PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE Nouvelle série, tome 57 (71), 1995, 71–80 -Duro Kurepa memorial volume

EDGE DECOMPOSITIONS OF GRAPHS WITH NO LARGE INDEPENDENT SETS

F. Galvin, A. Hajnal, P. Komjáth

Abstract. If the continuum hypothesis holds then every graph on ω_1 with no uncountable independent sets can be edge decomposed into the disjoint union of ℵ_1 subgraphs with the same property. In the absence of the continuum hypothesis this may or may not be true. Extensions to other cardinals are given.

0. Introduction

An important result in considering extensions of Ramsey’s theorem to uncountable sets was given by W. Sierpiński who proved that there is a graph of cardinal ℵ_1 which has neither an uncountable complete graph nor an uncountable independent set. This can be regarded as a decomposition of the edges of the complete graph on ℵ_1 vertices into two parts such that every uncountable set of vertices spans edges in both parts. Research initiated by P. Erdős (see [3]) showed that under CH a decomposition even into ℵ_1 parts is also possible. This was the starting point of an important chapter of combinatorial set theory, the calculus of square bracket partition relations. We mention that much later S. Todorčević ([6]) showed that the above result is true even without CH.

In this paper we consider the question which graphs have similar decompositions. It turns out that, under CH, if X is a graph on ω_1 with no uncountable independent set, then it can be decomposed into the union of ℵ_1 graphs with the same property. A corollary of this is that there is no universal graph of cardinal ℵ_1 that omits uncountable cliques and uncountable independent sets. In the absence of CH, it is consistent that there is a graph with no such decomposition even into two parts. But the positive statement is also consistent with arbitrary values of 2^ω.

AMS Subject Classification (1991): Primary 03 E 05, Secondary 03 E 35, 03 E 50, 04 A 20.

Project sponsored by the National Security Agency under Grant Number MDA904-95-H-1041. The United States government is authorized to reproduce and distribute copies notwithstanding any copyright notation hereon (F.G.).

Research partially supported by Hungarian National Science Grant OTKA 014105 (P.K.).

Slightly generalizing a result of Galvin and Shelah we show that if 2^ω < ω_ω and X is a graph of cardinal 2^ω with no independent set of cardinal 2^ω then it can be decomposed into the union of ω graphs with the same property (Theorem 8). If the axiom of constructibility holds then every regular uncountable non-weakly compact cardinal has the property described above for ℵ_1 (Theorem 9).

We use the standard axiomatic set theory notation. R denotes the set of real numbers. If S is a set, κ a cardinal, then [S]^κ = {A ⊆ S : |A| = κ}, [S]^{<κ} = {A ⊆ S : |A| < κ}. A graph is a set X ⊆ [V ]^2 for some set V of vertices. A subset A of vertices is a complete subgraph or a clique if [A]^2 ⊆ X, it is an independent set or empty subgraph if [A]^2 ∩ X = ∅.

If λ ≥ κ, μ are cardinals then let Q(λ, κ, μ) denote the following statement. If X is a graph on λ which has no independent set of cardinal κ then (the edge set of) X can be written as the disjoint union of μ graphs, X = ⋃ {Y_α : α < μ} none having an independent set of cardinal κ. We emphasize that we require the strong property that every κ-subset of λ must have an edge in Y_α so for example the trivial idea of decomposing λ into μ many disjoint subsets does not work.

The negative square bracket partition relation is defined as follows. If κ, λ, μ are cardinals, then λ ↛ [κ]^2_μ means that there exists an f : [λ]^2 → μ such that for every A ∈ [λ]^κ and ξ < μ there exist x < y in A such that f(x, y) = ξ.

Clearly, Q(λ, κ, μ) strengthens λ ↛ [κ]^2_μ.

1. The main result

Theorem 1. If 2^κ = κ^+ then Q(κ^+, κ^+, κ^+) holds.

Proof. Let X be a graph on κ^+ with no independent set of cardinal κ^+. Enumerate [κ^+]^{≤κ} as {B_α : α < κ^+} with B_α ⊆ α. By a simple diagonal argument one can define the function f(β, α) < α for β < α < κ^+, {β, α} ∈ X such that if γ < α and | |{β ∈ B_γ : {β, α} ∈ X} | | = κ then {f(β, α) : β ∈ B_γ , {β, α} ∈ X} = α. One simply has to disjointize κ many sets of cardinal κ. From this coloring we get the decomposition of X the usual way, {β, α} ∈ Y_τ iff f(β, α) = τ.

Assume that H ⊆ κ^+, |H| = κ^+. By transfinite recursion on α < κ^+ we select the increasing sequence x_α ∈ H as follows. If x_β (for β < α) are selected, and {x_β : β < α} = B_{τ (α)} then let x_α be an arbitrary element of H greater than τ(α). Assume, for a contradiction, that f does not assume a certain value ξ on H. Then, by our construction, for α > ξ, x_α can only be joined into < κ many elements of {x_β : β < α}. By Lázár’s set mapping theorem there is an independent set of cardinal κ^+, a contradiction to our original hypothesis on X.

A similar argument gives the following result.

Theorem 2. Assume that 2^κ = κ^+. Suppose X_α are graphs on κ^+ (α < κ^+) so that no X_α has an independent set of cardinal κ^+. Then there exist pairwise disjoint graphs Y_α ⊆ X_α with the same property.

Corollary 3. Assume that 2^κ = κ^+, X_0 ⊆ X_1 ⊆ [κ^+]^2 are graphs such that X_0 has no complete subgraph of cardinal κ^+ while X_1 has no independent set of cardinal κ^+. Then there exists a graph X_0 ⊆ Y ⊆ X_1 with both properties.

Proof. Apply Theorem 2 to the graphs X^′_0, X_1 where X^′_0 = [κ^+]^2 − X_0, a graph on κ^+ with no independent sets of cardinal κ^+. We get the disjoint graphs Y_0 ⊆ X^′_0, Y_1 ⊆ X_1 with no independent sets of cardinal κ^+. Now set Y = X_0 ∪ Y_1. As Y ⊇ Y_1 there is no independent sets of cardinal κ^+ in Y , and as [κ^+]^2 − Y = X^′_0 − Y_1 ⊇ Y_0 there is no complete subgraph of cardinal κ^+ in Y .

An interesting application can be given of this corollary. A universal element in a class of graphs is a graph which homomorphically embeds every graph in the class. (Given the graphs X, X^′ on V , V^′, respectively, a mapping f : V → V^′ is a homomorphism, if {x, y} ∈ X implies {f(x), f(y)} ∈ X^′.) We notice, that proofs of the existence of universal elements in various classes usually produce elements with the stronger property when the embeddings are required to be isomorphisms. F. Galvin and R. Laver proved that if 2^κ = κ^+ then there is no universal graph in the class of graphs of cardinal κ^+ which do not contain complete subgraphs of cardinal κ^+. R. Schipperus asked if this is true for those graphs which omit independent sets of cardinal κ^+, as well. We show that it is, indeed, the case.

Corollary 4. If 2^κ = κ^+ then there is no universal graph among those of cardinal κ^+ which omit complete as well as empty graphs of cardinal κ^+.

Proof. Let X be the alleged universal graph. By the above mentioned theorem of F. Galvin and R. Laver there is a graph Y of cardinal κ^+ which omits complete graphs of cardinal κ^+ and Y cannot be homomorphically embedded into X (see a proof in [5]). By the previous corollary, there is a graph Y ⊆ Z ⊆ [κ^+]^2 which omits both complete graphs and independent sets of cardinal κ^+ and clearly Z cannot be embedded into X, either.

Concluding this part we give some variants of Theorem 1. If F is some class of subgraphs of [κ^+]^2 we say that X ⊆ [κ^+]^2 is F-large iff X ∩ F ≠ ∅ whenever F ∈ F. F ⊆ [κ^+]^2 is a complete bipartite (κ, κ^+) or (κ^+, κ^+) graph iff F = {{b, w} : b ∈ B, w ∈ W } for some B, W ⊆ κ^+, |B| = κ or κ^+, |W | = κ^+. F is a halfgraph iff F = {{b, w} : b ∈ B, w ∈ W, b < w} for some B, W ⊆ κ^+, |B| = |W | = κ^+. Theorem 5. If 2^κ = κ^+ and X ⊆ [κ^+]^2 is F-large then X is the disjoint union of κ^+ F-large graphs, assuming that F is the class of the (a) complete graphs of cardinal κ^+; (b) halfgraphs;

(c) complete bipartite (κ, κ^+) graphs; (d) complete bipartite (κ^+, κ^+) graphs.

Proof. (a) is a restatement of Theorem 1. We prove (d), the other cases are simpler. Let X be an F-large graph for the class of complete bipartite (κ^+, κ^+) graphs. Assume that B, W ⊆ κ^+, |B| = |W | = κ^+, B ∩ W = ∅. We show the following Claim. It easily implies that the coloring of Theorem 1 works for F.

Claim. Either there is B^′ ∈ [B]^κ such that |{w ∈ W : |{b ∈ B^′ : {b, w} ∈ X}| = κ}| = κ^+ or else there is W^′ ∈ [W ]^κ such that |{b ∈ B : |{w ∈ W^′ : {b, w} ∈ X}| = κ}| = κ^+. Proof of Claim. Enumerate B, W as B = {b_α : α < κ^+}, W = {w_α : α < κ^+}. If no B^′, W^′ as described can be selected then to every α < κ^+ there is a β(α) ≥ α such that if β ≥ β(α) then every w_β is joined to less than κ many b_γ (γ < α) and likewise for b_γ . Using Lázár’s theorem we can get a Z ⊆ κ^+, |Z| = κ^+ such that if β ≠ α are from Z then {b_β, w_α} /∈ X. Now if Z is split into the disjoint Z^′, Z^{′′} of cardinal κ^+, then X has no common edge with the bipartite graph on bipartition classes {b_α : α ∈ Z^′}, {w_α : α ∈ Z^{′′}}, a contradiction.

2. Independence

The easy independence is contained in the following theorem.

Theorem 6. If more than ℵ_1 Cohen reals are added to a model of ZFC then Q(ω_1, ω_1, ω_1) holds in the reulting model.

Proof. It suffices to show that if X ∈ V is a graph on ω_1 and P adds one Cohen real then X witnesses Q(ω_1, ω_1, ω_1) in V^P (i.e., either has an uncountable independent set or has a decomposition as required).

We assume that the elements of P are the functions with Dom(p) < ω, Ran(p) ⊆ ω. p^′ ≤ p iff p^′ ⊇ p, i.e., p^′ extends p. Notice that P is countable. The generic set G ⊆ P gives a function G^′ : ω → ω the following way. G^′(n) = k iff there is a p ∈ G with p(n) = k. For α < ω_1 enumerate α as α = {β_n(α) : n < ω}. If γ < α, {γ, α} ∈ X, γ = β_n(α) color the edge {γ, α} as F (γ, α) = β_G′_{(n)}(α). This, indeed, is a coloring of the edges of X in V^P .

Assume that some condition q forces that X has no uncountable independent set yet Z is an uncountable set missing color ξ. There are an uncountable set S ⊆ ω_1 and conditions p_α ≤ q (α ∈ S) such that p_α ‖−− α ∈ Z. As P is countable we can assume that p_α = p (α ∈ S). Set k = Dom(p). As X has no uncountable independent set (in V^P so even less in V ) by Lázár’s set mapping theorem there is an element ξ < α ∈ S such that {γ < α : γ ∈ S, {γ, α} ∈ X} is infinite. Set ξ = β_m(α). Select γ < α, γ ∈ S with γ = β_n(α), n ≥ k. Extend p to a p^′ such that Dom(p^′) = n + 1, p^′(n) = m, then p^′ forces that the edge {γ, α} in Z gets color ξ, a contradiction.

Theorem 7. It is consistent that Q(ω_1, ω_1, 2) fails.

Proof. Let V be a model of CH. Let {A_α : α < ω_2} be a family of almost disjoint uncountable subsets of ω_1. We are going to define a finite support iteration of length ω_2, P = (P_α, Q_α : α < ω_2) and in the same time the notion of nice family of conditions. We denote the support of a condition p by supp(p) (so it is a finite subset of ω_2). As follows, G_α is a generic subset of P_α.

Let Q_0 be the poset adding a graph X on ω_1 with finite conditions. That is, q = (s, g) ∈ Q_0 iff s ∈ [ω_1]^{<ω}, g ⊆ [s]^2, and q^′ = (s^′, g^′) extends if s^′ ⊇ s and g = g^′ ∩ [s]^2.

When p ∈ P_α is a condition we use the notation p(0) = (s^p, g^p). Assume that α < ω_2, P_α has already been defined, and, in V^{Pα} , f_α : X → 2 is a coloring of the edges of X with 0 and 1.

We call a family of conditions {p_i : i ∈ I} in P_α a nice family if the following hold. Their supports form a Δ-system; supp(p_i) = a ∪ b_i. The vertex sets of the graphs in p_i(0) also form a Δ-system, s^{pi} = s ∪ s_i, and g^{pi} ∩ [s]^2 = g holds for i ∈ I. For β ∈ a − {0}, i, j ∈ I, ε(p_i, β) = ε(p_j , β). For β ∈ a − {0}, i ∈ I, p_i(β) = p(β)∪p^i(β), where, if ε(p_i, β) = 0, then p^i(β) ⊆ s_i, if, however, ε(p_i, β) = 1, then ⋃ {w_ξ : ξ ∈ p^i(β)} ⊆ s_i. If we set p(0) = (s, g) and the so formed p is a condition then we say that {p_i : i ∈ I} is a nice family with kernel p. It is easy to see that in this case p_i ≤ p for i ∈ I.

We are going to define a maximal antichain r^τ (τ < τ^α) in P_α, and ε(τ) < 2 (τ < τ^α). This done, if p ∈ P_α, β < α, then we set ε(p, β) = i if p|β ≤ r^τ for some τ with ε(τ) = i.

Assume that the conditions r^{τ ′} (τ^′ < τ) have already been selected. If no condition is incompatible with each of them then we terminate the definition and set τ^α = τ. Otherwise, let r be a condition incompatible with each of them.

Assume first that there do not exist conditions p_ξ ≤ r and disjoint sets ξ ∈ w_ξ ∈ [A_α]^{<ω} (ξ ∈ B) for some uncountable B ⊆ A_α such that the following condition holds.

(∗) for ξ_1 ≠ ξ_2 ∈ B if p ≤ p_{ξ1} , p_{ξ2} , and g^p contains {ξ_1, ξ_2} as the only edge between w_{ξ1} and w_{ξ2} then p ‖−− f_α(ξ_1, ξ_2) = 1. Then we set r^τ = r, ε(τ) = 0.

Assume now that a family {p_ξ, w_ξ : ξ ∈ B} as in (∗) exists. Fix such a family. We may as well assume that {p_ξ : ξ ∈ B} is a nice family with kernel r ≤ r. This will be justifed by Claim 2. Finally set ε(τ) = 1, r^τ = r. Also define A^′_α = {ξ : p_ξ ∈ G_α}.

The objects just defined usually depend on several variables, e.g., w_ξ is in fact a w_{α,τ,ξ}. To keep the exposition relatively clear, whenever possible, we supress some indices.

(p, q) ∈ P_{α+1} iff either p ∈ P_α is arbitrary and q = ∅ (and in this case of course supp(p, q) = supp(p)) or else there is a τ < τ^α such that p ≤ r^τ . Moreover, if ε(τ) = 0, we assume that q ⊆ s^p ∩A_α and p forces that f_α on X ∩[q]^2 assumes only the value 0. If, however, ε(τ) = 1, we assume that q ∈ [A^′_α]^{<ω}, for ξ ∈ q w_ξ ⊆ s^p and if ξ ≠ ξ^′ are in q and {ξ, ξ^′} ∈ X then no other edge of X goes between w_ξ and w_ξ′ . Notice that by (∗) in this case f_α(ξ, ξ^′) = 1 is forced so Q_α adds a subset with edges only in color 1. In this case, of course, we set supp(p, q) = supp(p) ∪ {α}.

The ordering on P_{α+1} is as follows.

(p^′, q^′) ≤ (p, q) iff p^′ ≤ p and either q = ∅ or q^′ ⊇ q and either ε(p, α) = 0 (and so ε(p^′, α) = 0) and q^′ −q ⊆ s^{p′} −s^p or ε(p^′, α) = 1 and ⋃ {w_ξ : ξ ∈ q^′ −q} ⊆ s^{p′} −s^p. Claim 0. The ordering on P_{α+1} is transitive.

Proof. Assume that (p^{′′}, q^{′′}) ≤ (p^′, q^′) ≤ (p, q). Clearly, p^{′′} ≤ p^′ ≤ p. If q = ∅, the statement is obvious. If not, q^{′′} ⊇ q^′ ⊇ q and p ≤ r^τ for some τ. If ε(τ) = 0 then q^{′′} − q^′ ⊆ s^{p′′} − s^{p′} , q^′ − q ⊆ s^{p′} − s^p, and so q^{′′} − q ⊆ s^{p′′} − s^p. If ε(τ) = 1, a similar argument works.

Claim 1. Assume that {p^′, p^{′′}} ⊆ P_α form a nice family. Let p be their coordinatewise union, i.e., s^p = s^{p′} ∪s^{p′′} , g^p = g^{p′} ∪g^{p′′} , and p(β) = p^′(β)∪p^{′′}(β) for 0 < β < α. Then p is a condition, extends p^′, p^{′′}, which are, therefore, compatible.

Proof. By transfinite induction on β ≤ α we show that p|β is a condition. The cases β = 1 or limit are clear. Assume that β = γ + 1. If p^′(γ) or p^{′′}(γ) = ∅ then the statement is again obvious. If neither p^′(γ) nor p^{′′}(γ) = ∅ then, as p^′|γ and p^{′′}|γ are compatible, they must extend the same r^τ (for some τ < τ^γ ).

If ε(τ) = 0 p|γ forces that p^′(γ) and p^{′′}(γ) contain only color 0 edges and, as g^p = g^{p′} ∪ g^{p′′} , this is true for p(γ). If ε(τ) = 1, a similar argument works.

Claim 2. If p_ξ ≤ p are conditions in P_α for ξ ∈ B where |B| = ℵ_1, then there are p_ξ ≤ p_ξ, p_ξ ≤ p for some p ≤ p (ξ ∈ B^′, |B^′| = ℵ_1) such that {p_ξ : ξ ∈ B^′} is a nice family with kernel p. Therefore, P_α is ccc, and τ^α < ω_1.

Proof. Using the Δ-system lemma we can assume that the supports form a Δ-system, supp(p_ξ ) = a ∪ b_ξ, and s^{pξ} = s ∪ s_ξ with g^{pξ} ∩ [s]^2 = g for some g. Using the pigeon-hole principle we can also assume that for β ∈ a − {0}, ξ ∈ B^′ (for some uncountable B^′ ⊆ B) ε(p_ξ, β) is independent of ξ. With the removal of finitely many further elements of B^′ we can also insure that p_ξ(β) ⊆ s_ξ resp. ⋃ {w_η : η ∈ p_ξ(β)} ⊆ s_ξ holds. This way we get an uncountable nice subfamily {p_ξ : ξ ∈ B^′}. To conclude, set ξ_0 = min(B^′), p = p_{ξ0} , and let p_ξ be the coordinatewise union of p_ξ and p_{ξ0} (see Claim 1.). Now {p_ξ : ξ ∈ B − {ξ_0}} is a nice family with kernel p.

Claim 3. Assume that r^τ ∈ G_α, ε(τ)=1. Then A^′_α is uncountable.

Proof. Let {p_ξ : ξ ∈ B} be the nice family as in the definition of P_{α+1} with kernel r^τ . If p ≤ r^τ is a condition then all but finitely many p_ξ (ξ ∈ B) are compatible with p so if μ < ω_1 is arbitrary, then we can find a ν > μ such that p and p_ν are compatible, and their common lower bound will establish ν ∈ A^′_α.

We now define K_α = ⋃ {q : (p, q) ∈ G_{α+1}}, the set added by Q_α with edges only in one color.

Claim 4. 1 ‖−− |K_α| = ω_1.

Proof. Assume that (p, q) ∈ P_{α+1}.

First, assume that p ≤ r^τ for some τ with ε(τ) = 0. Select ν > μ, ν ∈ A_α such that ν /∈ s^p. Define p^′, q^′ as follows. s^{p′} = s^p ∪ {ν}, g^{p′} = g^p, p^′(β) = p(β) for 0 < β < α. q^′ = q ∪ {ν}. It is easy to see that (p^′, q^′) is a condition, extends (p, q) and forces that K_α has points beyond μ.

Assume now that p ≤ r^τ for some τ with ε(τ) = 1. Let p_ξ, w_ξ (ξ ∈ B) be the objects in the definition of P_{α+1}.

Again, if μ < ω_1 is given, then for ξ ∈ B large enough, the following (p^′, q^′) forces that K_α has points outside μ. s^{p′} = s^p ∪ w_ξ . g^{p′} = g^p ∪ g^{pξ} , p^′(β) = p(β) ∪ p_ξ(β) (for 0 < β < α), q^′ = q ∪ {ξ}. Claim 5. In V^P , X does not contain an uncountable independent set.

Proof. Assume that 1 ‖−− U is an uncountable independent set. For uncountably many x, say for x ∈ S, there is a condition p^x forcing x ∈ U. We can as well assume that {p^x : x ∈ S} is a nice family. Let {α_1, . . . , α_m} be the common part of the Δ-system {supp(p^x) : x ∈ S}. As {A_α : α < ω_2} is an almost disjoint family, we can also assume (by shrinking S if needed) that for 1 ≤ i ≤ m either S ∩ A_{αi} = ∅ or S ⊆ A_{αi} and that the latter can hold for at most one i. Assume that there is, indeed, such an i, as the other case is easier. We can again assume that p^x(α_i) = {η_1, . . . , η_t, ξ^x_1 , . . . , ξ^x_n}

form a Δ-system. By Claim 2, P_{αi} is ccc, so we can assume that p^x|α_i ≤ r^τ holds for the same τ (x ∈ S).

Assume first that ε(τ) = 0. We can also assume that for some j, 1 ≤ j ≤ n, x = ξ^x_j holds for x ∈ S.

As ε(τ) = 0 the conditions p^x|α_i (x ∈ S) and the sets w_x = {ξ^x_1 , . . . , ξ^x_n} may not be witnesses for (∗) so there exist x_1 ≠ x_2 in S such that for some p ≤ p^{x1} |α_i, p^{x2} |α_i, p(0) contains {x_1, x_2} as the only edge between w_{x1} and w_{x2} and p ‖−− f_{αi} (x_1, x_2) = 0.

Let q be the following condition. supp(q) = supp(p^{x1} ) ∪ supp(p^{x2} ), q|α_i = p, q(β) = p^{x1} (β) ∪ p^{x2} (β) for β ≥ α_i. q really is a condition as for β = α_i, q(β) has only color 0 edges, and for β > α_i the extra edge, {x_1, x_2} does not appear to cause problems. q ≤ p^{x1} , p^{x2} can easily be seen and q forces that {x_1, x_2} ∈ X, a contradiction.

Assume now that ε(τ) = 1. Then, there is a collection {w_ξ : ξ ∈ B} of finite sets as in the definition of P_{αi +1}. Again, (by shrinking S if needed) we can assume that x ∈ w_ξx_j holds for the same j (x ∈ S) and either for every x ∈ S x = ξ^x_j or for every x ∈ S x ≠ ξ^x_j . If now x ≠ x^′ are in S, then p ≤ p^x, p^{x′} is a condition, where

supp(p) = supp(p^x) ∪ supp(p^{x′} ), s^p = s^{px} ∪ s^{px′} , g^p = g^{px} ∪ g^{px′} ∪ { {x, x^′} } , and p(β) = p^x(β) ∪ p^{x′} (β) otherwise. (Namely, p forces that if {ξ^x_j , ξ^{x′}_j′ } is an edge in X then it gets color 1 by f_{αi} .) p then forces that {x, x^′} ∈ X, a contradiction.

3. Other cardinals

We prove a result on graphs of size 2^ω which extends a result of Galvin and Shelah [4]. We basically use the idea of that paper but can only prove the result for 2^ω < ω_ω.

Theorem 8. If 2^ω < ω_ω then Q(2^ω, 2^ω, ω) holds.

Proof. By Theorem 1 we can assume that 2^ω > ω_1. Set R = {r(α) : α < 2^ω}, [2^ω]^{ℵ0} = {A_α : α < 2^ω}, one-to-one enumerations. It suffices to show that Q(2^ω, 2^ω, 2) holds so let X be a graph on 2^ω with no independent set of cardinal 2^ω, we are going to decompose its edges into two classes. For β < α set

E^+(β, α) = { γ ∈ A_β : {γ, α} ∈ X, r(γ) > r(α) } ; E^−(β, α) = { γ ∈ A_β : {γ, α} ∈ X, r(γ) < r(α) } . Let g : R → R be a one-to-one function such that g(r(α)) is neither the infimum nor the supremum of { g(r(γ)) : γ ∈ E^+(β, α) } (for β < α) and likewise for E^−(β, α). We now determine the decomposition of X into two classes, X = Y_0 ∪Y_1. If {β, α} ∈ X then put {β, α} ∈ Y_0 if either r(β) < r(α) and g(r(β)) < g(r(α)) or r(β) > r(α) and g(r(β)) > g(r(α)). In the other case, set {β, α} ∈ Y_1.

Assume, towards a contradiction, that some B ⊆ 2^ω, |B| = 2^ω misses the edges of, say, Y_1. Set S = {α < 2^ω : cf(α) = ω_1}, x(α) = min(B − α) for α ∈ S.

Claim 1. For stationary many α ∈ S, for every ε > 0 there exists a β ∈ α∩B such that {β, x(α)} ∈ X and | g ( r(β) ) − g ( r(x(α)) )| < ε . Proof. If not, there is a closed unbounded set C such that for α ∈ S ∩C there is an ε > 0 that no β ∈ α∩B can be found as prescribed. We can assume that x(α) is one-to-one on S ∩C. As cf(2^ω) > ω for 2^ω many x(α) the same ε applies. By further shrinking, for a set B^′ of cardinal 2^ω it is even true that g ( r(x(α)) ) ∈ I (x(α) ∈ B^′) with a certain interval I of length ε. By our assumption B^′ is not independent in X so there are β < x(α) in B^′, {β, x(α)} ∈ X, such that | |g(r(β)) − g(r(x(α))) | | < ε, a contradiction.

Claim 2. There exist A ∈ [B]^{ℵ0} , B^′ ⊆ B, |B^′| = 2^ω, such that for every τ ∈ B^′ and ε > 0 there is a β ∈ A such that {β, τ} ∈ X and | |g(r(β))−g(r(τ)) | | < ε. Proof. By Claim 1 there is a stationary set S^′ ⊆ S such that for α ∈ S and t = 1, 2, . . . there exist β_t ( x(α) ) < α with | |g(r(x(α)) − g(r(β_t(x(α)))) | | < 1/t. As cf(α) > ω for α ∈ S^′ by Fodor’s theorem sup{β_t(x(α)) : 1 ≤ t < ω} is bounded for a stationary subset S^{′′} ⊆ S^′.

We get therefore that there is a B^′ ⊆ B of cardinal 2^ω and an A with set |A| < 2^ω such that H_α ⊆ A for α ∈ B^′ where H_α = {β_t(α) : 1 ≤ t < ω}. Set

2^ω = ω_n, notice that 1 < n < ω by our assumptions. We show that if 0 ≤ i < n − 1 and there is a set A of cardinal ω_{i+1} as above for a certain B^′ then there is one of cardinal ω_i (with a different B^′). This clearly suffices for the proof of the Claim. Enumerate A as {δ_ξ : ξ < ω_{i+1}}. For every α ∈ B^′ there is some ζ(α) < ω_{i+1} that H_α ⊆ {δ_ξ : ξ < ζ(α)}. For a set B^{′′} ⊆ B^′ of cardinal 2^ω and some ζ < 2^ω ζ(α) = ζ holds so {δ_ξ : ξ < ζ} is as required.

To conclude the proof of the Theorem let A = A_α be as in Claim 2 and let τ ∈ B have τ > α. For t = 1, 2, , . . . there exist β_t ∈ A with {β_t, τ} ∈ X and | |g(r(β_t)) − g(r(τ)) | | < 1/t. Either for infinitely many t r(β_t) < r(τ) or for infinitely many r(τ) < r(β_t) holds. Assume the former. By our assumption on Y_0 in this case g(r(β_t)) < g(r(τ)) holds for these values. Remember that also g(r(τ)) − 1/t < g(r(β_t)) holds. So g(r(τ)) = sup{g(r(γ)) : γ ∈ E^−(α, τ)} a contradiction.

Theorem 9. (V=L) If κ > ω is a non-weakly compact, regular cardinal, then Q(κ, κ, κ) holds. We need a lemma which is a special case of Theorem 2 in [2]. For the reader’s convenience we provide a proof.

Lemma 10. Assume that α is an ordinal, S ⊆ α ∪ {α} is a set of infinite cardinals, nonstationary in every point ≤ α. Assume that A_γ ⊆ γ, |A_γ | = γ for γ ∈ S. Then there exist disjoint A^′_γ ⊆ A_γ with |A^′_γ | = γ (γ ∈ S).

Proof. By induction on α. The cases when α is not a cardinal or α is a successor cardinal are trivial. Assume that α is a limit cardinal. We can assume without loss of generality that α is in S.

We first consider the case when cf(α) > ω. Let C ⊆ α be a closed unbounded set of cardinals, C ∩ S = ∅ such that |A_α ∩ γ| = γ holds for every γ ∈ C. If δ < δ^′ are successive points in C then by the inductive hypothesis the sets { A_γ − δ : δ < γ < δ^′, γ ∈ S } ∪ { A_α ∩ [δ, δ^′) } can be disjointized say, by A^′_γ ⊆ A_γ − δ for δ < γ < δ^′, γ ∈ S, and by A^δ_α ⊆ A_α ∩ [δ, δ^′). We can now take A^′_γ as above for γ ∈ S ∩ α and A^′_α = ⋃ {A^δ_α : δ ∈ C}. If cf(α) = ω we modify the argument as follows. Select a sequence of cardinals δ_n (n < ω) converging to α such that δ_0 = 0 and |A_α ∩ [δ_n, δ_{n+1})| ≥ δ_n. Select B_n ⊆ A_α ∩ [δ_n, δ_{n+1}) of cardinal δ_n. By our inductive hypothesis we can disjointize the system {A_γ − B_n − δ_n : δ_n < γ ≤ δ_{n+1}} by A^′_γ ⊆ A_γ , |A^′_γ | = γ. We can set A^′_α = ⋃ {B_n : n < ω}. Proof of Theorem 9. Theorem 1 allows us to assume that κ is inaccessible.

By Jensen’s fine structure theory [1] there is a stationary set S ⊆ κ nonstationary in every ordinal α < κ. We can assume that S consists of cardinals. By ♦_S there is a sequence {Z_α : α ∈ S} (Z_α ⊆ α) such that for every Z ⊆ κ the set {α ∈ S : Z_α = Z ∩ α} is stationary.

Assume that X is a graph on κ with no independent sets of cardinal κ. For α < κ, using Lemma 10, we can define the values f(γ, α) < α (γ < α, {γ, α} ∈ X), such that for β ∈ S, β ≤ α it is true that {f(γ, α) : γ ∈ Z_β , {γ, α} ∈ X} = β whenever |{γ ∈ Z_β , {γ, α} ∈ X}| = β. Assume that Z ∈ [κ]^κ and f misses the value ξ < κ on X ∩ [Z]^2. There is a stationary S^′ ⊆ S such that for α ∈ S^′ then ξ < α and Z_α = Z ∩ α. Set x(α) = min(Z − α). By the way f was defined d(α) = | |{γ < α : {γ, x(α)} ∈ X} | | < α for α ∈ S^′. Notice that we can replace “γ < α” by “γ < x(α)”. By Fodor’s lemma d(α) < τ on an S^{′′} ∈ [κ]^κ and by Lázár’s set mapping theorem there is an independent set of cardinal κ in X, a contradiction.

REFERENCES

[1] K. Devlin, Constructibility, Springer, 1984.

[2] P. Erdős, F. Galvin, and R. Rado, Transversals and multitransversals, J. London Math. Soc.

(2) 20 (1979), 387-395.

[3] P. Erdős, A. Hajnal, A. Máté, R. Rado, Combinatorial Set Theory: Partition Relations for Cardinals, North-Holland, Studies in Logic 106, 1984.

[4] F. Galvin, S. Shelah, Some counterexamples in the partition calculus, J. Combin. Theory, Ser. A 15 (1973), 167–174.

[5] P. Komjáth, S. Shelah, Universal graphs without large cliques, J. Comb. Theory Ser. B 63, (1995), 125-135.

[6] S. Todorčević, Partitioning pairs of countable ordinals, Acta Math. 159 (1987), 261-294.

Fred Galvin (Received 04 07 1995) Department of Mathematics University of Kansas Lawrence, KS 66045, USA e-mail: galvin@math.ukans.edu

András Hajnal DIMACS Center Rutgers University Piscataway, NJ 08855-1179, USA e-mail: ahajnal@dimacs.rutgers.edu

Péter Komjáth Eötvös University Department of Computer Science Budapest, Múzeum krt 6–8 1088, Hungary e-mail: kope@cs.elte.hu