PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE Nouvelle série tome 56 (70), 1994, 95–101

ALMOST PARA-CONTACT FINSLER CONNECTIONS ON VECTOR BUNDLE

Archana Roy and S.K. Singh

Communicated by Mileva Prevanović

Abstract. We study almost para-contact Finsler connections on the total space of a vector bundle. In a vector bundle of Finsler space we define a Finsler connection compatible with almost para-contact Finsler structure (J, η, ξ) if horizontal and vertical derivatives of all the three elements vanish. We give the family of all Finsler connections compatible with (J, η, ξ) and some interesting special cases.

1. Introduction. Let EM = (E, π, M) be a vector bundle with the (n+m)- dimensional total space E, n-dimensional base space M and the projection map π, such that π: E → M, u ∈ E → π(u) = x ∈ M, where u = (x, y) and y = π^{−1}(x) is the fibre of EM over x. We denote by E^v_u the local fibre of the vertical bundle V E at u ∈ E and by N_u the complementary space of E^v_u in the tangent space E_u at u to the total space E.

We have E_u = N_u ⊕ E^v_u. (1.1)

A nonlinear connection on E is a differentiable distribution N: u ∈ E → N_u ⊆ E_u with the property (1.1).

We denote by (x^i, y^a) the canonical coordinates of the point u ∈ E. The transformation of canonical coordinates (x, y) → (x^′, y^′) of a point of E are given by x^{i′} = x^{i′} (x^1, . . . , x^n), y^{a′} = L^a_b (x^1, . . . , x^n)y^b det(L^a_b ) ≠ 0; i = 1, 2, . . . n; a = 1, 2, . . . m Let {∂/∂x^i, ∂/∂y^a}, {dx^i, dy^a} be dual natural basis and {δ/δx^i, ∂/∂y^a}, {dx^i, δy^a} the adapted dual basis on E. These bases are related by the coefficients of nonlinear connections as follows δ/δx^i = ∂/∂x^i − N^a_i ∂/∂y^a, δy^a = dy^a + N^a_i dx^i (1.2) AMS Subject Classification (1991): Primary 53 B 40

For every vector field X on E there exists the unique decomposition X = X^H +X^v; X^H_u ∈ N_u, X^v_u ∈ E_u, u ∈ E, where X^H is called the horizontal part and X^v is called the vertical part of X.

A linear connection ∇ on E is a Finsler connection if and only if it determines a unique decomposition ∇_X y = ∇^H_X y + ∇^v_X y, ∀X, y ∈ X (E) where X (E) is F(E)-module of the vector fields on E.

The coefficients of Finsler connection ∇ in adapted frames are denoted by F Γ = (N, F_1 , F_2 , C_1 , C_2 ) and are given by (1.2) and ∇^H_{δ/δx}k δ/δx^j = F_1^i_{jk} (x, y)δ/δx^i, ∇^H_{δ/δx}k ∂/∂y^b = F_2^a_{bk}(x, y)∂/∂y^a, ∇^v_{∂/∂y}c δ/δx^j = C_1^i_{jc}(x, y)δ/δx^i, ∇^V_{∂/∂y}c ∂/∂y^b = C_2^a_{bc}(x, y)∂/∂y^a, where F_1 (≡ F_1^i_{jk} (x, y)) and F_2 (≡ F_2^a_{bk}(x, y)) are called the coefficients of hconnection ∇^H and C_1 (≡ C_1^i_{jc}(x, y)) and C_2 (≡ C_2^a_{bc}(x, y)) are called the coefficients of v-connection ∇^v .

For a tensor field K, for instance of type (1.1) on E, there are four Finsler tensor fields of types [ 1 0 1 0 ] , [ 0 1 1 0 ] , [ 1 0 0 1 ] , [ 0 1 0 1 ] . Their components are denoted by K^i_j , K^a_j , K^i_a, K^a_b; h- and v-covariant derivatives are given by K^i_{j|k} = δK^i_j /δx^k + F^i_{nk}K^h_j − F^h_{jk}K^i_h, K^i_{j‖a} = ∂K^i_j /∂y^a + C^i_{ha}K^h_j − C^h_{ja}K^i_h, etc.

If F Γ = (N, F_1 , F_2 , C_1 , C_2 ) and F Γ = (N, F_1 , F_2 , C_1 , C_2 ) are two Finsler connections on E, then a unique system of Finsler tensor fields (A^a_i, B_1^i_{jk} , B_2^a_{bk}, D_1^i_{jc}, D_2^abc) is determined such that

N^a_i = N^a_i − A^a_i, F_1^i_{jk} = F_{1 ijk} − B_1^i_{jk} , C_1^i_{jc} = C_1^i_{jc} − D_1^i_{jc}, F_2^a_{bk} = F_2^a_{bk}− B_2^a_{bk} , C_2^a_{bc} = C_2^a_{bc} − D_2^a_{bc}

(1.3)

Conversely, given the Finsler connection F Γ = (N, F_1 , F_2 , C_1 , C_2 ) and a system (A, B_1 , B_2 , D_1 , D_2 ) of Finsler tensor fields, the connection F Γ given by (1.3) is a Finsler connection on E.

2. Almost para-contact Finsler connection on vector bundle Definition 2.1. An almost para-contact structure on E is defined by the triple (J, η, ξ) where J = J^i_j (x, y)δ/δx^i ⊗ dx^j + J^a_b(x, y)∂/∂y^a ⊗ δy^b, η = η_idx^i + η_aδy^a; ξ = ξ^iδ/δx^i + ξ^a∂/∂y^a, satisfying the following conditions J^i_j J^k_i = δ^k_j − η_j ξ^k; J^i_j ξ^j = 0, J^i_j η_i = 0 J^a_bJ^c_a = δ^c_b − η_bξ^c; J^a_bξ^b = 0, J^a_bη_a = 0

(2.1)

where det(J^i_j ) ≠ 0 and det(J^a_b) ≠ 0.

We now associate to the almost para-contact Finsler structure, the following Finsler tensor fields, called Obata operators [3] ϕ_1^{ij}_{kl} = (δ^i_kδ^j_l + J^i_kJ^j_l)/2, ϕ_2^{ij}_{kl} = (δ^i_kδ^j_l − J^i_kJ^j_l)/2, ψ_1^{ac}_{bd} = (δ^a_bδ^c_d + J^a_bJ^c_d)/2, ψ_2^{ac}_{bd} = (δ^a_bδ^c_d − J^a_bJ^c_d)/2,

(2.2)

Ω_1^{ij}_{kl} = (ηkξ^iδ^j l + δ^ikηlξ^j − ηkξ^iηlξ^j )/2, Ω_2^{ac}_{bd} = (ηbξ^aδ^cd + δ^abηdξ^c − ηbξ^aηdξ^c)/2. with properties ϕ_1 + ϕ_2 = I ⊗ I, ϕ_2 · ϕ_1 = ϕ_1 · ϕ_2 = Ω_1 /2 =ϕ_2 · Ω_1 = Ω_1 ·ϕ_2 = ϕ_1 · Ω_1 = Ω_1 ·ϕ_1 = Ω_1 · Ω_1 (ϕ_2 − Ω_1 ) · (ϕ_1 + Ω_1 ) = (ϕ_1 + Ω_1 ) · (ϕ_2 − Ω_1 ) = 0

ψ_1 + ψ_2 = I ⊗ I, ψ_2 · ψ_1 = ψ_1 · ψ_2 = Ω_2 /2 =ψ_2 · Ω_2 = Ω_2 ·ψ_2 = ψ_1 · Ω_2 = Ω_2 ·ψ_1 = Ω_2 · Ω_2 (ψ_2 − Ω_2 ) · (ψ_1 + Ω_2 ) = (ψ_1 + Ω_2 ) · (ϕ_2 − Ω_2 ) = 0

Lemma 2.1. [3] A system of tensor equations (ϕ_1 + Ω_1 ) · X = A [resp. (ϕ_2 − Ω_1 ) · X = A] | | | | (ψ_1 + Ω_2 ) · X = A [resp. (ψ_2 − Ω_2 ) · X = A] (2.3) with X as unknowns, has solutions if and only if (ϕ_2 − Ω_1 ) · A = 0 [resp. (ϕ_1 + Ω_1 ) · A = 0] | | | (ψ_2 − Ω_2 ) · A = 0 [resp. (ψ_1 + Ω_2 ) · A = 0]

(2.4)

If the conditions (2.4) hold, then the general solution of the system (2.3) is X = A + (ϕ_2 − Ω_1 ) · Y [resp. X = A + (ϕ_1 + Ω_1 ) · Y ] | | | | X = A + (ψ_2 − Ω_2 ) · Y [resp. X = A + (ψ_1 + Ω_2 ) · Y ] where Y is an arbitrary Finsler tensor field of the same type as X.

Definition 2.2. A Finsler connection ∇ on E is called almost para-contact Finsler connection or connection compatible with almost para-contact Finsler structure (J, η, ξ) if and only if J^i_{j|k} = 0, J^a_{b|k} = 0, J^i_{j‖c} = 0, J^a_{b‖c} = 0, η_{i|k} = 0, η_{a|k} = 0, η_{a‖b} = 0, η_{i‖b} = 0 (2.5)

Remark. From (2.1) and (2.5), it follows that ξ^i_{|k} = 0, ξ^i_{‖b} = 0, ξ^a_{|k} = 0, ξ^a_{‖b} = 0 (2.6) From (2.2), (2.5) and (2.6) it follows Theorem 2.1. For any almost para-contact Finsler connection on E, the operators ϕ_1 , ϕ_2 , ψ_1 , ψ_2 , Ω_1 and Ω_2 are h- and v-covariant constants.

The family of all almost para-contact Finsler connections on the total space of vector bundle can be determined by a well known method [2] based on Lemma 2.1.

In the following the nonlinear connection N is fixed. A Finsler connection with fixed N will be denoted by F Γ(N). Let (B_1 , B_2 , D_1 , D_2 ) be the difference tensors of the pair F Γ, F Γ). Then any F Γ(N) on E can be expressed as (1.3) with A^a_i = 0.

Requiring F Γ(N) to be an almost para-contact Finsler connection, we obtain for the Finsler tensor fields B_1 , B_2 , D_1 , D_2 the following expressions: B_1^ijk = (J^im|kJ^mj )/2 + (ηj|k ξ^i)/2 + (ηj ξ^m|kηmξ^i)/2 + (ϕ_1^{ri}_{mj} + Ω_1^{ri}_{mj} ) Y_1^mrk, B_2^ab|k = (J^ag|kJ^g b)/2 + ξ^a(ηb|k + ηbηg ξ^g |k)/2 + (ψ_1^{ga}_{cb} + Ω_2^{g a}_{cb}) Y_2^cgk, D_1^ijc = (J^im‖cJ^mj )/2 + ξ^i(ηj‖c + ηj ηmξ^m‖c)/2 + (ϕ_1^{mi}_{kj} + Ω_1^{mi}_{kj} ) Z_1^kmc, D_2^abc = (J^ag‖cJ^g b)/2 + ξ^a(ηb‖c + ηbηg ξ^g ‖c)/2 + (ψ_1^{g a}_{db} + Ω_2^{g a}_{db}) Z_2^dgc, where Y_1 , Y_2 , Z_1 , Z_2 are arbitrary Finsler tensor fields.

Hence we have Theorem 2.2. The general family of the almost para-contact Finsler connection F Γ(N) = (F_1 , F_2 , C_1 , C_2 ) relative to the almost para-contact Finsler structure

(J, η, ξ) on the total space E of vector bundle EM is given by F_1^i_{jk} = F_1^i_{jk} − (J^m_j J^i_{m|k})/2 − ξ^i(η_{j|k} + η_j η_mξ^m_{|k})/2 − (ϕ_1^{ri}_{mj} + Ω_1^{ri}_{mj} ) Y_1^m_{rk}, F_2^a_{bk} = F_2^a_{bk} − (J^g_bJ^a_{g|k})/2 − ξ^a(η_{b|k} + η_bη_g ξ^g_{|k})/2 − (ψ_1^{ga}_{cb} + Ω_2^{ga}_{cb}) Y_2^c_{gk}, C_1^i_{jc} = C_1^i_{jc} − (J^i_{m‖c}J^m_j )/2 − ξ^i(η_{j‖c} + η_j η_mξ^m_{‖c})/2 − (ϕ_1^{mi}_{kj} + Ω_1^{mi}_{kj} ) Z_1^k_{mc}, C_2^a_{bc} = C_2^a_{bc} − (J^a_{g‖c}J^g_b)/2 − ξ^a(η_{b‖c} + η_bη_gξ^g_{‖c})/2 − (ψ_1^{g a}_{db} + Ω_2^{ga}_{db}) Z_2^d_{gc}, where | (resp. ‖) is the h- (resp. v-) covariant derivatives with respect to an arbitrary initial Finsler connection F Γ(N) on E and Y_1 , Y_2 , Z_1 , Z_2 are arbitrary Finsler tensor fields.

If we take Y_1^i_{jk} = 0 = Y_2^a_{bk} = Z_1^i_{jc} = Z_2^a_{bc}, then we have Theorem 2.3. If the initial connection is F Γ(N), then the following Finsler connection_k F_1^ijk = F_1^ijk − (J^mj J^im|k)/2 − ξ^i(ηj|k + ηj ηmξ^m|k)/2, k F_2^abk = F_2^abk − (J^g bJ^ag|k)/2 − ξ^a(ηb|k + ηbηgξ^g |k)/2, k C_1^ijc = C_1^ijc − (J^im‖cJ^mj )/2 − ξ^i(ηj‖c + ηj ηmξ^m‖c)/2, k C_2^abc = C_2^abc − (J^ag‖cJ^gb)/2 − ξ^a(ηb‖c + ηbηg ξ^g ‖c)/2,

(2.7)

is an almost para-contact Finsler connection.

The Finsler connection KΓ(N) = (^kF_1 ,^kF_2 ,^kC_1 ,^kC_2 ) given by (2.7) is the almost para-contact connection on E derived from F Γ(N). We may call it Kawaguchi connection on E.

Next we find an interesting particular case, if we take Y_1^i_{jk} = 0 = Y_2^a_{bk} = Z_1^ijc = Z_2^abc and the initial condition F Γ(N) as F^mΓ(N), where m F_1^ijk = F_1^ijk,^mF_2^abk = ∂N^ak/∂Y^b,^mC_1^ijc = C_1^ijc,^mC_2^abc = C_2^abc.

Then the following Finsler connection F^qΓ(N) = (^qF_1 ,^qF_2 ,^qC_1 ,^qC_2 ), q F_1^ijk =^mF_1^ijk − (J^mj J^im|k) − ξ^i(ηj|k + ηj ηmξ^m|k)/2, q F_2^abk =^mF_2^abk − (J^g bJ^ag|k)/2 − ξ^a(ηb|k + ηbηgξ^g |k)/2, q C_1^ijc =^mC_1^ijc − (J^im‖cJ^mj )/2 − ξ^i(ηj‖c + ηj ηmξ^m‖c)/2, q C_2^abc =^mC_2^abc − (J^ag‖cJ^gb)/2 − ξ^a(ηb‖c + ηbηg ξ^g ‖c)/2, is an almost para-contact Finsler connection, where | (resp. ‖) is h- (resp. v-) covariant derivative with respect to F^mΓ(N) on E. The connection F^qΓ(N) will be called canonical almost para-contact Finsler connection derived from F^mΓ(N) on E.

We can obtain interesting results as follows.

Theorem 2.4. If the initial Finsler connection F Γ(N) is an almost paracontact Finsler connection, then the general family of the almost para-contact Finsler connection F Γ(N) is given by

F_1^i_{jk} = F_1^i_{jk} − (ϕ_1^{ri}_{mj} + Ω_1^{ri}_{mj} ) Y_1^m_{rk}, C_1^i_{jc} = C_1^i_{jc} − (ϕ_1^{mi}_{kj} + Ω_1^{mi}_{kj} ) Z_1^k_{mc},

F_2^a_{bk} = F_2^a_{bk} − (ψ_1^{ga}_{cb} + Ω_2^{ga}_{cb}) Y_2^c_{gk}, C_2^a_{bc} = C_2^a_{bc} − (ψ_1^{g a}_{db} + Ω_2^{ga}_{db}) Z_2^d_{gc}, (2.8) where Y_1 , Y_2 , Z_1 and Z_2 are arbitrary Finsler tensor fields.

Equations (2.8) give the transformations of almost para-contact Finsler connections having common nonlinear connection. Let t: F^0Γ(N) → F^=Γ(N) be a transformation of this form; then we can obtain this transformation law by appropriate changes in (2.8). Now we have

Theorem 2.5. The set of the transformations t of the almost para-contact Finsler connections obtained by appropriate changes of (2.8) is an abelian group, relative to the product of mappings, which is isomorphic to the additive group of Finsler tensor fields [(ϕ_1 + Ω_1 )^∼Y_1 , (ψ_1 + Ω_2 )^∼Y_2 , (ϕ_1 + Ω_1 )^∼Z_1 , (ψ_1 + Ω_2 )^∼Z_2 ].

3. A particular set of Finsler connections Here we determine the family of Finsler connections F Γ(N) with the property KΓ(N) = F^qΓ(N). So we consider the set F = {F Γ(N): KΓ(N) = F^qΓ(N)}. Let (B_1 , B_2 , D_1 , D_2 ) be the difference tensors of the pair (F Γ(N), F^qΓ(N)). Then

F_1^ijk =^qF_1^ijk − B_1^ijk , C_1^ijc =^qC_1^ijc − D_1^ijc,

F_2^abk =^qF_2^abk − B_2^abk, C_2^abc =^qC_2^abc − D_2^abc, writing the h- and v-convariant derivatives of both J^i_j and J^a_b with respect to F Γ(N). Noticing that F^qΓ(N) is almost para-contact Finsler connection and proceeding in the same way as in [3], we get

Theorem 3.1. All Finsler connections F Γ from the set F are given by F_1^ijk =^qF_1^ijk + 2(ξ^iηj|k) + ηj ξ^iηmξ^m|k − (ϕ_2^{ih}_{mj} − Ω_1^{ih}_{mj} ) Y_1^mhk, F_2^abk =^qF_2^abk + 2(ξ^aηb|k) + ηbξ^aηdξ^d|k − (ψ_2^{ag}_{db} − Ω_2^{ag}_{db}) Y_2^dgk ,

C_1^ijc =^qC_1^ijc + 2(ξ^iηj‖c) + ηj ξ^iηmξ^m‖c − (ϕ_2^{ih}_{mj} − Ω_1^{ih}_{mj} ) Z_1^mhc, C_2^abc =^qF_2^abc + 2(ξ^aηb‖c) + ηbξ^aηdξ^d‖c − (ψ_2^{ag}_{db} − Ω_2^{ag}_{db}) Z_2^dgc, where Y_1 , Y_2 , Z_1 , Z_2 are arbitrary Finsler tensor fields.

REFERENCES

[1] R. Miron, Vector bundles Finsler geometry, Proc. Nat. Sem. on Finsler spaces, 2-Brasov, 1982, 147–188.

[2] R. Miron and M. Hashiguchi, Metrical Finsler connections, Rep. Fac. Sci. Kagoshima Univ.

12 (1979), 21–35.

[3] S.K. Singh, Almost para-contact Finsler structures, Tamkang J. Math. 17 (3) (1986), 105–114. [4] K. Yano, Differential Geometry on Complex and Almost Complex Spaces, Pergamon Press, 1965.

Department of Mathematics, (Received 10 06 1994) Agrasen Kanya P.G. College, Varanasi–221 001, India

Department of Mathematics, T.D. P.G. College, Jaunpur–222002 India