PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE

Nouvelle série, tome 61 (75), 1997, 133–136

A NOTE ON STABILITY OF MINIMAL SURFACES IN n-DIMENSIONAL HYPERBOLIC SPACE H^n(c)

Li Haizhong

Communicated by Mileva Prvanović

Abstract. We improve a result of Barbosa-do Carmo about stability of minimal surfaces in n-dimensional hyperbolic space H^n(c).

1. Introduction. In [1] Barbosa and do Carmo obtain the following wellknown result

Theorem 1 [1]. Let M be a minimal surface in an n-dimensional hyperbolic space H^n(c). Assume that D is a simply connected compact domain with piecewise smooth boundary on M. Let A denote the second fundamental form of M. If (1) ∫ D (|c| + |A|^2 2 )dv < 4π 3 , then D is stable.

In this note, we improve the Theorem above as follows Theorem 2. Let M be a minimal surface in an n-dimensional hyperbolic space H^n(c). Assume that D is a simply connected compact domain with piecewise smooth boundary on M. Let A denote the second fundamental form of M. If (2) ∫ D ( |c| 5 + |A|^2 2 )dv < 4π 3 , then D is stable.

Remark. Obviously, our condition (2) is better than condition (1) of Barbosado Carmo’s.

AMS Subject Classification (1991): Primary 53C42, 53C40, 53C10. Key Words and Phrases: minimal surface, stability, hyperbolic space.

2. Preliminaries. Let H^n(c) be an n-dimensional simply connected space of constant negative curvature c; we also call it the hyperbolic space. Let M be a minimal surface in H^n(c); we denote by K the Gauss curvature of M with respect to the induced metric ds^2_M . Let A be the second fundamental form of M.

We need the following lemmas to prove Theorem 2. smallskip Lemma 1. If M be a minimal surface in H^n(c), then (3) |∇(|A|^2)|^2 ≤ 2|A|^2|∇A|^2. Proof. Let M be a minimal surface H^n(c). By an elementary observation one can see that at each point the dimension of the image of the second fundamental form A of M is at most 2. Thus we may choose e_3, . . . , e_n so that h^α_{ij} = 0 for all i, j and α ≥ 5, i.e., we may choose the basis e_1, e_2, . . . , e_n so that the component h^α_{ij} of A satisfy

(4) (h^3_{ij} ) = ( λ 0 0 −λ ) , (h^4_{ij} ) = ( 0 μ μ 0 ) , (h^5_{ij} ) = · · · = (h^n_{ij} ) = O,

for some functions λ and μ. Let |A|^2 = ∑ α,i,j (h^α_{ij} )^2 be the square length of the second

fundamental form of M and K_N = ∑ α,β,i,j R^2_{αβij} be the normal scalar curvature of

M. By (4) and Ricci equation we easily check that |A|^2 = 2(λ^2 +μ^2), K_N = 16λ^2μ^2.

Noting ∑ k (h^α_{11k})^2 = ∑ k (h^α_{12k})^2, 3 ≤ α ≤ n, by (4), we have

(5)

|∇(|A|^2)|^2 = 4 ∑ k ( ∑ i,j,α h^α_{ij} h^α_{ijk} )^2 = 16 ∑ k (λh^3_{11k} + μh^4_{12k})^2

≤ 16 ∑ k (λ^2 + μ^2)[(h^3_{11k} )^2 + (h^4_{12k})^2] = 8|A|^2 ∑ k [(h^3_{11k})^2 + (h^4_{11k})^2].

On the other hand, we have

(6) |∇A|^2 = 2 ∑ i,k,α (h^α_{iik} )^2 = 4 ∑ k,α (h^α_{11k})^2 ≥ 4 ∑ k [(h^3_{11k})^2 + (h^4_{11k} )^2].

We get (3) from (5) and (6). The proof of Lemma 1 is completed.

A note on stability of minimal surfaces in n-dimensional hyperbolic space H^n(c) 135

Lemma 2. If M be a minimal surface in H^n(c), then 1 2 Δ(|A|^2) = |∇A|^2 + 2c|A|^2 − 3 2 |A|^4 + 2(λ^2 − μ^2)^2 ≥ |∇A|^2 + 2c|A|^2 − 3 2 |A|^4. Proof. Denote the matrix (h^α_{ij} ) by H_α, 3 ≤ α ≤ n. By Gauss-Codazzi-Ricci equations it was shown in [4] that 1 2 Δ(|A|^2) = ∑ α,i,j,k (h^α_{ijk} )^2 + ∑ α,i,j,k,l h^α_{ij} (h^α_{kl}R_{lijk} + h^α_{li}R_{lkjk} ) + ∑ α,β,i,j,k h^α_{ij} h^β_{ki}R_{βαjk} = |∇A|^2 + ∑ α,β tr(H_αH_β − H_β H_α)^2 − ∑ α,β (tr(H_αH_β ))^2 + 2c|A|^2.

By (4), it is easy to check the following formulas (8) ∑ α,β tr(H_αH_β − H_β H_α)^2 = −16λ^2μ^2, ∑ α,β (tr(H_αH_β ))^2 = 4(λ^4 + μ^4).

Substituting (8) into (7), we get 1 2 Δ(|A|^2) = |∇A|^2 + 2c|A|^2 − 8(λ^2 + μ^2)^2 + 4(λ^4 + μ^4) = |∇A|^2 + 2c|A|^2 − 3 2 |A|^4 + 2(λ^2 − μ^2)^2.

We completed the proof of Lemma 2.

The following proposition is crucial to prove our Theorem 2. Proposition 1. Let M be a minimal surface in H^n(c), ds^2_M be the induced metric. Then the Gauss curvature K of the conformal metric ds^2 = σds^2_M satisfies K ≤ 2, where σ = |c| 5 + |A|^2 2 > 0. Proof. By Gauss equation 2K = 2c − |A|^2,

(9) σ = |c| 5 + |A|^2 2 = 4c 5 − K. Thus we can define a conformal metric ds^2 = σds^2_M on M. As it is wellknown, the Gauss curvature K of ds^2 satisfies (for example, see [2]) (10) −σK = −K + 1 2 Δσ σ − |∇σ|^2 2σ^2 , where Δ is the Laplacian operator of the metric ds^2_M .

By (9) and (10), we get (11) −σK = σ − 4c 5 + 1 2 Δσ σ − |∇σ|^2 2σ^2 . By use of Lemma 1, Lemma 2 and (9),

(12) 1 2 Δσ = 1 4 Δ(|A|^2) ≥ 1 2 |∇A|^2 + c|A|^2 − 3 4 |A|^4 ≥ 1 2 |∇σ|^2 σ − 3σ^2 + 4cσ 5 . Combining (11) with (12), we obtain K ≤ 2. We completed the proof of Proposition 1.

3. The Proof of Theorem 2. By use of our Proposition 1, we can prove Theorem 2 in the same way as Barbosa and do Carmo did in [1] for Theorem 1. So we omit the proof of Theorem 2 here.

Acknowledgement. This paper is a part of author’s doctoral thesis (see chapter 3 of [3]). We express our thanks to Prof. dr. Mileva Prvanović, Prof. dr. Neda Bokan and Prof. dr. Muharem Avdispahić for their encouragements and many valuable suggestions.

References

[1] J.L. Barbosa and M. Do Carmo, Stability of minimal surfaces in spaces of constant curvature, Bol. Soc. Brasail. Mat. 11 (1980), 1–10.

[2] S.I. Goldberg, Curvature and Homology, Academic Press, New York, 1962. [3] H.Z. Li, Curvature Pinching Theorems for Minimal Submanifolds, Doctoral Thesis, Institute of Mathematics of Novi Sad University, 1992.

[4] J. Simons, Minimal varieties in Riemannian manifolds, Ann. of Math. 88 (1968), 62–105.

Department of Applied Mathematics (Received 24 04 1996) Tsinghua university Beijing, 100084 People’s Republic of China