PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE

Nouvelle série, tome 57 (71), 1995, 29–46 -Duro Kurepa memorial volume

ARONSZAJN ORDERINGS

Dedicated in memory of Professor -Duro R. Kurepa

S. Todorčević

The purpose of this note is to expose a new class of spaces which tests many of the classical covering properties where previously various singular sets of real numbers have been used. Since the existence of many of the singular sets of reals cannot be proved without additional axioms, one of the advantages of our approach is that it needs no such axioms. The classical covering properties that we have in mind have all their roots in the notion of strong measure zero sets of reals by E. Borel [8]. More generally, a metric space X is said to be of strong measure zero if for every sequence {ε_n} of positive real numbers, X can be covered by a sequence {B_n} of open balls such that each B_n has diameter ≤ ε_n. This property in the literature is also known under the name of property C. Since this is clearly a strictly metric notion which is not preserved by taking continuous images it is natural to seek a purely topological notion which when restricted to metric spaces would reduce to the property C. One of the most prominent such attempts is the Rothberger’s notion of property C^{′′} (see [29], [21]) which says that for every sequence {U_n} of open covers of X one can choose U_n ∈ U_n for each n such that X = ⋃_∞ n=1 U_n.

This can also be expressed in game-theoretic terms using the following game G^∗(X) between two players I and II: Player I chooses an open cover U_n of X and II responds by choosing U_n ∈ U_n. Player II wins the play iff ⋃_∞ n=1 U_n = X; otherwise I wins.

This game was considered by F. Galvin [9] who showed it to be equivalent to a better known dual game called the point-open game in which II chooses a point x_n of X and I responds by an open neighborhood U_n of x_n and in which II wins the play iff ⋃_∞ n=1 U_n = X; otherwise I wins. Note that if the crucial question about the property C is whether it is as restrictive as the countability requirement (i.e., Borel’s Conjecture [8]), the crucial question about the point open game is about

AMS Subject Classification (1991): Primary 04E20, 28A05, 46A50, 54B10 Supported by NSERC of Canada and the Science Foundation of Serbia

the existence of winning strategies for one of the players i.e., whether the game is determined in the class of metric spaces or in some larger class such as, say, the class of first countable spaces (see [9; p. 448]). The class of first countable spaces seems more natural in this context than any other because of a theorem of Telgarsky [32] which says that II wins G(X) iff II wins G(X_δ), where X_δ is the space on X with the topology generated by all G_δ subsets of X. So, in particular, II does not have a winning strategy in G(X) for every uncountable first-countable space X. To state the most restrictive covering property of our interest here, for a family U and a positive integer n, let U^{·n} denote the family of cubes U^n of members U of U. We shall say that U is an n-cover of X if U^{·n} covers X^n. If U is an n-cover of X for every positive integer n then we shall say that U is an ω-cover of X. A space X is said to have property γ if for every open ω-cover U of X there is a sequence {U_n} of elements of U such that X = ⋃ m ⋂ n>m U_n, i.e. every element of X is in all but finitely many U_n’s. Let lim U_n be the short notation for ⋃ m ⋂ n>m U_n. This property was introduced by E. Pytkeev [26] and J. Gerlitz [11] during the course of proving that several convergence-type properties of the function space C_p(X) are equivalent. In particular, it has been shown that property γ of a completely regular space X is equivalent to the following convergence property: if a family F of continuous real functions on X accumulates to 0 in the topology of pointwise convergence then it contains a sequence {f_n} such that lim_{n→∞} f_n(x) = 0 for all x in X. Note that all these properties strengthen the more familiar topological property of Lindelöf stating that every open cover of X contains a countable subcover. For example, it should be clear that property γ implies the Lindelöf property of every finite power of X since this is readily seen to be equivalent to the statement that every open ω-cover of X contains a countable ω-subcover. This leads us to the rich subject on preservation of paracompactness and the Lindelöf property in finite and countable products ([19], [23], [24]). The close relationship between these two subjects becomes more apparent if one realizes that most of the examples produced in these two areas are based on an old idea of A. Besicovitch [6] of a concentrated set of reals: a set A is concentrated around a set B if every open set which contains B contains also all but countably many elements of A. We refer the reader to [36; §3] where it is shown that if there is an uncountable set of reals concentrated around the rationals then there exist Michael and Sorgenfrey “lines” witnessing many of the Examples of [19]. Needless to say that Besicovitch introduced his notion of concentrated sets in order to study strong measure zero sets (see [7]), and that concentrated sets are used more recently in connection with the property γ discussed above (see [10]).

Our basic idea is to test these covering properties using a class of so-called Aronszajn orderings which have never been previously fully used as topological objects because of the general preoccupation with the extremely difficult task of classifying them as ordered structures rather than as topological spaces. Indeed, the problem of whether there can be a finite list of Aronszajn orderings such that any other such ordering contains one from the list is one of the major problems in this part of mathematics. A pleasing feature of the topological analysis is that it essentially uses all of the knowledge about Aronszajn orderings accumulated so far. For example, in §1 we show that the general Aronszajn orderings have only some of the covering properties discussed above. To get them all one needs to go to a deeper class of such orderings, the class of linear orderings whose cartesian squares are the unions of countably many chains (see §2). Even this subclass is too general, and in §§3 and 4 we need to go to the class of orderings discovered in [35] which are generated by coherent sequences {e_α} of finite-to-one enumerations of countable ordinals. The coherent sequences {e_α} are quite versatile mathematical objects indeed. We have shown this on several previous occasions (see for example, [34], [35], [36] and [37]). Besides the applications of §§3 and 4 we shall use them here in §5 for building examples of homogeneous nonreversible continua, or homogeneous uniform Eberlein compacta i.e., homogeneous weakly compact subspaces of Hilbert spaces.

1. A-lines

Since our purpose here is to test the above properties with a class of spaces which is relatively close to the real line such as, for example, the class of first countable linear orderings and since we would like to do this without any use of special axioms, we find ourselves with little room to maneuver. The Lindelöf property restricts all well-ordered or conversely well-ordered subsets to be countable. The preservation of the covering properties under continuous maps restricts all subsets which can be order-isomorphically embedded into the reals to be also countable. Thus we must work with the class of Aronszajn orderings or A-lines as we shall call them henceforth. This class was introduced and proved to be nonempty by N. Aronszajn and Dj. Kurepa in [15] and [16]. So, let A be a given A-line and let D be a countable subset of A. Then the complement of D in A is split into a family T_D of convex sets, the equivalence classes of the relation in which x and y are equivalent if no member of D separates them. The members of T_D will also be called the complementary intervals of D. Note that T_D must be countable or else A would contain a subset order-isomorphic to a set of reals. For two countable subsets A_0 and A_1 we say that A_1 properly extends A_0 if A_0 ⊆ A_1 and A_1 has points in every of the complementary intervals of A_0. A proper decomposition of A is a sequence A_α (α < ω_1) of countable subsets of A such that A_β properly extends A_α if α < β, and such that A_δ = ⋃ α<δ A_α if δ is a limit ordinal. Note that every ω_1-sequence of properly extending countable subsets of A must have union equal to A. On the other hand, trivially no properly extending sequence can have length > ω_1, so there is only one possibility for the length of any proper decomposition of A. Given such decomposition {A_α} let T be the union of T_{Aα} ’s. This is the partition tree of A associated with {A_α}. Needless to say this is an Aronszajn tree i.e., a tree with countable levels and no uncountable chains. Note also that T uniquely determines the proper decomposition {A_α} of A, so their roles will be frequently interchanged below. We shall also simplify the notation and write T_α for T_{Aα} . If δ is a countable limit ordinal, then we say that the decomposition {A_α} is continuous at δ if every complementary interval of A_δ has a minimal element. This notion should be more accurately called δ-continuous from the left since one may also define its right analogue by requiring that every convex set from T_{Aδ} has a maximal element. We shall say that A is stationary (or more precisely left-stationary) if and only if every proper decomposition {A_α} of A if (left) continuous at some countable limit ordinal. Note that if A is a stationary A-line then the set of continuities of every proper decomposition of A is a stationary subset of ω_1 explaining thus our choice of the name for this concept. It turns out that this notion is the key to many of the covering properties of our interest here as we shall now see.

Theorem 1. The point-open game played on a stationary A-line is not determined.

Proof. We have already mentioned the fact that II cannot have a winning strategy on any uncountable first countable space (see [9], [32]), so we shall concentrate on showing that if A is a stationary A-line then I doesn’t have a winning strategy in G^∗(A). So let σ be a given strategy for I in G^∗(A) and let {A_α} be a fixed proper decomposition of A. Choose a countable elementary submodel M of some large enough structure containing all these objects such that if δ is its intersection with ω_1 then {A_α} is continuous at δ. Let {a_n}^∞_{n=1} be an enumeration of all elements of A_δ as well as all the minimums of complementary intervals of A_δ. Let U_1 = σ(∅). Then U_1 ∈ M and U_1 is an open cover of A. Having chosen U_i ∈ U_i ∩ M for i < n, let U_n = σ⟨U_1, . . . , U_{n−1}⟩ and proceed to choosing U_n ∈ U_n ∩ M as follows. If a_n is an element of A_δ (= A ∩ M), choose an arbitrary U_n ∈ U_n ∩ M containing a_n. So assume a_n is the minimal point of some complementary interval t of A_δ . Since a_n is a left-limit point of A_δ there is x in A_δ such that the interval (x, a_n] is included in some element of U_n. Let B = {b ∈ A : (x, b] is included in some member of U_n} .

Then B ∈ M and B is a convex set in A which contains a_n.

Claim. sup t < sup B

Proof. Otherwise, let P be the set of all complementary intervals v of T such that inf v ≤ sup B ≤ sup v . Then P ∈ M and t ∈ P . Clearly every two members of P must intersect, so P is a chain of T . It should also be clear that P must be uncountable giving us the desired contradiction.

By the Claim, there exists b in B ∩ M such that b > sup t. Then there is U_n in U_n ∩ M which includes (x, b]. It follows that U_n not only contains a_n but it also covers the whole convex set t. This completes the inductive step of the process which clearly produces a play ⟨U_1, U_1, U_2, U_2, . . . ⟩ of G^∗(A) in which I uses the strategy σ. But the sequence of U_n’s is chosen in such a way that it covers A, so the player II wins this particular play showing that σ cannot be a winning strategy of I. This finishes the proof.

Remark. The problem of indeterminacy of the point-open game was first considered by F. Galvin [9] who showed, assuming the Continuum Hypothesis, that there is an undetermined set of reals concentrated around the rationals. Latter I. Reclaw [27] showed that the game is undetermined on any uncountable set of reals concentrated around any dense set of reals. By joint efforts E. van Douwen and R. Telgarsky (see [32] or [33; §4]) showed that a space of Dj. Kurepa [17] (as rediscovered by R. Pol [22]) can serve as an example of P -space (a space in which G_δ sets are open) for which the point-open game is not determined.

Corollary 2. Every stationary A-line has the property C^{′′}. Remark. Since the property C^{′′} is preserved under continuous images it is worth pointing out the stronger version of Theorem 1 which is given by the above proof. Let (A, ←) be the set A with the topology generated by the intervals of the form (x, y] where x < y in A. Clearly ← is a refinement of the order topology of A and the proof of Theorem 1 shows that even the space (A, ←) has the property C^{′′}. This kind of generality in our proofs will be quite frequent henceforth.

Theorem 3. Every continuous function f : A → X from a stationary A-line into a separable metric space has a countable range.

Proof. Let {A_α} be a proper decomposition of A, let T be the corresponding partition tree, and let S be the stationary set of continuities of {A_α}. Let B be the set of all a in A for which there is a t_a in T such that min t_a = a. (Note that there is a substantial quantity of such elements of A e.g., the minimums of the intervals from T_δ for δ in S are all members of B.) For an integer n, let

B_n = { a ∈ B : diam (f^{′′}t_a) ≥ 1/n } . It suffices to show that each B_n is countable. This follows immediately from the remark above since the property C^{′′} of (A, ←), in particular, implies that every uncountable subset of A has a complete left-accumulation point in A. This completes the proof.

To find an interpretation of this result in terms of the function space C_p(A), choose a sufficiently closed ordinal δ in S e.g., an accumulation point of S. Then we can find a continuous retraction

r_δ : A → A^+_δ

where A^+_δ = A_δ ∪ {min t : t ∈ T_δ} .

To see that such a retraction r_δ exists, map every t of T_δ into its minimum if t has no maximums; otherwise find a cut c of t not realizable in A such that min(t) < c < max(t) and map everything in t below c into min(t) and everything in t above c into max(t). It should be clear that so defined map is continuous. What we have shown in the proof of Theorem 3 is that for every f in C_p(A) there exist δ in S such that f = (f ↾ A^+_δ ) ∘ r_δ .

Moreover, we may assume that δ is chosen so that f is constant on any of the complementary intervals of A_δ . The set F_δ of all f in C_p(A) for which a given δ ∈ S works is clearly second countable being isomorphic to a G_δ -subset of C_p(A^+_δ ). Note also that each F_δ is a closed topological vector subspace of C_p(A). All this leads to the following interesting decomposition property of C_p(A).

Theorem 4. If A is a stationary A-line then its function space C_p(A) is the union of an increasing ω_1-sequence of closed second countable vector subspaces.

Corollary 5. If A is a stationary A-line, then the closure of every countable subset of C_p(A) is second countable.

2. C-Lines

A Countryman line (C-line in short) is an uncountable linear ordering whose cartesian square is the union of countably many chains. It is easily seen that every C-line is also an A-line and that every finite power of a C-line is also the union of countably many chains. The following result shows that they have stronger covering properties then the wider class of A-lines.

Theorem 6. Every stationary C-line C has the property γ, i.e., every open ω-cover U of C contains a sequence {U_n} such that C = lim U_n.

Proof. Let {C_α} be a fixed proper decomposition of C and let T be the corresponding partition tree of complementary intervals to the C_α’s. Choose a countable elementary submodel M of some large enough structure containing all the relevant objects such that if δ is its intersection with ω_1 then {C_α} is continuous at δ. Let {a_{2n}}^∞_{n=1} be an enumeration of all elements of C_δ and let {a_{2n−1}}^∞_{n=1} be an enumeration of all minimums of the complementary intervals of C_δ . The theorem will be proved once we show that for every n there is an open set U_n in U ∩ M which includes

{a_2, a_4, . . . , a_{2n}} ∪ (^n⋃ i=1 t_{2i−1} )

where t_{2i−1} is the complementary interval of C_δ whose minimum is equal to a_{2i−1}. Applying the fact that U is a 2n-cover of C, choose U in U containing {a_1, a_2, . . . , a_{2n}} and for each 1 ≤ i ≤ n choose x_i < a_{2i−1} in C_δ (= C ∩ M) such that (x_i, a_{2i−1}] ⊆ U. Let Y be the set of all ⟨y_1, . . . , y_n⟩ in C^n such that x_i < y_i (1 ≤ i ≤ n) and such that

{a_2, a_4, . . . , a_{2n}} ∪ (^n⋃ i=1 (x_i, y_i] )

is covered by a single element of U. Then Y ∈ M and ⟨a_1, a_3, . . . , a_{2n−1}⟩ ∈ Y . Since C^n is the union of countably many chains there is a chain Y_0 ⊆ Y such that Y_0 ∈ M and ⟨a_1, a_3, . . . , a_{2n−1}⟩ ∈ Y_0.

Claim. There is ⟨y_1, . . . , y_n⟩ in Y_0 ∩M such that a_{2i−1} < y_i for all 1 ≤ i ≤ n.

Proof. Note that it suffices to find such ⟨y_1, . . . , y_n⟩ with the property that a_1 < y_1 because the other inequalities will follow from this one and the fact that Y_0 is a chain of C^n. So, let c be the supremum (taken in the Dedekind completion of C) of the set of all first coordinates of elements of Y_0. Note that since C contains no uncountable well-ordered subsets this supremum is equal to the supremum of the projection of Y_0 ∩ M on the first coordinate. Note also that c ∈ M and that a_1 ≤ c. Since a_1 is not a member of M the equality is impossible, so we have a_1 < c. Since c = sup π^{′′}_1 (Y_0 ∩ M), there is ⟨y_1, . . . , y_n⟩ in Y_0 ∩ M such that a_1 ≤ y_1 and this proves the Claim.

Choose ⟨y_1, . . . , y_n⟩ as in the Claim. The proof of Theorem 6 is finished if we show that t_{2i−1} is included in (x_i, y_i] for all 1 ≤ i ≤ n or equivalently that sup t_{2i−1} ≤ y_i for all 1 ≤ i ≤ n. But this is clearly so since a_i = min t_{2i−1} < y_i and since the point y_i, being a member of C_δ , cannot split the complementary interval t_{2i−1}. The proof of Theorem 6 is thus completed.

Corollary 7. Let X be a stationary C-line. Then the function space C_p(X) is the union of an increasing ω_1-sequence of closed second countable vector subspaces of C_p(X). It follows that the closure of every countable subset of C_p(X) is second countable. Moreover, if a family F of functions from C_p(X) has the constantly 0 function in its closure then it contains a sequence {f_n} which pointwise converges to 0.

Proof. The decomposition of C_p(X) has already been discussed in the previous section. The deep work of Pytkeev [26] and Gerlitz-Nagy [11] shows that the convergence property and some of its weaker forms (sequentiallity and being a k-space) are in fact equivalent to the property γ of X. Since we know that the closure of every countable subset of C_p(X) is second countable it suffices to find a countable F_0 ⊆ F having ¯0 in its closure, so we could use an even older work from that subject (see [25]). But for the convenience of the reader, we present a direct deduction. For this purpose we choose a sequence {x_n} of distinct elements of X. Let U be the set of all open subsets of X of the form U(f, n) = {x ∈ X : x ≠ x_n and |f(x)| < 2^{−n}} where f ∈ F and n ∈ N. By our assumption about F, U is an ω-cover of X, so there exist {U(f_i, n_i)} ⊆ U such that lim U(f_i, n_i) = X. It is easily checked that n_i → ∞ which in turn gives f_n → 0. This completes the proof.

Remark. We are again in the situation to note that the proof of Theorem 6 works equally well for the arrow space (C, ←) in place of the line C, so we have here a possibly stronger result that even the space (C, ←) has the property γ as well as the other properties stated in Corollary 7.

3. Sums and Products

Many of the classical covering properties are countably additive but we shall now see that the property γ is not, even in the class of Aronszajn orderings. All our examples will be suborderings of a single C-line obtained by lexicographically ordering an Aronszajn tree of the following kind (see [35]): Let Z^− be the set of negative integers and choose a sequence

e_α : α → Z^− (α < ω_1)

of finite-to-one maps such that for all α < β, e_α =^∗ e_β ↾ α i.e., the functions e_α and e_β ↾ α differ only on a finite number of places. For α < ω_1, let

T_α(e) = {t : α → Z^− : t =^∗ e_α}

and let T (e) be the union of T_α(e)’s. We shall use the notation A(e) for the C-line T (e), <_{lex}. Note that A(e) has a natural decomposition {A_α(e)}, where A_α(e) is the union of T_ξ(e) for ξ < α. The tree T (e) can naturally be identified with the corresponding partition tree of A(e) via the correspondence which sends an element t of T (e) into the convex set {s ∈ T (e) : t ⊆ s} of A(e). Note that t is the minimal element of the set so the decomposition {A_α(e)} is δ-continuous for every countable ordinal δ.

Theorem 8. There exist two C-lines B_0 and B_1 with property γ whose sum B = B_0 + B_1 does not have this property. In fact, the square of B has an uncountable closed discrete subspace so it is neither Lindelöf nor normal.

Proof. Choose two disjoint stationary sets S_0 and S_1 of countable limit ordinals. Let B_0 (resp. B_1) be the set of all t in T (e) such that, ℓ(t), the length of t, is either an element of S_0 (resp. S_1) or it is an even (resp. odd) successor ordinal. Note that the decomposition {A_α(e)} when restricted to B_i is continuous at every δ in S_i, so B_i is a stationary C-line for every i < 2. By Theorem 6, B_0 and B_1 have property γ, but we shall prove that their product B_0 × B_1 fails to have the Lindelöf property or to be a normal space.

Claim 1. B_0 × B_1 contains an uncountable closed discrete subspace. Proof. Consider the following subset of the product B_0 × B_1: D = {⟨ e_δ, e^⌢_δ ⟨−1⟩ ⟩ : δ ∈ S_0 } . Let ⟨a, b⟩ be an arbitrary element of the product and suppose there is a sequence {δ_i} of distinct elements of S_0 such that a = lim e_{δi} and b = lim e^⌢_{δi} ⟨−1⟩. Moreover, we may assume the convergence is monotonic. If the convergence to a is from the left then by the very nature of the lexicographical ordering it must be also that a = lim_{i→∞} e^⌢_{δi} ⟨−1⟩ i.e., that a = b contradicting the fact that B_0 and B_1 are disjoint. It follows that we may assume that a ⊂ e_{δi} for all i. But in order that such sequences converge to a it must be that lim_{i→∞} e_{δi} (α) = −∞ where α is the length of a. Since e^⌢_{δi} ⟨−1⟩’s extend e_{δi} ’s it follows that they also converge to a, a contradiction. This shows that D is a closed discrete subset of B_0 × B_1.

Claim 2. B_0 × B_1 is not a normal space.

Proof. By renaming the elements of the coherent sequence {e_α} assume that no e_α takes the values −2 and −1. For δ in S_0, let

I_δ = { t ∈ B_1 : t ⊃ e^⌢_δ ⟨−2⟩ or t ⊇ e^⌢_δ ⟨−1⟩ } . Then I_δ is a convex open subset of B_1 which contains e^⌢_δ ⟨−1⟩. By our assumption about e_α’s the sets I_δ are disjoint. So, we have a disjoint family

B_0 × I_δ (δ ∈ S_0)

which separates the closed discrete set D and the Claim will be proved if we show that D cannot be discretely separated. To see this, let J_δ × K_δ (δ ∈ S_0) be a given sequence of products of intervals which separates D. We may assume that x_δ , the left end-point of J_δ, has length < δ (since {A_α(e) ∩ B_0} is continuous at δ). By the PDL there is stationary S ⊆ S_0 and x in B_0 such that x_δ = x for all δ ∈ S. Since B_1 has, in particular, the Lindelöf property we can choose a complete accumulation point y of e^⌢_δ ⟨−1⟩ (δ ∈ S) in B_1. It follows that every neighborhood of ⟨x, y⟩ in B_0 × B_1 intersects uncountably many rectangles from the given family J_δ × K_δ (δ ∈ S_0) showing its non-discreteness. This completes the proof of Theorem 8.

It should be clear that we can make also the following variation of Theorem 8.

Theorem 9. For every positive integer n there is a family B_0, . . . , B_n of C-lines such that the sum of any subfamily of size at most n has the property γ but the sum B = B_0 + · · · + B_n does not have this property. In fact, the product B_0 ×· · ·×B_n contains an uncountable closed discrete subset so it is neither Lindelöf nor normal.

To mention yet another striking property of this class of C-lines, set

T^0(e) = T (e) ∪ { t^⌢⟨0⟩ : t ∈ T (e) } . Let A^0(e) be the C-line obtained by lexicographically ordering the tree T^0(e). What we get now is that for every limit node t of T^0(e) (which actually must be an element of T (e)), the convex set

I_t = { s ∈ T^0(e) : t ⊆ s } has both a minimal and a maximal element. In fact, t = min I_t and t^⌢⟨0⟩ = max I_t. It follows that the naturally defined decomposition {A^0_α(e)} is both left and right continuous at every limit level δ. The results (and proofs) of the previous section show that both of the arrow topologies ← and → on A^0(e) have property γ, so we have the following

Theorem 10. There is a C-line A such that both of its arrow topologies have property γ.

Remarks. The examples of this section can serve as linearly ordered examples distinguishing the property γ from the other weaker covering properties which are usually summable. At the same time these lines show nonproductiveness of all these properties. For example, consider the weakest such property considered in this paper, the Lindelöf property. Then Theorem 8 says that there exist two C-lines B_0 and B_1 which have the Lindelöf property in all finite powers but B_0 × B_1 fails to be even a normal space. Note also that Theorem 9 says that for every positive integer n there is a C-line B such that B^n is Lindelöf but B^{n+1} is not normal. Also, Theorem 10 says that there is a C-line A such that (A, ←) and (A, →) are Lindelöf in all finite powers while the diagonal of A^2 is an uncountable closed discrete subset of the product (A, ←) × (A, →). These are the first linearly orderable examples of this sort in the rather rich and old subject of the preservation of paracompactness and the Lindelöf property in products. One of the first classical examples in this subject is the arrow space of the real line. Its square contains the second diagonal as a closed discrete set and it is not a normal space (see [31]). To show that higher powers can also behave unpredictably E. Michael [19] has constructed using the Continuum Hypothesis some very special sets of reals whose arrow spaces do show the complex behavior in all finite powers. It is now known that such sets of reals cannot be constructed without additional axioms (see [36; §8]), so the C-line of our Theorem 10 is a reasonable substitute for these objects. Michael [19] also considers certain subspaces of the Alexandroff duplicate of R (see [1]). These are the well known Michael’s lines (not linearly orderable!). It is interesting that the key idea behind Michael’s lines is again the classical idea of concentrated sets of reals of A. Besicovitch [6] originated in the course of study of strong measure zero sets.

4. A-trees

An Aronszajn tree (A-tree in short) is a tree of height ω_1 which has countable levels but no uncountable chains i.e., the tree witnessing the failure of “König uncountability lemma”. They are the partition trees of A-lines and the only way one gets these lines. In [34] and [37] we have shown that with the right topology they can serve as a source of very interesting examples. To define the topology let us say that a node t of a tree T is isolated if either t has an immediate predecessor (i.e, it is of a successor height) or it is a limit node and there is s ≠ t in T having the same set of strict predecessors. Let T^0 denote the set of isolated nodes of T . The topology of T that we consider is the topology generated by the family V_t = {s ∈ T : t ≤ s} (t ∈ T^0) as clopen subbasis. Thus a basic open neighborhood of a node t looks like this

B^F_s (t) = {u ∈ T : u ≥ s and u ⩾̸ v for all v ∈ F },

for some s ≤ t in T^0 and a finite set F of immediate successors of t in T . We shall say that T is continuous at a limit level δ if different nodes of the δth level of T have different sets of predecessors. A tree T is stationary if the sets of levels on which T is continuous is stationary. The following summarizes some of the facts proved in [34] and [37] about this topology.

Theorem 11.

(a) Every stationary A-tree is a first countable space with property γ, i.e., every open ω-cover of T contains a sequence {U_n} such that T = lim U_n.

(b) The point-open game played on T is not determined.

(c) Every continuous function from T into a separable metric space has countable range.

(d) If F ⊆ C_p(T ) accumulates to the constantly 0 map then it contains a sequence {f_n} which pointwise converges to 0.

(e) The function space C_p(T ) is the increasing union of a family of closed separable metric vector subspaces.

Hence, we have all the analogues of the results proved above for the class of A-lines. The topology on the A-tree, however, seems to be more natural and flexible as some of the proofs indicate. For example, note that the decomposition of (e) is generated by a sequence of retractions r_δ for δ a limit node of continuity of T . The r_δ is simply the projection f_δ(t) = t ↾ δ from T onto the set T_{≤δ} of nodes of T of height ≤ δ. The decomposition works since the proof of (c) shows that for every such continuous map f there is a level δ of continuity of T such that f is constant on any V_t for t from that level. In [34; p. 585] we claimed that the tree T (e) (of the previous section) admits a weaker separable metric topology. This of course contradicts Theorem 11 (c) which first appeared as a Claim on p. 149 of our second paper [37]. It is interesting that we have overlooked the fact that these two Claims contradict each other and we thank W. Fleissner for an inquiry which made us realize this. The Aronszajn tree space of [34] has been recently used by K. Alster and R. Pol ([2], [3]) to answer an old question of E. Michael about the existence of a nonproductively Lindelöf space whose product with every hereditarily Lindelöf space is Lindelöf. In our terminology, K. Alster and R. Pol proved that the product of every stationary R-embeddable (see [33]) A-tree with every hereditarily Lindelöf space is Lindelöf. We offer now a definite result in this direction.

Theorem 12. Let T be a stationary A-tree. Then the product of T with every hereditarily Lindelöf space is Lindelöf iff T contains no Souslin subtree.

Proof. Suppose first that T has a Souslin subtree S which we may assume to be downward closed and have the property that each of its nodes has uncountably many successors in S. Choose a closed and unbounded set C of countable limit ordinals such that if S(C) is the set of elements of S with heights in C, then every node of the subtree S(C) has infinitely many immediate successors in S(C). For every s in S(C), we fix an immediate successor s^+ in the tree S (rather than S(C)). For s in S(C), let B_s = {t ∈ S(C) : t = s or t ≥ s^+} .

We consider S(C) with topology generated by B_s (s ∈ S(C)) as clopen subbasis. We leave the reader to check that with this topology S(C) is a hereditarily Lindelöf space whose product with T is not Lindelöf since it contains the diagonal of S(C) as an uncountable closed discrete subset.

Suppose now that T contains no Souslin subtrees and that X is a given hereditarily Lindelöf space. Let W be a given open cover of T × X. We need to find a countable subcover of W. It will be easier to find a ccc partial ordering P^∗ which forces W to have a countable subcover Ẇ_0. Note that this will be sufficient since the set of all W ∈ W which are forced by some condition from P^∗ to be in Ẇ_0 will be desired countable subcover of W.

Let P be the poset of all finite antichains of T and let P^∗ be the set of all sequences {p_i} of elements of P such that p_i = ∅ for all but finitely many i’s. Then our assumption that T contains no Souslin subtree translates into the fact that P and therefore P^∗ is a poset with property K (see [33; §9]). It is easily seen that this strong chain condition preserves the hereditary Lindelöfness of X. Note that in the forcing extension of P^∗ we still have the hypothesis about X and T satisfied and, moreover, we may take advantage of the fact that tree T is now special i.e., that there is an f : T → ω such that f^{−1}(i) is an antichain of T for all i. So, working in this extension, choose a countable elementary submodel M of some large enough structure containing all these objects such that if δ is its intersection with ω_1 then T is continuous at level δ.

Claim. W ∩ M covers T × X.

Proof. Let ⟨u, x⟩ be a given element of the product. We need to find a member of W ∩ M which contains this point. Clearly, we may assume that u has height ≥ δ since otherwise we are easily done using the Lindelöf property of X. Let t^′ be the projection of u on the δth level of T and let n = f(t^′). Then we can find basic open neighborhoods B^{F ′}_s (t^′) and U_x of t^′ and x, respectively, such that B^{F ′}_s (t^′) × U_x is included in a member of the cover W. Let U be the set of all open subsets U of X for which there exist t ∈ T with f(t) = n and a finite set F of immediate successors of t such that B^F_s (t) × U is included in a member of W. Being definable from a sequence of elements of M, U is clearly an element of M. Note that U_x is a member of U as witnessed by t^′ and F^′. Since X is hereditarily Lindelöf, U and U ∩ M have the same unions, so we can fix a U ∈ U ∩ M containing x. Then for some t in T ∩ M and some finite set F of immediate successors of t, the product B^F_s (t) × U is included in a member W of W ∩ M. So, the proof of the Claim is finished once we show that B^F_s (t) × U contains ⟨u, x⟩ which by the choice of U reduces to showing that u is a member of the basic open set B^F_s (t). So, we have to check the following:

(a) u ≥ s, and (b) u ⩾̸ v for all v ∈ F .

The fact (a) follows from u ≥ t^′ > s. If (b) fails for some v, then we would have that u ≥ v > t. It follows that t and t^′ are predecessors of u, so they must be comparable. But this contradicts the fact that f(t) = f(t^′) = n and finishes the proof.

While Theorem 12 seems to be satisfactory result, we would still like to know more about the class of spaces X for which the product T × X is Lindelöf, independently on whether T contains a Souslin subtree or not. One of the striking properties of the space S(C) from the above proof is that it is separated i.e., that the neighborhood assignment B_s (s ∈ S(C)) has the property that t ∉ B_s whenever s ⩽̸ t so in particular S(C) is not a separable space. Hence, a possible candidate would be the class H of all hereditarily Lindelöf and hereditarily separable spaces.

Theorem 13. Let T be a stationary A-tree. Then for every X in H, the product T × X is Lindelöf.

Proof. As in the proof of Theorem 12 it suffices to show that the poset P^∗ preserves the hereditary Lindelöfness of every space X ∈ H. Otherwise, by the standard counting arguments we would be able to find two ω_1 sequences {F_α} and {(x_α, V_α)} such that:

(a) F_α’s are finite subsets of T of the same size n.

(b) if α < β then the height of every node of F_α is smaller than the height of every node from F_β , (c) x_α’s are elements of X and V_α’s are their neighborhoods, (d) if α < β and if x_β ∈ V_α then there must be s ∈ F_α and t ∈ F_β such that s < t. Our assumption about X, in particular means that we can find an uncountable set I ⊆ ω_1 such that for every finite J ⊆ I the set

P_J = {β : x_β ∈ V_α for all α ∈ J}

is uncountable. Let F be a uniform ultrafilter on ω_1 containing the sets P_J (J ∈ [I]^{<ω}). By (d) and by some counting there exist 1 ≤ i, j ≤ n and uncountable I_0 ⊆ I such that for every α in I_0, there is a set R_α ∈ F such that for every β in R_α, the ith element of F_α is less than the jth element of F_β . (Here we are assuming to have fixed in advance an enumeration {t_{αℓ}}^n_{ℓ=1} of F_α for every α.) Let Z = {t_{αi} : α ∈ I_0} . Then every two elements t_{ξi} and t_{ηi} of Z are comparable for they are dominated by t_{βj} for every β ∈ R_ξ ∩ R_η . It follows that Z is an uncountable chain of T , a contradiction.

Corollary 14. If T is a stationary A-tree then T × X is Lindelöf for every separable metric space X.

We finish this section with a remark that similar preservation results can be proved for the corresponding class of stationary A-lines.

5. Homogeneity of T (e)

The purpose of this section is to take advantage of the fact that the tree T (e) is a homogeneous object by associating it to some structure very similar to those of the previous two sections and which will inherit their homogeneities from T (e).

Let T̃ (e) be the set of all mappings t : α → Z^− such that α is a countable ordinal and such that t ↾ ξ is an element of T (e) for all ξ < α or in other words, t ↾ ξ =_∗ e_ξ for all ξ < α. Then T̃ (e) ordered lexicographically is a complete linearly ordered set. It is not continuous since it contains many gaps of the form [ t^⌢⟨m⟩^⌢⟨−1, −1, . . . ⟩, t^⌢⟨m + 1⟩ ]

where t ∈ T (e) and m ≤ −2. To get a continuum we remove the left-hand points of all the gaps of T̃ (e). Let Ã(e) denote so obtained linearly ordered continuum. It is a first countable Aronszajn continuum (see [33]) which can be represented as an increasing union of an ω_1-sequence of Cantor sets

Ã_{δ+1}(e) = { t ∈ Ã(e) : ℓ(t) ≤ δ }

where δ is a countable limit ordinal. To see this note that for every such δ, the level T_δ(e) of the tree T (e) is order-dense in Ã_{δ+1}(e). To state our next result, recall that an ordered continuum A is called homogeneous if for every two pairs x_0 < x_1 and y_0 < y_1 of non-endpoints of A there exists an order-isomorphism σ such that σ(x_i) = y_i for all i < 2. Also, we say that A is reversible if (A, ≤) is orderisomorphic to its reverse (A, ≥). For example, the unit interval is a homogeneous reversible continuum.

Theorem 15. Ã(e) is a homogeneous nonreversible first countable continuum of weight ℵ_1.

Proof. Let us first prove that there is no order-reversing bijection σ : Ã(e) → Ã(e). Note that no member of the tree T (e) has been removed from T̃ (e) in its transition to Ã(e) so it makes sense looking at the images of members of T (e). Since T (e) ordered lexicographically is an A-line the images of its elements cannot be bounded in length. So for every limit ordinal δ we can fix t_δ in T (e) of length ≥ δ such that σ(t_δ ) has length > δ. Thus for every such δ there exist f(δ) < δ which bounds all ξ < δ such that t_δ (ξ) ≠ σ(t_δ )(ξ). By the PDL there is uncountable set S and γ < ω_1 such that f(δ) = γ for all δ ∈ S. We may also assume that all the t_δ’s for δ ∈ S have the same restriction on γ and similarly that all the σ(t_δ )’s have the same restriction on γ. Moreover, we may assume that t_δ ↾ δ (δ ∈ S) and σ(t_δ ) ↾ δ (δ ∈ S) are two antichains of T (e). Consider two δ < ε in S and suppose that, for example, t_δ <_{lex} t_ε, i.e., that t_δ(ξ) < t_ε(ξ) where ξ is the minimal ordinal where t_δ and t_ε disagree. Note that γ ≤ ξ < δ. Let ξ̄ be the minimal ordinal where σ(t_δ ) and σ(t_ε) disagree. Then again we must have that γ ≤ ξ̄ < δ. By the choice of the pressing down map f, we have that σ(t_δ ) ↾ [γ, δ) = t_δ ↾ [γ, δ) and σ(t_ε) ↾ [γ, ε) = t_ε ↾ [γ, ε) .

It follows that ξ̄ = ξ and that

σ(t_δ )(ξ̄) = t_δ(ξ̄) < t_ε(ξ̄) = σ(t_ε)(ξ̄)

i.e., that σ(t_δ ) <_{lex} σ(t_ε) contradicting the assumption that σ is order-reversing.

To show that Ã(e) is homogeneous fix two pairs x_0 < x_1 and y_0 < y_1 of nonendpoints of Ã(e). Choose a countable limit ordinal δ strictly above the lengths of x_i’s and y_i’s. Thus we have Cantor set Ã_{δ+1}(e), an order-dense subset T_δ(e) of it, and x_0 < x_1 and y_0 < y_1 in Ã_{δ+1}(e) \ T_δ(e). So by Cantor’s theorem there is an order-isomorphism σ : Ã_{δ+1}(e) → Ã_{δ+1}(e) such that

σ^{′′}T_δ(e) = T_δ(e)

and such that σ(x_i) = y_i for i < 2. Extend σ to the rest of Ã(e) by the formula σ(t) = σ(t ↾ δ)^⌢t ↾ [δ, ℓ(t)) . It is easily checked that this completes the proof of Theorem 15.

Remark. The first homogeneous nonreversible Aronszajn (in fact, Souslin) continuum was constructed by Jensen [13] (see also [33; p. 269]) using some special axioms of set theory. The first construction of a homogeneous nonreversible Aronszajn continuum, without any use of special axiom, was sketched by Shelah in [30]. Shelah’s sketch is based on his construction ([30]) of a C-line, the first such construction appearing in the literature. Some first countable homogeneous and nonreversible continua of a quite different sort have been constructed more recently by K. Hart and J. van Mill [12]. Their continua have weight and cellularity larger than ℵ_1.

To present yet another application of the tree T (e), recall that a compact Hausdorff space is called an Eberlein compactum, if it is homeomorphic to a weakly compact subset of a Banach space (see [4], [18]). If X is an Eberlein compactum then the Banach space C(X) is weakly compactly generated which amounts to the fact that C_p(X) contains a dense σ-compact subset. It is in this context that we were able to use T (e) in [37] to construct some compactly generated groups with striking convergence-type properties. This of course did not exhaust the rich combinatorial structure of the object T (e) for we shall now use it to consider the homogeneity restriction in the class of Eberlein compacta. Note that this is indeed a severe restriction as any homogeneous Eberlein compactum must be first countable. The first example of a nonmetrizable homogeneous Eberlein compact space was given by J. van Mill [20]. The weight and therefore the cellularity of his example are equal to the continuum, the maximal possible value. Since the possible weights and especially the cellularities of homogeneous compacta are still of a largely unknown nature, it seems desirable to search for, say, homogeneous Eberlein compacta of weight (and therefore cellularity) different from the two known values.

The set T̃ (e) has another natural topology. To see this let T^0(e) be the set of all nodes of T (e) of successor lengths. For t in T^0(e), set Ṽ_t = {u ∈ T̃ (e) : t ⊆ u} and consider T̃ (e) with the topology generated by Ṽ_t (t ∈ T^0(e)) as a clopen subbasis. This is the path-topology of T̃ (e) obtained from the Cantor cube {0, 1}^{T 0(e)} by identifying the elements of T̃ (e) with the set of all downward closed chains of the tree T^0(e). It follows that T̃ (e) is a first countable compact retractive space.

Theorem 16. T̃ (e) is a homogeneous Eberlein compactum of weight ℵ_1.

Proof. For n ∈ Z^−, let P_n be the set of all t in T^0(e) whose last term is equal to n. Then Ṽ_t (t ∈ P_n) is a point-finite family of clopen subsets of T̃ (e), a fact which immediately follows from the assumption that the e_α’s are finite-to-one functions. It follows that Ṽ_t (t ∈ P_n, n ∈ Z^−) is a σ-point-finite separating family of clopen subsets of T̃ (e). By a theorem of H. Rosenthal [28] this means that T̃ (e) is an Eberlein compactum.

To show that T̃ (e) is homogeneous, let x and y be given two elements of T̃ (e). Choose a countable limit ordinal δ strictly larger than the lengths of x and y. The set T̃_{≤δ}(e) of all nodes of T̃ (e) of length ≤ δ is homeomorphic to the Cantor set and T_δ(e), the δth level of T (e), is one of its countable dense subsets. It follows that we can find a homeomorphism h of T̃_{≤δ}(e) such that

(a) h(x) = y, and (b) h^{′′}T_δ = T_δ.

Extend h to the rest of T̃ (e) by the formula h(t) = h(t ↾ δ)^⌢t ↾ [δ, ℓ(t)) . It is easily checked that this is a well-defined map and that it is indeed a homeomorphism of T̃ (e). This completes the proof.

Remark. Note that the separating family Ṽ_t (t ∈ T^0(e)) of T̃ (e) is, in fact, σ-disjoint. To see this, note that for each n ∈ Z^−, the subtree P_n of T^0(e) is the union of countably many antichains

P_{nk} = {t ∈ P_n : t has exactly k predecessors in P_n}

where k ∈ Z \ Z^−. Hence Ṽ_t(t ∈ P_{nk}, n ∈ Z^−, −k ∈ Z \ Z^−) is a σ-disjoint decomposition of the separating family Ṽ_t(t ∈ T^0(e)) of T̃ (e). It follows that T̃ (e) is an uniform Eberlein compactum i.e., that it is homeomorphic to a weakly compact subset of Hilbert space (see [5]).

For a countable limit ordinal δ let r_δ : T̃ (e) → T̃_{≤δ}(e) be the natural retraction: r_δ (t) = t ↾ δ, where the restriction operation is taken in its wider meaning: t ↾ δ = t if δ ≥ ℓ(t). Then the space of continuous real function on T̃ (e) admits a similar decomposition theorem to these considered in previous sections in the case of A-lines and trees.

Theorem 17. For every continuous real function f on T̃ (e) there is a countable limit ordinal δ such that f = (f ↾ T̃_{≤δ}(e)) ∘ r_δ .

Proof. Working as in the proof of Theorem 3, consider the sets Z_n = {t ∈ T (e) : diam (f^{′′}V_t) ≥ 1/n} for n = 1, 2, . . . and show that each of them is countable. The conclusion of Theorem 15 follows immediately from this.

It follows that C_p(T̃ (e)) is the union of an increasing ω_1-sequence of closed subspaces homeomorphic to the function space of the Cantor set. Similar fact can be proved about the weak topology of C(T̃ (e)). Note that the fact that T̃ (e) is the increasing union of Cantor sets T̃_{≤δ}(e) means, in particular, that every closed metric subspace of T̃ (e) is G_δ . Thus we have at the same time answered yet another metrizability question about Eberlein compacta (see [28, p. 109]). The homogeneous Eberlein compactum of [20] does not have this additional property.

References

[1] P. Alexandroff, P. Urysohn, Mémoire sur les espaces topologiques compacts. 14 (1929), Verh.

Akad. Wetensch. Amsterdam.

[2] K. Alster, On the cartesian products of Lindelöf space with one fact hereditarily Lindelöf, Proc. Amer. Math. Soc. 116 (1992), 207–212.

[3] K. Alster, R. Pol, A remark on Kurepa’s topology on Aronszajn trees, Houston J. Math. 18 (1992), 409–415.

[4] D. Amir, J. Lindenstrauss, The structure of weakly compact sets in Banach Spaces, Ann. of Math. 88 (1968), 34–46.

[5] Y. Benyamini, T. Starbird, Embedding weakly compact sets into Hilbert space, Israel J. Math.

23 (1976), 137–141.

[6] A. Besicovitch, Concentrated and rarified sets of points, Acta Math 62 (1934), 289–300. [7] , Relations between concentrated sets and sets possessing property C, Proc. Cambridge Philos. Soc. 38 (1942), 20–23.

[8] E. Borel, Sur la classification des ensembles de mesure nulle, Bull. Soc. Math. France 47 (1919), 97–125.

[9] F. Galvin, Indeterminacy of point-open games, Bull. Acad. Polon. Sci. 26 (1978), 445–449. [10] F. Galvin, A. Miller, γ-sets and other singular sets of real numbers, Topol and Appl. 17 (1984), 145–155.

[11] J. Gerlitz, Zs. Nagy, Some properties of C(X), I& II, Topol and Appl. 14 (1982), 151–161. [12] K. Hart, J. van Mill, A method of constructing ordered continua, Topology Appl. 21 (1985), 35–49.

[13] R. Jensen, Automorphism properties of Souslin continua, Notices Amer. Math. Soc., vol. 16, (1969), pp. A-935.

[14] K. Kunen, J. Vaughan, Handbook of Set-Theoretic Topology, North Holland, Amsterdam, 1984.

[15] Dj. Kurepa, Ensembles ordonnés et ramifiés, Publ. Math. Univ. Belgrade 4 (1935), 1–138. [16] , Ensembles linéaires et une classe de tableaux ramifiés (tableaux ramifiés de M.

Aronszajn), Publ. Math. Univ. Belgrade 6 (1937), 129–160.

[17] , On the existence of pseudometric non-totally orderable spaces, Glasnik Mat.-Fiz.

Astr. 18 (1965), 183–194.

[18] J. Lindenstrauss, Weakly compact sets, their topological properties and the Banach spaces they generate, Ann. Math. Studies, vol. 69, Princeton Univ. Press, 1972, pp. 235–273.

[19] E. Michael, Paracompactness and the Lindelöf property in finite and countable cartesian products, Compositio Math. 23 (1971), 199–214.

[20] J. van Mill, A homogeneous Eberlein compact space which is not metrizable, Pacific J. Math.

101 (1982), 141–146.

[21] A. Miller, D. Fremlin, On some properties of Hurewicz, Menger, and Rothberger, Fund. Math.

129 (1988), 17–33.

[22] R. Pol, A function space C(X) which is weakly Lindelöf but not weakly compactly generated, Studia Math. 64 (1979), 279–284.

[23] T. Przymusinski, Normality and paracompactness in finite and countable cartesian products, Fund. Math. 105 (1980), 87–104.

[24] , Products of normal spaces, Chapter 18 of [14].

[25] E. Pytkeev, On the tightness of spaces of continuous functions, Russian Math. Surveys 37 (1982), 176–177.

[26] , On sequentiality of spaces of continuous functions, Russian Math. Surveys 37 (1982), 190–191.

[27] I. Reclaw, Every Luzin set is undetermined in the point-open game, Fund. Math. 144 (1994), 43–54.

[28] H. Rosenthal, The hereditary problem for weakly compactly generated Banach spaces, Compositio Math. 28 (1974), 83–111.

[29] F. Rothberger, Eine verscharfung der eigenschaft C, Fund. Math. 30 (1938), 50–55. [30] S. Shelah, Decomposing uncountable squares to countably many chains, J. Combinatorial Theory 21 (1976), 110–114.

[31] R. Sorgenfrey, On the topological product of paracompact spaces, Bull. Amer. Math. Soc. 53 (1947), 631–632.

[32] R. Telgarsky, On point-open games and their generalizations, Colloquia Math. Soc. János Bolyai 23 (1978), 1167–1171.

[33] S. Todorčević, Trees and linearly ordered sets, Chapter 6 of [14].

[34] , On the Lindelöf property of Aronszajn trees, in Proc. Sixth Prague Topol. Symp., (Z. Frolik, ed.), Heldermann Verlag, Berlin, 1986, pp. 577–588.

[35] , Partitioning pairs of countable ordinals, Acta Math. 159 (1987), 261–294. [36] , Partition Problems in Topology, Amer. Math. Soc. Providence, 1989. [37] , Some applications of S and L combinatorics, Ann. New York Acad. Sci. 705 (1993), 130–167.

Matematički institut (Received 08 10 1994) Kneza Mihaila 35 11001 Beograd, p.p. 367 Yugoslavia

Department of Mathematics University of Toronto Toronto, Ontario Canada, M5S 1A1