PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE Nouvelle série, tome 62 (76), 1997, 41–45

BANDS OF NIL-EXTENSIONS OF RIGHT SIMPLE SEMIGROUPS

Petar V. Protić

Communicated by Žarko Mijajlović

Abstract. We prove a general theorem when the semigroup is a band of nilextensions of right simple semigroups. We also describe normal bands of right simple semigroups, normal bands of right Archimedean semigroups and normal bands of nil-extensions of right simple semigroups.

Nil-extensions of some classes of semigroups were considered by many authors, for example by L.N. Ševrin, J.L. Galbiati, M.L. Veronesi, S. Bogdanović and M. Ćirić. All of these results are presented in a survey paper [2].

Let N be the set of all positive integers. A semigroup S is right Archimedean (or r-Archimedean) if, for every a, b ∈ S, there exists n ∈ N such that a^n ∈ bS. A semigroup S is right simple if a ∈ bS for every a, b ∈ S. A semigroup S is right π-regular semigroup if for all a ∈ S there exists n ∈ N such that a^n ∈ a^{n+1}S. A semigroup S with the zero 0 is nil if for every a ∈ S there exists n ∈ N such that a^n = 0. An ideal extension S of T is a nil-extension if S/T is a nil semigroup. A semigroup B is a band if x^2 = x for each x ∈ B.

A semigroup S is a band Y of semigroups S_α if S = ⋃ α∈Y S_α, Y is a band, S_α ∩ S_β = ∅ for α, β ∈ Y with α ≠ β and S_αS_β ⊆ S_{αβ} . A congruence ρ on S is called band congruence if S/ρ is a band.

For undefined notions and notation we refer to [1], [3] and [4].

Theorem 1. [6] A semigroup S is a band of r-Archimedean semigroups if and only if (1) (∀a ∈ S)(∀x, y ∈ S^1)(∃i, j ∈ N)(xay)^i ∈ xa^2yS, (xa^2y)^j ∈ xayS. □

AMS Subject Classification (1991): Primary 20M10; Secondary 06F05 Supported by Grant 04M03 of RFNS through Math. Inst. SANU

In [6] is proved that if (1) holds, then the relation ρ defined on S by (2) aρb ⇐⇒ (∀x, y ∈ S^1)(∃i, j ∈ N)(xay)^i ∈ xbyS, (xby)^j ∈ xayS is a band congruence on S.

Theorem 2. [1] A semigroup S is a nil-extension of a right simple semigroup if and only if S is r-Archimedean and right π-regular. □

Theorem 3. The following conditions on a semigroup S are equivalent: (i) S is a band of nil-extensions of right simple semigroups, (ii) (∀a ∈ S)(∀x, y ∈ S^1)(∃m, n ∈ N)(∀p, q ∈ N) (xay)^m ∈ (xa^2y)^pS, (xa^2y)^n ∈ (xay)^q S, (iii) (∀a ∈ S)(∀x, y ∈ S^1)(∃m, n ∈ N) (xay)^m ∈ (xa^2y)^mS, (xa^2y)^n ∈ (xay)^nS.

Proof. (i)=⇒(ii). Let S be a band Y of nil-extensions S_α of right simple semigroups K_α. Then S^1 is a band Y^1 of nil-extensions S_α of right simple semigroups K_α, α ∈ Y^1 and S_1 = 1 = K_1. If x ∈ S_α, a ∈ S_β, y ∈ S_γ then xay, xa^2y ∈ S_{αβγ} . Now there exist m, n ∈ N such that (xay)^m, (xa^2y)^n ∈ K_{αβγ} . Also, (xa^2y)^{np} ∈ K_{αβγ} for every p ∈ N. Since K_{αβγ} is a right simple semigroup it follows that (xay)^m ∈ (xa^2y)^{np}K_{αβγ} ⊆ (xa^2y)^pS. Similarly, (xa^2y)^n ∈ (xay)^q S for every q ∈ N, and so (ii) holds.

(ii)=⇒(iii). This follows trivially. (iii)=⇒(i). From (iii) we have (∀a ∈ S)(∀x, y ∈ S^1)(∃m, n ∈ N) (xay)^m ∈ xa^2yS, (xa^2y)^n ∈ xayS, and by Theorem 1 we conclude that semigroup S is a band of r-Archimedean semigroups S_α, α ∈ Y . Also, from (iii) for x = a = y ∈ S_α, it follows that a^{3m} ∈ a^{4m}S and so there exists u ∈ S_β such that a^{3m} = a^{4m}u. From above we have α = αβ. Now a^{2m−1}u^2 ∈ S_α and

a^{3m} = a^{4m}u = a^ma^{3m}u = a^ma^{4m}uu = a^{3m+1}a^{2m−1}u^2 ∈ a^{3m+1}S_α.

Hence, S_α is a right π-regular r-Archimedean semigroup and by Theorem 2 it follows that S_α is a nil-extension of a right simple semigroup, whence semigroup S is a band of nil-extensions of right simple semigroups. □

Recall that a band B is a normal band if efge = egfe for every e, f, g ∈ B.

Theorem 4. A semigroup S is a normal band of r-Archimedean semigroups if and only if (3) (∀u, v, w, t ∈ S)(∃n ∈ N) (uvwt)^n ∈ uwvtS.

Proof. Let S be a normal band Y of r-Archimedean semigroups S_α. If u ∈ S_α, v ∈ S_β, w ∈ S_γ , t ∈ S_δ then uvwt ∈ S_{αβγδ}. Since Y is a normal band we have uwvtvuwt ∈ S_{αβγδ} and, since S_{αβγδ} is a right Archimedean semigroup, there exists n ∈ N such that (uvwt)^n ∈ uwvtvuwtS_{αβγδ} ⊆ uwvtS and so (3) holds.

Conversely, let statement (3) hold in S and let a ∈ S, x, y ∈ S^1. Then, by (3), for u = xa, v = ayxa^2, w = yxa, t = ay, there exists n ∈ N such that (xa^2y)^{3n} = (xa · ayxa^2 · yxa · ay)^n ∈ xa · yxa · ayxa^2 · ayS ⊆ xayS. Also, for u = xa, v = yxayx, w = ay, t = xay, there exists m ∈ N such that (xay)^{4m} = (xa · yxayx · ay · xay)^m ∈ xa · ay · yxayx · xayS ∈ xa^2yS. By Theorem 1 we have that S is a band Y of r-Archimedean semigroups S_α.

We shall prove that the congruence ρ defined by (2) is a normal band congruence on S. Let a, b, c ∈ S and x, y ∈ S^1. For u = xa, v = b, w = c, t = ay by (3) there exists n ∈ N such that (xabcay)^n ∈ xacbayS. Similarly, (xacbay)^m ∈ xabcayS for some m ∈ N. Hence abcaρacba and ρ is a normal band congruence on S. It follows that S is a normal band of r-Archimedean semigroups. □

Theorem 5. The following conditions on a semigroup S are equivalent: (i) S is a normal band of nil-extensions of right simple semigroups, (ii) (∀u, v, w, t ∈ S)(∃n ∈ N)(∀k ∈ N) (uvwt)^n ∈ (uwvtvuwt)^k S, (iii) (∀u, v, w, t ∈ S)(∃n ∈ N) (uvwt)^n ∈ (uwvtvuwt)^nS. Proof. (i)=⇒(ii). Let S be a normal band Y of nil-extensions S_α of right simple semigroups K_α. If u ∈ S_α, v ∈ S_β, w ∈ S_γ , t ∈ S_δ, then uvwt ∈ S_{αβγδ}. Since αβγδ = αγβδβαγδ we have that uwvtvuwt ∈ S_{αβγδ}. Now, there exist n, m ∈ N such that (uvwt)^n, (uwvtvuwt)^m ∈ K_{αβγδ} and, also (uwvtvuwt)^{mk} ∈ K_{αβγδ} for every k ∈ N. Since K_{αβγδ} is a right simple semigroup, we conclude that (uvwt)^n ∈ (uwvtvuwt)^{mk} K_{αβγδ} ⊆ (uwvtvuwt)^k S.

(ii)=⇒(iii). This follows trivially. (iii)=⇒(i). From (iii) we have (∀u, v, w, t ∈ S)(∃n ∈ N) (uvwt)^n ∈ (uwvtvuwt)^nS ⊆ uwvtS and by Theorem 4 S is a normal band Y of r-Archimedean semigroups S_α. If a ∈ S_α, then from (iii) for a = u = v = w = t there exists n ∈ N such that u^{4n} ∈ u^{8n}S and u^{4n} = u^{8n}s for some s ∈ S. If s ∈ S_β , then it follows that α = αβ. Now u^{4n−1}s ∈ S_α and so

u^{4n} = u^{8n}s = u^{4n+1}u^{4n−1}s ∈ u^{4n+1}S_α.

Hence S_α is right π-regular and by Theorem 2 we conclude that S_α is a nil-extension of right simple semigroup and S is a normal band of nil-extensions of right simple semigroups. □

Theorem 6. A semigroup S is a normal band of right simple semigroups if and only if (4) (∀u, v, w, t ∈ S) uvwt ∈ uwvtS, u ∈ u^2S.

Proof. Let S be a normal band Y of right simple semigroups S_α. If u ∈ S_α, v ∈ S_β , w ∈ S_γ , t ∈ S_δ, then uvwt, uwvtvuwt ∈ S_{αβγδ}. Since S_{αβγδ} is a right simple semigroup we conclude that uvwt ∈ uwvtvuwtS ⊆ uwvtS. Since u, u^2 ∈ S_α, we have u ∈ u^2S.

Conversely, let (4) hold. We define on S a relation σ by aσb ⇐⇒ a ∈ bS, b ∈ aS. Clearly σ ⊆ R where R is the Green R-relation. Conversely, let aRb. If a ≠ b, then a ∈ bS, b ∈ aS and so aσb. If a = b, then by (4) we have a ∈ a^2S ⊆ aS, and so aσa. Hence R ⊆ σ and so σ = R.

Let aRb, c ∈ S; then ac ∈ bSc. Hence ac = btc for some t ∈ S. Now by (4) we have ac = btc ∈ btc^2S ⊆ bctcS ⊆ bcS. Similarly, bc ∈ acS and so acRbc. Since R is a left congruence on an arbitrary semigroup, we conclude that R is a congruence relation on S.

Let a ∈ S; then a^2 ∈ aS. By (4) we have a ∈ a^2S and so aRa^2. Hence R is a band congruence. If a, b, c ∈ S, then by (4) it follows that abcaRacba and so R is a normal band congruence on S. Now, S = ⋃ α∈Y S_α, Y is a normal band and S_α are R-classes.

Let aRb; then aRb^2, whence a = b^2x for some x ∈ S. If a, b ∈ S_α and x ∈ S_β , then α = αβ. By (4) from a ∈ a^2S we have a = a^2y for some y ∈ S. If y ∈ S_γ then α = αγ. Now from above we have a = a^2y = aay = b^2xay = bbxay ∈ bS_{αβαγ} = bS_α. Hence S_α is a right simple semigroup and so the semigroup S is a normal band of right simple semigroups. □

References

[1] S. Bogdanović, Semigroups with a system of subsemigroups, Inst. of Math. Novi Sad, 1985. [2] S. Bogdanović and M. Ćirić, Semilattices of Archimedean semigroups and (completely) πregular semigroups I (A survey), Zb. Rad. Fil. Fak. (Niš), Ser. Mat. 7 (1993), 1–40.

[3] M. Petrich, Introduction to Semigroups, Merrill, Columbus, 1973. [4] M. Petrich, Lectures in Semigroups, Akad. Verlag, Berlin, 1977.

[5] P. V. Protić, On some band decompositions of semigroups, Publ. Math. Debrecen 45 (1994), 205–211.

[6] M. S. Putcha, Band of t-Archimedean semigroups, Semigroup Forum 6(1973), 232–239.

Gra -devinski Fakultet (Received 10 03 1997) 18000 Niš (Revised 16 07 1997) Yugoslavia

pvprotic@ziux.grafak.ni.ac.yu