PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE Nouvelle série tome 57 (71), 1995, 155-164 -Duro Kurepa memorial volume

A FEW REMARKS ON REDUCED IDEAL-PRODUCTS

Milan Z. Grulović and Miloš S. Kurilić

Abstract. A nicer shape of the condition (ΛΨ) (which ensures preservation of separation axioms T_k, k = 0, 1, 2, 3, 3^1_2 , in reduced ideal-products) is given. If an reduced-ideal products is T_0, T_1 or T_2 then “almost all” coordinate spaces have this property. This implication holds for T_3-property if the condition (ΛΨ) is satisfied. Some results on mappings and homogenicity of r.i. products are obtained. Finally, it is proved that r.i.p. of topological groups (rings) is a topological group (ring).

1. Preliminaries

The notation and some of the remarks made here were already given in our previous papers on this subject. Thus, they are offered more for the reader’s convenience.

Throughout the paper {X_i | i ∈ I} will be a family of topological spaces, where X_i = (X_i, O_i). Λ and Ψ will be respectively an ideal and a filter on I and π_j : ∏ i∈I X_i −→ X_j , j ∈ I, will be the canonical projections.

The topology O^Λ on ∏ i∈I X_i is given by its base B^Λ consisting of all sets of the form ⋂ i∈L π^{−1}_i (O_i), where L ∈ Λ and O_i ∈ O_i, for all i ∈ L. The space ( ∏ i∈I X_i, O^Λ) will be denoted by

∏_Λ X_i. The equivalence relation ∼ on ∏ i∈I X_i defined by: f ∼ g iff {i ∈ I | f_i = g_i} ∈ Ψ determines the quotient space ∏_Λ

X_i/ ∼, which will be called the reduced ideal-product (r.i.p.) of the family of spaces {X_i | i ∈ I} and denoted by

∏_Λ Ψ X_i. The natural mapping q : ∏ i∈I X_i −→ ∏ i∈I X_i/ ∼ is given by q(f) = [f] (= {g ∈ ∏ i∈I X_i | f ∼ g}). Since q is an open mapping, B^Λ_Ψ = {q(B) | B ∈ B^Λ} is a base for the topology O^Λ_Ψ on

∏_Λ Ψ X_i.

To simplify the notation, for an arbitrary A ⊆ ∏ i∈I X_i we put A^∗ = q^{−1}(q(A)). The following facts will be used in the sequel (see [3]).

Lemma 1.1. If A_i, B_i ⊆ X_i for all i ∈ I, L ⊆ I and F ∈ Ψ, then:

(a) ( ∏ i∈I A_i)^∗ ⊆ ( ∏ i∈I B_i)^∗ iff {i ∈ I | A_i ⊆ B_i} ∈ Ψ; AMS Subject Classification (1991): Primary 54B10, 54B15, Secondary 03C65, 54H11

(b) ( ∏ i∈I A_i)^∗ = ( ∏ i∈I B_i)^∗ iff {i ∈ I | A_i = B_i} ∈ Ψ; (c) f ∈ ( ∏ i∈I A_i)^∗ iff {i ∈ I | f_i ∈ A_i} ∈ Ψ; (d) ( ∏ i∈I A_i)^∗ ∩ ( ∏ i∈I B_i)^∗ ≠ ∅ iff {i ∈ I | A_i ∩ B_i ≠ ∅} ∈ Ψ; (e) ( ⋂ i∈L π^{−1}_i (A_i))^∗ = ( ⋂ i∈L∩F π −1 i (A_i))^∗;

(f) q( ⋂ i∈L π^{−1}_i (A_i)) = q( ⋂ i∈L∩F π −1 i (A_i));

Lemma 1.2. If A ∈ Ψ then:

(a) Ψ_A = {F ∩ A | F ∈ Ψ} is a filter on A and Ψ_A ⊆ Ψ;

(b) Λ_A = {L ∩ A | L ∈ Λ} is an ideal on A and Λ_A ⊆ Λ;

(c) the mapping η :

∏_Λ Ψ X_i −→ ∏_{ΛA} Ψ_A Xi, given by η([f]) = [f|A], where [f|_A] = {g ∈ ∏ i∈A X_i | g ∼_{ΨA} f|_A}, is a homeomorphism.

Lemma 1.3. If, for all i ∈ I, B_i is a base for the topology O_i then the sets of the form q ( ⋂ i∈L π^{−1}_i (B_i) ) , where L ∈ Λ and, for all i ∈ L, B_i ∈ B_i, form a base for the topology O^Λ_Ψ.

It is proved in [3] that the r.i.p. preserves the separation axioms T_0, T_1, T_2, T_3 and T_3 1_2 if and only if: ∀A ∈ Ψ ∀B ∉ Ψ ∃L ∈ Λ (L ⊆ A \ B and L^c ∉ Ψ) (ΛΨ) A part of the proof was the following

Lemma 1.4. If an ideal Λ and a filter Ψ satisfy the condition (ΛΨ), then:

(a) if {i ∈ I | A_i ∈ F_i} ∈ Ψ , then ( ∏ i∈I A_i)^∗ ∈ F^Λ and q( ∏ i∈I A_i) ∈ F^Λ_Ψ (of course, F_i, F^Λ and F^Λ_Ψ are the families of closed sets of the spaces X_i,

∏_Λ X_i, and ∏_Λ Ψ X_i, respectively);

(b) q( ∏ i∈I A_i) = q( ∏ i∈I A_i). R.i. products which satisfy the condition (ΛΨ) were also investigated in [6] and [ 7]. Special (ΛΨ)-r.i. products are: the Tychonoff product (for Λ = [I]^{<ω} and Ψ = {I}), the full box product (for Λ = P (I) and Ψ = {I}), the ultraproduct (for Λ = P (I) and Ψ an arbitrary ultrafilter on I) and the Knight’s box product (for Λ = [I]^{<κ} and Ψ = {A ⊆ I | A^c ∈ [I]^{<μ}}, where κ and μ are cardinals satisfying |I| ≥ κ > μ ≥ ω).

2. A nicer shape of (ΛΨ)

For a filter Ψ on a nonempty set I, let ≡ be the (well-known) congruence relation of the Boolean algebra ⟨P (I), ∪, ∩,^c, ∅, I⟩, defined by: A ≡ B iff for some F ∈ Ψ, A ∩ F = B ∩ F . The equivalence class of an element A ∈ P (I) will be denoted by [A]. Clearly, ⟨P (I)/ ≡, ∨, ∧,^′ , 0, 1⟩, where: [A] ∨ [B] = [A ∪ B], [A] ∧ [B] = [A ∩ B], [A]^′ = [A^c], 0 = [∅] and 1 = [I], is a Boolean algebra.

It is easy to verify that Λ/ ≡ = {[L] | L ∈ Λ} is an ideal on P (I)/ ≡. Also, for each A ∈ P (I) we have:

[A] > 0: iff A^c ∉ Ψ. (*)

Theorem 2.1. An ideal Λ and a filter Ψ on I satisfy the condition (ΛΨ) iff ∀x ∈ P (I)/≡ (x > 0 ⇒ ∃y ∈ Λ/≡ (0 < y ≤ x)).

Proof. (⇒) If x = [C] ∈ P (I)/ ≡ \{0}, then (by (∗)), B = C^c ∉ Ψ and (ΛΨ) gives an L ∈ Λ satisfying L ⊆ B^c = C and L^c ∉ Ψ. Now y = [L] ∈ Λ/ ≡ and (again by (∗)) y > 0. Finally, because of L ⊆ C, [L] ≤ [C], i.e. y ≤ x.

(⇐) Let A ∈ Ψ and B ∉ Ψ. By (∗) we have x = [B^c] > 0 and the observed condition implies the existence of y = [D] ∈ Λ/≡, where D ∈ Λ and 0 < [D] ≤ [B^c]. Now, [D] = [D] ∧ [B^c] = [D ∩ B^c], so there is F ∈ Ψ such that D ∩ F = D ∩ B^c ∩ F . For L = D ∩ F ∩ A = D ∩ F ∩ (A \ B) we have L ⊆ A \ B and from L ⊆ D it follows that L ∈ Λ. Suppose L^c ∈ Ψ. Then D ∩ F ∩ A ∩ L^c = L ∩ L^c = ∅ and F ∩ A ∩ L^c ∈ Ψ gives D^c ∈ Ψ. But [D] > 0 and, by (∗), D^c ∉ Ψ, a contradiction. Thus L^c ∉ Ψ and (ΛΨ) is true.

In set theory a subset Λ of a partially ordered set P is called dense iff ∀x ∈ P ∃y ∈ Λ (y ≤ x). Hence, by the previous theorem we have: (ΛΨ) iff Λ is dense in P, where P = P (I)/≡ \{0} and Λ = Λ/≡ \{0}. 3. On separation axioms

By [3], for each family {X_i | i ∈ I} of topological spaces and each k ∈ {0, 1, 2, 3, 3^1_2 } we have:

{i ∈ I | X_i is a T_k-space} ∈ Ψ ⇒

∏_Λ ΨX_i is a T_k-space

iff the condition (ΛΨ) is satisfied. Naturally, the following question arises: when the following implication holds? ∏_Λ Ψ X_i is a T_k-space ⇒ {i ∈ I | X_i is a T_k-space} ∈ Ψ (**)

Theorem 3.1. Let Λ be an arbitrary ideal and Ψ an arbitrary filter on a nonempty set I. Then (∗∗) is true for each family of spaces {X_i | i ∈ I} and each k ∈ {0, 1, 2}. Proof. We will give the proof for k = 2. For k = 0, 1 the proof is similar.

Suppose H = {i ∈ I | X_i is T_2} ∉ Ψ and for i ∈ H choose f_i = g_i ∈ X_i. For i ∈ I \ H we pick f_i, g_i ∈ X_i satisfying f_i ≠ g_i and ∀U, V ∈ O_i (f_i ∈ U ∧ g_i ∈ V ⇒ U ∩ V ≠ ∅). (1) Now {i ∈ I | f_i = g_i} = H ∉ Ψ, so [f] ≠ [g]. Let [f] ∈ q(B_f ) and [g] ∈ q(B_g ), where B_f , B_g ∈ B^Λ and B_f = ∏ i∈I S_i, B_g = ∏ i∈I T_i. Then, according to Lemma 1.1(c), for A_f = {i ∈ I | f_i ∈ S_i} and A_g = {i ∈ I | g_i ∈ T_i} we have A_f , A_g ∈ Ψ, thus A = A_f ∩ A_g ∈ Ψ. If i ∈ A ∩ H, then f_i = g_i ∈ S_i ∩ T_i. If i ∈ A \ H, then f_i ∈ S_i, g_i ∈ T_i and, by (1), S_i ∩ T_i ≠ ∅. So A ⊆ {i ∈ I | S_i ∩ T_i ≠ ∅} = D and D ∈ Ψ. Due to lemma 1.1(d), ( ∏ i∈I S_i)^∗ ∩ ( ∏ i∈I T_i)^∗ ≠ ∅ and obviously q(B_f ) ∩ q(B_g ) ≠ ∅. Hence [f] and [g] cannot be separated by basic open sets and ∏_Λ

Ψ X_i is not a Hausdorff space.

Let us now consider the case k = 3. Clearly, a space X = (X, O) is regular iff for each x ∈ X and each basic open set B containing x there is a basic open set B_1 containing x and satisfying B_1 ⊆ B.

Theorem 3.2. Let Λ and Ψ satisfy the condition (ΛΨ). Then: (i) ∏_Λ Ψ X_i is regular ⇒ {i ∈ I | X_i is regular} ∈ Ψ;

(ii)

∏_Λ Ψ X_i is a T_3-space ⇒ {i ∈ I | X_i is a T_3-space} ∈ Ψ.

Proof. (i) If H = {i ∈ I | X_i is regular} ∉ Ψ, then (ΛΨ) gives L ∈ Λ where L ⊆ H^c and L^c ∉ Ψ. For i ∈ L, the space X_i is not regular, so we can pick O_i ∈ O_i and f_i ∈ O_i such that ∀U ∈ O_i (f_i ∈ U ⇒ U ⊈ O_i). (2) For i ∈ L^c we choose an arbitrary f_i ∈ X_i. Let B = ⋂ i∈L π^{−1}_i (O_i) = ∏ i∈I T_i. Then f ∈ B and [f] ∈ q(B) ∈ B^Λ_Ψ. Assume W = ⋂ i∈L_1 π −1 i (U_i) = ∏ i∈I G_i ∈ B^Λ and [f] ∈ q(W ). Then f ∈ ( ∏ i∈I G_i)^∗ and E = {i ∈ I | f_i ∈ G_i} ∈ Ψ. By lemma 1.1(f), for L_2 = L_1 ∩E and B_1 = ⋂ i∈L_2 π −1 i (U_i) we have q(W ) = q(B_1). According to lemma 1.4 q(B_1) = q( ⋂ i∈L_2 π −1 i (U_i)) = q( ∏ i∈I S_i). If i ∈ L ∩ L_2, then T_i = O_i, S_i = U_i and f_i ∈ G_i = U_i. So, by (2), U_i ⊈ O_i, that is S_i ⊈ T_i. If i ∈ L \ L_2, then T_i = O_i ≠ X_i = S_i and again S_i ⊈ T_i. Now {i ∈ I | S_i ⊆ T_i} ⊆ L^c ∉ Ψ, thus {i ∈ I | S_i ⊆ T_i} ∉ Ψ and by 1.1(a), ( ∏ i∈I S_i)^∗ ⊈ ( ∏ i∈I T_i)^∗, i.e. q(W ) ⊈ q(B).

It follows that: [f] ∈ q(B) ∈ B^Λ_Ψ and for all q(W ) ∈ B^Λ_Ψ if [f] ∈ q(W ) then q(W ) ⊈ q(B), whence

∏_Λ Ψ X_i is not a regular space.

(ii) is a consequence of (i) and the previous theorem.

Note. The previous theorem does not hold for T_3 1_2 -spaces. One counterexample is given in [6, Remark 3.1].

4. Mappings of reduced ideal-products

Let, for i ∈ I, X_i = (X_i, O^X_i ) and Y_i = (Y_i, O^Y_i ) be topological spaces and φ_i a mapping of X_i into Y_i. The usual product of the mappings φ_i, i ∈ I, denoted by φ^Λ, is the mapping of the topological space

∏_Λ

X_i into the topological space ∏_Λ

Y_i; we recall: φ^Λ(⟨f_i | i ∈ I⟩) = ⟨φ_i(f_i) | i ∈ I⟩.

Lemma 4.1. If each φ_i, i ∈ I, is onto (1 − 1, continuous, open and onto) then φ^Λ has the same property.

Proof. Supposing the mappings φ_i, i ∈ I, are continuous, the continuity of φ^Λ follows from the equality:

(φ^Λ)^{−1} ( ⋂ i∈L p^{−1}_i (O_i) ) = ⋂ i∈L π^{−1}_i (φ^{−1}_i (O_i)),

where π_j : ∏ i∈I X_i −→ X_j and p_j : ∏ i∈I Y_i −→ Y_j are the canonical projections and O_i ∈ O^Y_i . When the openness is in question we use the relation

φ^Λ( ⋂ i∈L π^{−1}_i (O_i)) = ⋂ i∈L p^{−1}_i (φ_i(O_i)),

where O_i ∈ O^X_i .

It is easy to check that the mapping φ^Λ_Ψ :

∏_Λ Ψ X_i −→ ∏_Λ Ψ Y_i, given by φ^Λ_Ψ([f]) = [φ^Λ(f)] is well-defined. Moreover:

Theorem 4.2. Let P be one of the properties: to be onto, “1−1”, continuous, open and onto, homeomorphism. If A = {i ∈ I | φ_i has the property P } ∈ Ψ then φ^Λ_Ψ has the property P.

Proof. By Lemma 1.2, there are homeomorphisms η_X and η_Y described by the following diagram ∏_Λ Ψ i∈I X_i^{φΛΨ}−−−−→ ∏_Λ Ψ i∈I Y_i η_X η^Y ∏_{ΛA} Ψ_A i∈A X_i^φ ΛA ΨA −−−−→ ∏_{ΛA} Ψ_A i∈A Y_i where η_X ([f]) = [f|_A] and η_Y ([g]) = [g|_A]. Obviously, φ^Λ_Ψ = η^{−1}_Y ∘ φ^{ΛA}_{ΨA} ∘ η_X , so it is enough to prove that φ^{ΛA}_{ΨA} has the desired property. In other words we can assume A = I. Firstly, we note that the diagram

∏_Λ X_i^{φΛ}−−−−→ ∏_Λ Y_i q_X q^Y ∏_Λ Ψ X_i^{φΛΨ}−−−−→ ∏_Λ Ψ Y_i commutes, i.e. φ^Λ_Ψ ∘ q_X = q_Y ∘ φ^Λ. Now, the verification of the first two properties is elementary.

The continuity of φ^Λ_Ψ follows from the relation

(φ^Λ_Ψ)^{−1}(O) = q_X ((φ^Λ)^{−1}(q^{−1}_Y (O)))

(where O is open in

∏_Λ Ψ Y_i), the continuity of q_Y , the openness of q_X and the continuity of φ^Λ (proved in the previous lemma).

If O is an arbitrary open set in

∏_Λ Ψ X_i, then φ^Λ_Ψ(O) = q_Y (φ^Λ(q^{−1}_X (O))), and by the continuity of q_X , the openness of φ^Λ (proved in the previous lemma) and the openness of q_Y we have the openness of φ^Λ_Ψ.

Corollary 4.3. If {i ∈ I | X_i is a homogeneous space} ∈ Ψ, then

∏_Λ Ψ X_i is a homogeneous space.

5. Iterated reduced ideal-products

Let I be a nonempty set, {J_i | i ∈ I} a family of nonempty, disjoint sets, Λ an ideal and Ψ a filter on I and for each i ∈ I, Λ_i an ideal and Ψ_i a filter on J_i. Then Λ_0 = { ⋃ i∈L L_i | L ∈ Λ, L_i ∈ Λ_i for i ∈ L } and Ψ_0 = {A ⊆ J | {i ∈ I | A ∩ J_i ∈ Ψ_i} ∈ Ψ} are respectively an ideal and a filter on the set J = ⋃ i∈I J_i. Moreover:

Theorem 5.1. If the pairs Λ, Ψ and Λ_i, Ψ_i, i ∈ I, satisfy the condition (ΛΨ), then the pair Λ_0, Ψ_0 satisfies this condition as well.

Proof. For A ⊆ J let us define I_A = {i ∈ I | A ∩ J_i ∈ Ψ_i}. Let A ∈ Ψ_0 and B ∉ Ψ_0. Then I_A ∈ Ψ and I_B ∉ Ψ and, since the pair Λ, Ψ satisfies the condition (ΛΨ), there is an L ∈ Λ such that L ⊆ I_A \ I_B and L^c ∉ Ψ. For each i ∈ L we have A ∩ J_i ∈ Ψ_i and B ∩ J_i ∉ Ψ_i. Thus, since the pair Λ_i, Ψ_i satisfies the condition (ΛΨ), we can pick L_i ∈ Λ_i such that L_i ⊆ (A \ B) ∩ J_i and J_i \ L_i ∉ Ψ_i. Now, L_0 = ⋃ i∈L L_i is an element of Λ_0 and L_0 ⊆ A \ B. It remains to prove that J \ L_0 ∉ Ψ_0, i.e. I^′ = {i ∈ I | J_i \ L_0 ∈ Ψ_i} ∉ Ψ. For i ∈ L we have J_i \ L_0 ⊆ J_i \ L_i ∉ Ψ, so J_i \ L_0 ∉ Ψ_i proved L ⊆ I \ I^′. Thus I^′ ⊆ I \ L ∉ Ψ and I^′ ∉ Ψ. Let the preceeding assumptions, without the condition (ΛΨ), hold and let {(X_j , O_j ) | j ∈ J} be a family of topological spaces.

Theorem 5.2. The mapping F :

∏_{Λ0}

Ψ_0 j∈J X_j −→ ∏_Λ Ψ i∈I ∏_{Λi} Ψ_i j∈J_i X_j , given by

F ([f]_{Ψ0} ) = [⟨[f|_{Ji} ]_{Ψi} | i ∈ I⟩]_Ψ

is a homeomorphism.

Proof. F is a well-defined injection since for arbitrary f, g ∈ ∏ j∈J X_j , F ([f]_{Ψ0} ) = F ([g])_{Ψ0} ) iff [f]_{Ψ0} = [g]_{Ψ0} .

For y = [⟨φ_i | i ∈ I⟩]_Ψ from

∏_Λ Ψ ∏_{Λi} Ψ_i Xj , where φi = [f

i]_{Ψi} and f^i ∈ ∏ j∈J_i Xj , define f ∈ ∏ j∈J X_j by f = ⋃ i∈I f^i. Then y = F ([f]_{Ψ0} ) and F is onto.

We introduce the notation for the projections and quotient mappings considered below by the following diagram ∏_{Λi} Ψ_i j∈J_i X_j^{πi}←−−−− ∏_Λ i∈I ( ∏_{Λi} Ψ_i j∈J_i X_j )^q−−−−→ ∏_Λ Ψ i∈I ( ∏_{Λi} Ψ_i j∈J_i X_j ) q_i F ∏_{Λi} j∈J_i X_j ∏_{Λ0}

Ψ_0 j∈J X_j p_j q_{Ψ0} X_j ∏_{Λ0} j∈J X_j r_j ←−−−−−−−−−−−−−−−−−−−−−−−− According to Lemma 1.3 the sets of form q ( ⋂ i∈L π^{−1}_i ( q_i ( ⋂ j∈L_i p^{−1}_j (B^i_j ) ))) , where L ∈ Λ, L_i ∈ Λ_i for i ∈ L and B^i_j ∈ B_j for i ∈ L and j ∈ L_i, form a topology base of the space

∏_Λ Ψ( ∏_{Λi} Ψ_i Xj ) and the sets

q_{Ψ0} ( ⋂ j∈∪_{i∈L}L_i r^{−1}_j (B_j ) ) , where L ∈ Λ, L_i ∈ Λ_i for i ∈ L and B_j ∈ B_j for j ∈ ⋃ i∈L L_i, form a base for the topology on

∏_{Λ0}

Ψ_0 Xj . It is easy to check that

q_{Ψ0} ( ⋂ j∈∪_{i∈L} L_i r^{−1}_j (B_j ) ) = F^{−1} ( q ( ⋂ i∈L π^{−1}_i ( q_i ( ⋂ j∈L_i p^{−1}_j (B_j ) )))) , which proves that F is a continuous mapping. Using direct images of both sides of the last equality we get that F is open.

6. Reduced ideal-product of topological algebras

The aim of this section is (roughly speaking) to prove that the r.i.p. of topological groups (rings, . . . ) is a topological group (ring, . . . ). We will consider a more general situation when the “coordinate spaces” are equipped with an arbitrary continuous n-ary operation.

Lemma 6.1. Let {(X^k_i , O^k_i ) | i ∈ I} be a family of topological spaces for k ∈ {1, . . . , n}. Then the mapping η : n∏ k=1 ( ∏_Λ X^k_i ) −→ ∏_Λ (_n ∏ k=1 X_i ) , given by η(⟨f^1_i ⟩, . . . , ⟨f^n_i ⟩) = ⟨(f^1_i , . . . , f^n_i )⟩ is a homeomorphism.

Proof. η is obviously a bijection. Let us prove the continuity of η. A base for the topology on ∏_n k=1 X_i consists of sets of the form ∏_n k=1 U^k_i , where U^k_i ∈ O^k_i for each k ∈ {1, . . . , n}. By Lemma 1.3, the sets of the form ⋂ i∈L π^{−1}_i (_n ∏ k=1 U^k_i ) ,

where L ∈ Λ, form a topology base on

∏_Λ ( ∏_n k=1 X^k_i ). The proof of the equality η^{−1} ( ⋂ i∈L π^{−1}_i (_n ∏ k=1 U^k_i )) = n∏ k=1 ( ⋂ i∈L π^{−1}_i (U^k_i ) ) (1)

is direct. Since the sets ⋂ i∈L π^{−1}_i (U^k_i ), k = 1, . . . , n, are open in

∏_Λ X^k_i , η is continuous.

Since η is a bijection, from (1) we have: η (_n ∏ k=1 ⋂ i∈L π^{−1}_i (U^k_i ) ) = ⋂ i∈L π^{−1}_i (_n ∏ k=1 U^k_i )

which gives the openness of η.

Lemma 6.2. Let {(X_i, O_i) | i ∈ I} be a family of topological spaces, Λ an ideal on I and let ⊕_i : X^n_i −→ X_i, i ∈ I, be continuous n-ary operations. Then the operation ⊕ : (

∏_Λ X_i)^n −→ ∏_Λ X_i, given by ⊕(f^1, . . . , f^n) = ⟨⊕_i(f^1_i , . . . , f^n_i )⟩ is continuous.

Proof. By Lemma 4.1, the direct product ⊕^Λ = ∏ i∈I ⊕_i of the family of mappings {⊕_i | i ∈ I} is a continuous mapping. It is easy to prove that the diagram

∏_Λ X^n_i^{⊕Λ}−→ ∏_Λ X_i η ↖ ↗ ⊕ (∏_Λ X_i )_n

where η is the homeomorphism from the previous lemma, commutes. Thus ⊕^Λ ∘ η = ⊕, and the continuity of ⊕^Λ and η implies the continuity of ⊕.

Theorem 6.3. Suppose that the conditions of the previous lemma are satisfied. Then the operation ⊕_Ψ : (∏_Λ Ψ X_i )_n −→ ∏_Λ Ψ X_i, defined by

⊕_Ψ([f^1], . . . , [f^n]) = [⊕(f^1, . . . , f^n)], (where ⊕ is the operation from the previous lemma) is continuous.

Proof. It is easy to check that ⊕_Ψ is well-defined. Let us prove that the diagram ( ∏_Λ X_i )_{n qn} −−−−→ (∏_Λ Ψ X_i )_n ⊕ ⊕Ψ ∏_Λ X_i^q−−−−→ ∏_Λ Ψ X_i commutes, i.e. that q ∘ ⊕ = ⊕_Ψ ∘ q^n. For an arbitrary (f^1, . . . , f^n) ∈ (

∏_Λ X_i)^n we have:

(⊕_Ψ ∘ q^n)(f^1, . . . , f^n) = ⊕_Ψ(([f^1], . . . , [f^n])) = [⊕(f^1, . . . , f^n)]

= q(⊕(f^1, . . . , f^n)) = (q ∘ ⊕)(f^1, . . . , f^n).

By Lemma 6.2, ⊕ is a continuous mapping and since q is also continuous we obtain the continuity of q ∘ ⊕. Hence, ⊕_Ψ ∘ q^n is a continuous mapping. The mapping q is continuous, open and onto, thus the direct product q^n has the same properties. The continuity of ⊕_Ψ follows from the following lemma, the proof of which is rather obviuos.

Lemma 6.4. Let (X, O_X ), (Y, O_Y ) and (Z, O_Z ) be topological spaces and let the mapping q : X −→ Y be continuous, open and onto. Then for each mapping φ : Y −→ Z we have:

φ is continuous iff φ ∘ q is continuous.

Now, since the reduced product of groups (rings) is a group (ring), we are able to state

Corollary 6.5. The reduced ideal-product of an arbitrary family of topological groups (rings) is a topological group (ring), where the corresponding operations are defined as in the previous theorem.

Remark. Sometimes the definition of a topological group includes the condition that the topology is T_1. In this case the previous statement is valid if the condition (ΛΨ) is satisfied.

References

1. P. Bankston, Ultraproducts in topology, Gen. Topology Appl. 7 (1977), 283–308. 2. R. Engelking, General Topology, PWN - Polish Scientific Publishers, Warszawa, 1977. 3. M. Z. Grulović, M. S. Kurilić, On preservation of separation axioms in products, Comment.

Math. Univ. Carol. 33 (1992), 713–721.

4. M. Z. Grulović, M. S. Kurilić, The Feferman–Vaught theorem for reduced ideal-products, to appear.

5. C. J. Knight, Box topologies, Quart. J. Math. Oxford 15 (1964), 41–54. 6. M. S. Kurilić, Disconnectedness of the reduced ideal-product, Indian J. Pure Appl. Math. 23 (1992), 619–624.

7. M. S. Kurilić, Openness of the reduced-ideal product, Math. Japonica 39 (1994), 305–308. 8. S. W. Williams, Box products, in: Handbook of Set-Theoretic Topology (ed. K. Kunen and J.

E. Vaughan, North-Holland, Amsterdam, 1984.

Institut za Matematiku (Received 06 04 1995) Univerzitet u Novom Sadu Trg D. Obradovića 4 Novi Sad, Yugoslavia