_0(x_{ki}) a_1(x_{ki}) K_3r^p(|x_{ki} |) ∫ B_{ki} |u(y)|^pv(y)dy + ∫ B_{ki} |∇u(y)|^pv(y)dy

≤ K_3A_n ∫ B_{ki} |u(y)|^pv(y)dy + ∫ B_{ki} |∇u(y)|^pv(y)dy ,

where K_3 = K_1 max(K_0, 1 + K_0). The proof now follows along the same lines as that of Theorem 1.

Towards the converse of Theorem 3, we prove the following result.

Theorem 4. Let N3 with v_0 = v_1 = v along with S1 and S5 be satisfied. Then the space W^{1,p}(Ω, v, v) is not continuously imbedded in W^{1,p}(Ω, w).

Proof. It follows on the lines of the proof of Theorem 2. □

In view of Theorems 1 and 2 (and similarly Theorems 3 and 4), it may be pointed out that necessary and sufficient conditions for the imbedding (4.4) [resp. (4.17)] are different. It remains open to achieve suitable sets of conditions which are both necessary and sufficient.

Gurka and Opic proved the following [4, Theorem 12.1].

Theorem A. Let Ω be a domain in R^N , 1 ≤ p ≤ q < ∞, 1/N ≥ 1/p − 1/q. Let S1, S4 and the following conditions be satisfied: S2^′ W^{1,p}(Ω_n; v_0, v_1) → L^q(Ω_n; w), n ≥ n_0;

S3^′ there exist positive measurable functions a_0, a_1 defined on Ω^{n0} and a function r ∈ V (n_0) such that w(y) ≤ a_0(x), a_1(x) ≤ v_1(y) for all x ∈ Ω^{n0} and for a.e. y ∈ B(x, r(|x|)). S5^′ lim_{n→∞} A^′_n < ∞, where

A^′_n = sup_{x∈Ωn} a^{1/q}_0 (x) a^{1/p}_1 (x) r^{Nq − Np +1}(|x|). Then the imbedding W^{1,p}(Ω; v_0, v_1) → L^q(Ω; w) holds.

Theorem B. Let Ω be a domain in R^N , 1 ≤ p, q < ∞. Let S1, N3, N4 and the condition N5^′ lim_{n→∞} Â^′_n < ∞, where

Â^′_n = sup x∈Ω^n â^{1/q}_0 (x) â^{1/p}_1 (x) r^{Nq − Np +1}(|x|) be satisfied. Then the space W^{1,p}(Ω; v_0, v_1) is not continuously imbedded in the space L^q(Ω; w).

Here, the particular case when v_0 = v_1 also needs attention i.e. we can weaken the conditions of Theorems A and B as in Theorem 3 and 4, respectively, although in our case the necessary and sufficient conditions are not the same. More precisely, we have the following

Theorem 5. Let Ω be a domain in R^N , 1 ≤ p ≤ q < ∞ and 1/N ≥ 1/p−1/q. Let S2^′ and S4 with v_0 = v_1 = v along with S1, S3 and S5^′ be satisfied. Then the imbedding W^{1,p}(Ω; v, v) → L^q(Ω; w) holds.

Proof. If we replace ‖u‖^p_{1,p,Ω3n,w} by ‖u‖^q_{,Ω3n,w} in (4.8) and use Lemma 4, then the proof goes along the same lines as that of Theorem 3. □

Theorem 6. Let Ω, p, q be as in Theorem B. Let N3 and with v_0 = v_1 = v along with S1 and N5^′ be satisfied. Then W^{1,p}(Ω; v, v) [and also W^{1,p}_0 (Ω; v, v)] is not continuously imbedded in W^q(Ω; w).

5. Compact imbeddings. The discussion made in Section 4 about the continuous imbeddings is carried over in this section for compact imbeddings. We omit the details for conciseness.

Theorem 7. Let S1, S3, S4 and the following conditions be satisfied: S2∗ W^{1,p}(Ω_n; v_0, v_1) →→ W^{1,p}(Ω_n; w), n ≥ n_0. S5∗ lim_{n→∞} A_n = 0, where A_n is given by (4.3). Then W^{1,p}(Ω; v_0, v_1) →→ W^{1,p}(Ω; w).

Proof. If we use S5∗ in (4.11), then the assertion follows immediately in view of Lemma 2.□

Theorem 8. Let S1, N3, N4 and N5∗ lim_{n→∞} Â_n < ∞, where

Â_n = sup x∈Ω^n â_0(x) â_1(x) r^p(|x|) be satisfied. Then the space W^{1,p}(Ω; v_0, v_1) [and also W^{1,p}_0 (Ω; v_0, v_1)] is not compactly imbedded in W^{1,p}(Ω; w).

Theorem 9. Let the condition S2 and S4 with v_0 = v_1 = v along with S1, S3 and S5∗ be satisfied. Then the imbedding W^{1,p}(Ω; v, v) →→ W^{1,p}(Ω; w) holds.

Theorem 10. Let N3 with v_0 = v_0 = v along with S1 and N5∗ be satisfied. Then W^{1,p}(Ω; v, v) [and also W^{1,p}_0 (Ω; v, v)] is not compactly imbedded in W^{1,p}(Ω; w).

Remark 3. It is again open to seal the gap between the sets of necessary conditions obrained in Theorem 7 and sufficient conditions obtained in Theorem 8 (and similarly in Theorems 9 and 10).

Further, subsequent results analogous to Theorems 5 and 6 can also be obtained in respect of the compact imbedding.

Finally, I take this opportunity of thanking Professor R. Vasudevan and Professor P.K. Jain for their help and encouragement in the preparation of this paper. I am also grateful to the referee for his comments and suggetions towards the improvement of this paper.

REFERENCES

[1] R.A. Adams, Sobolev Spaces, Academic Press, New York, 1975.

[2] S. Fučik and A. Kufner, Nonlinear Differential Equations, Elsevier, Amsterdam-Oxford-New York, 1980.

[3] P. Gurka and B. Opic, Continuous and compact imbeddings of weighted Sobolev spaces I, Czech. Math. J. 38 (113) (1988), 730–744.

[4] P. Gurka and B. Opic, Continuous and compact imbeddings of weighted Sobolev spaces III, Czech. Math. J. 41 (116) (1991), 317–341.

[5] M. Krbec, B. Opic and L. Pick, Imbedding theorems for weighted Orlicz-Sobolev spaces, J.

London Math. Soc. (2) 46 (1992), 543–556.

[6] A. Kufner, O. John and S. Fučik, Function Spaces, Academia Praha, Noordhoff, Groningen, 1977.

[7] A. Kufner, Weighted Sobolev Spaces, Wiley, 1985.

[8] S.L. Sobolev, Vvedenie v teoriyu kubaturnykh formul, Nauka, Moscow, 1974. [English translation: An Introduction to the Theory of Cubature Formulas and Some Aspects of Modern Analysis, Oxonian Press, New Delhi, 1992].

Department of Mathematics (Received 07 12 1994) Deshbandhu College (Revised 09 05 1995) (University of Delhi) Kalkaji, New Delhi India