PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE

Nouvelle série, tome 67(81) (2000), 92–102

NEW SPECIAL GEODESIC MAPPINGS OF GENERALIZED RIEMANNIAN SPACES

Mića S. Stanković and Svetislav M. Minčić

Communicated by Mileva Prvanović

Abstract. We define R̀-projective geodesic mappings (θ = 1, . . . , 5) of two generalized Riemannian spaces and obtain some invariant geometric objects of these mappings, generalizing Weyl’s tensor. Also, we define R̀-projectively flat generalized

Riemannian spaces GRN and find necessary conditions for the space GRN to be

R̀^{-projectively flat.}

0. Introduction

Definition 0.1. A differentiable N-dimensional manifold GR_N is a generalized Riemannian space in the sence of Eisenhart’s definition [2] if it is equipped with a nonsymmetric basic tensor g_{ij} .

Consider two N-dimensional generalized Riemannian spaces GR_N and GR_N . The connection coefficients of these spaces are generalized Christoffel’s symbols of second kind, Γ^i_{jk} and Γ^i_{jk} respectively. In the general case Γ^i_{jk} ≠ Γ^i_{kj} .

Definition 0.2. The mapping f : GR_N → GR_N is geodesic [6], if the geodesics of the space GR_N are mapped into to the geodesics of the space GR_N .

We can consider these spaces in the common by this mapping system of local coordinates, i.e., if f : M(x) ≡ M(x^1, · · · , x^N ) → M, then we have M(x) ≡ M(x^1, · · · , x^N ). For Christoffel’s symbols of second kind of the spaces GR_N and GR_N in the corresponding points M(x) and M(x) we can put

(0.1) Γ^i_{jk} (x) = Γ^i_{jk} (x) + P^i_{jk} (x) (i, j, k = 1, . . . , N),

1991 Mathematics Subject Classification. Primary 53B05. Supported by Grant 04M03D of RFNS trough Math. Inst. SANU.

NEW SPECIAL GEODESIC MAPPINGS 93

where P^i_{jk} (x) is the deformation tensor of the connection Γ of GR_N according to the mapping f : GR_N → GR_N .

A necessary and sufficient condition [6] for the mapping f : GR_N → GR_N to be geodesic is that the deformation tensor P^i_{jk} from (0.1) at the mapping f has the form

(0.2) P^i_{jk} (x) = δ^i_j ψ_k(x) + δ^i_k ψ_j (x) + ξ^i_{jk} (x),

where

(0.3) ψ_i(x) = 1 N + 1

(Γ^α_{iα}(x) − Γ^α_{iα}(x)), ξ^i_{jk} (x) = P^i_{jk} ˙ = 1 2 (P^i_{jk} − P^i_{kj} ). In a generalized Riemannian space we can define four kinds of covariant derivative [3,4]. Denote by |_θ, | θ a covariant derivative of the kind θ in GR_N and GR_N respectively.

For the torsion tensor of the space GR_N it holds (eq. (2.10) in [6])

(0.4) Γ^α_{iα} ˙ = 0.

In the space GR_N we have five independent curvature tensors [5]:

R_1^i_{jmn} = Γ^i_{jm,n} − Γ^i_{jn,m} + Γ^α_{jm}Γ^i_{αn} − Γ^α_{jn}Γ^i_{αm},

(0.5)

R_2^i_{jmn} = Γ^i_{mj,n} − Γ^i_{nj,m} + Γ^α_{mj} Γ^i_{nα} − Γ^α_{nj} Γ^i_{mα},

(0.6)

R_3^i_{jmn} = Γ^i_{jm,n} − Γ^i_{nj,m} + Γ^α_{jm}Γ^i_{nα} − Γ^α_{nj} Γ^i_{αm} + Γ^α_{nm}(Γ^i_{αj} − Γ^i_{jα}),

(0.7)

R_4^i_{jmn} = Γ^i_{jm,n} − Γ^i_{nj,m} + Γ^α_{jm}Γ^i_{nα} − Γ^α_{nj} Γ^i_{αm} + Γ^α_{mn}(Γ^i_{αj} − Γ^i_{jα}),

(0.8)

R_5^i_{jmn} = 1 2 (Γ^i_{jm,n} + Γ^i_{mj,n} − Γ^i_{jn,m} − Γ^i_{nj,m} + Γ^α_{jm}Γ^i_{αn} + Γ^α_{mj} Γ^i_{nα}

(0.9)

− Γ^α_{jn}Γ^i_{mα} − Γ^α_{nj} Γ^i_{αm}).

Denote by R_θ^i_{jmn} (θ = 1, . . . , 5) the corresponding curvature tensors of the space GR_N . In the case of a geodesic mapping f : R_N → R_N of Riemannian spaces R_N and R_N we have an invariant geometric object ([8, p. 80] or [1, eq. (37.5)]):

(0.10) W^i_{jmn} = R^i_{jmn} + 1 N − 1 (δ^i_m R_{jn} − δ^i_n R_{jm}). where R^i_{jmn} is Riemann-Christoffel’s curvature tensor of the space R_N , and R_{jm} is Ricci’s tensor. The object W^i_{jmn} is called Weyl’s tensor, or the tensor of projective curvature [1], [8]. Having a geodesic mapping of two generalized Riemannian spaces, we can not find a generalization of Weyl’s tensor as an invariant of geodesic mapping in the general case. For that reason in [7] we defined a special geodesic mapping f : GR_N → GR_N , that we called equitorsion geodesic mapping. Here we define and study new kinds of geodesic mappings of generalized Riemannian spaces.

94 STANKOVIĆ AND MINČIĆ

1. R_1 -projective mappings

Definition 1.1. The geodesic mapping f : GR_N → GR_N is R_1 -projective if the following condition is satisfied

δ^i_j (D_{1 mn} − D_{1 nm}) + δ^i_m D_{1 jn} − δ^i_n D_{1 jm} + (δ^i_n ξ^α_{jm} − δ^i_m ξ^α_{jn})ψ_α +2ψ_j ξ^i_{mn} + ξ^α_{jm}ξ^i_{αn} − ξ^α_{jn}ξ^i_{αm} + 2Γ^i_{mn} ˙ ψ_j + 2Γ^α_{mn} ˙ ψ_αδ^i_j (1.1)

+2Γ^α_{mn} ˙ ξ^i_{jα} = 0, where

D_{1 jm} = N − 1 N + 1 ξ^α_{jm}ψ_α − 1 N^2 − 1

(4Γ^α_{mj} ˙ ψ_α + 2Γ^α_{mβ} ˙ ξ^β_{jα} − 2Γ^α_{jβ} ˙ ξ^β_{mα}) − 1 N − 1 (ξ^α_{jβ} ξ^β_{αm} − 2Γ^α_{mj} ˙ ψ_α − 2Γ^α_{mβ} ˙ ξ^β_{jα}), (1.1^′)

and mj_∨ , as in (0.3), denotes an antisymmetrisation with respect to indices m and j.

Definition 1.2. The space GR_N is R_1 -projectively flat if there exists an R_1 - projective mapping of the space GR_N to a flat space (i.e., to a space, whose connection coeffitients in special coordinates are zero).

Using (0.1), we get the relation between the first kind curvature tensors (0.5) of the spaces GR_N and GR_N

(1.2) R_1^i_{jmn} = R_1^i_{jmn} + P^i_{jm|1n} − P^i_{jn|1m} + P^α_{jm}P^i_{αn} − P^α_{jn}P^i_{αm} + 2Γ^α_{mn} ˙ P^i_{jα}. Denoting

(1.3) ψ_{θ mn} = ψ_{m|`n} − ψ_mψ_n (θ = 1, 2)

and substituting P with respect to (0.2) in (1.2), we obtain

(1.4)

R_1^i_{jmn} = R_1^i_{jmn} + δ^i_j (ψ_{1 mn} − ψ_{1 nm}) + δ^i_m ψ_{1 jn} − δ^i_n ψ_{1 jm} − δ^i_m ξ^α_{jn}ψ_α + δ^i_n ξ^α_{jm}ψ_α + ξ^i_{jm|1n} − ξ^i_{jn|1m} + 2ψ_j ξ^i_{mn} + ξ^α_{jm}ξ^i_{αn} − ξ^α_{jn}ξ^i_{αm} + 2Γ^i_{mn} ˙ ψ_j + 2Γ^α_{mn} ˙ ψ_αδ^i_j + 2Γ^α_{mn} ˙ ξ^i_{jα}. Contracting (1.4) with respect to i and n and using (0.4) we get

R_{1 jm} = R_{1 jm} − 2ψ_{1 jm} ˙ + (1 − N)ψ_{1 jm} + (N − 1)ξ^α_{jm}ψ_α + ξ^β_{jm|1β} − ξ^α_{jβ} ξ^β_{αm} + 2Γ^β_{mβ} ˙ ψ_j + 2Γ^α_{mj} ˙ ψ_α + 2Γ^α_{mβ} ˙ ξ^β_{jα}. (1.5)

NEW SPECIAL GEODESIC MAPPINGS 95

Here R_{1 jm} and R_{1 jm} denote the first kind Ricci tensors of the space GR_N and GR_N

respectively.

From (1.5) we obtain

(1 + N)ψ_{1 jm} ˙ = R_{1 jm} ˙ − R_{1 jm} ˙ + (N − 1)ξ^α_{jm}ψ_α + ξ^β_{jm|1β} + 2Γ^α_{mj} ˙ ψ_α + Γ^α_{mβ} ˙ ξ^β_{jβ} − Γ^α_{jβ} ˙ ξ^β_{mα}. (1.6)

Substituting (0.3) in (1.6) we get

R_{1 jm} = R_{1 jm} − 1 N + 1 [ 2R_{1 jm} ˙ − 2R_{1 jm} ˙ + 2(N − 1)ξ^α_{jm}ψ_α + 2ξ^β_{jm|1β} + 4Γ^α_{mj} ˙ ψ_α + 2Γ^α_{mβ} ˙ ξ^β_{jα} − 2Γ^α_{jβ} ˙ ξ^β_{mα} ] + (1 − N)ψ_{1 jm} + (N − 1)ξ^α_{jm}ψ_α + ξ^β_{jm|1β} − ξ^α_{jβ} ξ^β_{αm} + 2Γ^α_{mj} ˙ ψ_α + 2Γ^α_{mβ} ˙ ξ^β_{jα}, i.e.

(N − 1)ψ_{1 jm} = R_{1 jm} − R_{1 jm} − 1 N + 1 [ 2R_{1 jm} ˙ − 2R_{1 jm} ˙ + 2(N − 1)ξ^α_{jm}ψ_α + 2ξ^β_{jm|1β} + 4Γ^α_{mj} ˙ ψ_α + 2Γ^α_{mβ} ˙ ξ^β_{jα} − 2Γ^α_{jβ} ˙ ξ^β_{mα} ] + (N − 1)ξ^α_{jm}ψ_α + ξ^β_{jm|1β} (1.7) − ξ^α_{jβ} ξ^β_{αm} + 2Γ^α_{mj} ˙ ψ_α + 2Γ^α_{mβ} ˙ ξ^β_{jα}. Replacing (1.7) in (1.4) we get

R_1^i_{jmn} = R_1^i_{jmn} + 1 N − 1 δ^i_j { R_{1 mn} − R_{1 mn} − 1 N + 1 [ 2R_{1 mn}˙ − 2R_{1 mn}˙

+ 2(N − 1)ξ^α_{mn}ψ_α + 2ξ^β_{mn|1β} + 4Γ^α_{nm} ˙ ψ_α + 2Γ^α_{nβ} ˙ ξ^β_{mα} − 2Γ^α_{mβ} ˙ ξ^β_{nα} ]

+ (N − 1)ξ^α_{mn}ψ_α + ξ^β_{mn|1β} − ξ^α_{mβ} ξ^β_{αn} + 2Γ^α_{nm} ˙ ψ_α + 2Γ^α_{nβ} ˙ ξ^β_{mα} − R_{1 nm} + R_{1 nm} + 1 N + 1 [ 2R_{1 nm}˙ − 2R_{1 nm}˙ + 2(N − 1)ξ^α_{nm}ψ_α + 2ξ^β_{nm|1β} + 4Γ^α_{mn} ˙ ψ_α + 2Γ^α_{mβ} ˙ ξ^β_{nα} − 2Γ^α_{nβ} ˙ ξ^β_{mα} ] − (N − 1)ξ^α_{nm}ψ_α − ξ^β_{nm|1β} + ξ^α_{nβ} ξ^β_{αm} − 2Γ^α_{mn} ˙ ψ_α − 2Γ^α_{mβ} ˙ ξ^β_{nα} } + 1 N − 1 δ^i_m { R_{1 jn} − R_{1 jn} − 1 N + 1 [ 2R_{1 jn} ˙ − 2R_{1 jn} ˙ + 2(n − 1)ξ^α_{jn}ψ_α + 2ξ^β_{jn|1β} + 4Γ^α_{nj} ˙ ψ_α + 2Γ^α_{nβ} ˙ ξ^β_{jα} − 2Γ^α_{jβ} ˙ ξ^β_{nα} ] + (N − 1)ξ^α_{jn}ψ_α + ξ^β_{jn|1β} − ξ^α_{jβ} ξ^β_{αn} + 2Γ^α_{nj} ˙ ψ_α + 2Γ^α_{nβ} ˙ ξ^β_{jα} } − 1 N − 1 δ^i_n { R_{1 jm} − R_{1 jm} − 1 N + 1 [ 2R_{1 jm} ˙ − 2R_{1 jm} ˙

96 STANKOVIĆ AND MINČIĆ

+ 2(N − 1)ξ^α_{jm}ψ_α + 2ξ^β_{jm|1β} + 4Γ^α_{mj} ˙ ψ_α + 2Γ^α_{mβ} ˙ ξ^β_{jα} − 2Γ^α_{jβ} ˙ ξ^β_{mα} ] + (N − 1)ξ^α_{jm}ψ_α + ξ^β_{jm|1β} − ξ^α_{jβ} ξ^β_{αm} + 2Γ^α_{mj} ˙ ψ_α + 2Γ^α_{mβ} ˙ ξ^β_{jα} } + (δ^i_n ξ^α_{jm} − δ^i_m ξ^α_{jn})ψ_α + ξ^i_{jm|1n} − ξ^i_{jn|1m} + 2ψ_j ξ^i_{mn} + ξ^α_{jm}ξ^i_{αn} − ξ^α_{jn}ξ^i_{αm} + 2Γ^i_{mn} ˙ ψ_j + 2Γ^α_{mn} ˙ ψ_αδ^i_j + 2Γ^α_{mn} ˙ ξ^i_{jα}. Taking into account (1.1) and (1.1^′), we can write the last equation in the form

(1.8) W (R_1 )^i_{jmn} = W (R_1 )^i_{jmn},

where

(1.9)

W (R_1 )^i_{jmn} = R_1^i_{jmn} + 2 N + 1 δ^i_j R_{1 mn}˙ + 1 N^2 − 1 [ (NR_{1 jn} − R_{1 nj} )δ^i_m − (NR_{1 jm} − R_{1 mj} )δ^i_n ] − 2 N + 1 δ^i_j Γ^β_{mn} ˙^|_1^β − 1 N + 1 δ^i_m Γ^β_{jn} ˙^|1^β + 1 N + 1 δ^i_n Γ^β_{jm} ˙^|1^β − Γ^i_{jm} ˙^|1^n − Γ^i_{jn} ˙^|1^m . Therefore, we proved the next theorem

Theorem 1.1. The tensor (1.9) is an invariant of an R_1 -projective mapping.

Theorem 1.2. If GR_N is R_1 -projectively flat, then

(1.10) W (R_1 )^i_{jmn} = 0.

Proof. GR_N is a flat space. Then by (1.9) we get W (R_1 )^i_{jmn} = 0, and using (1.8) we can see that (1.10) holds. �

2. R_2 -projective mappings

Definition 2.1. The geodesic mapping f : GR_N → GR_N is R_2 -projective if the following condition is satisfied

δ^i_j (D_{2 mn} − D_{2 nm}) + δ^i_m D_{2 jn} − δ^i_n D_{2 jm} + (δ^i_n ξ^α_{mj} − δ^i_m ξ^α_{nj} )ψ_α

+2ψ_j ξ^i_{nm} + ξ^α_{mj} ξ^i_{nα} − ξ^α_{nj} ξ^i_{mα} + 2Γ^i_{nm} ˙ ψ_j + 2Γ^α_{nm} ˙ ψ_αδ^i_j +2Γ^α_{nm} ˙ ξ^i_{αj} = 0, where

D_{2 jm} = N − 1 N + 1 ξ^α_{mj} ψ_α − 1 N^2 − 1

(4Γ^α_{mj} ˙ ψ_α + 2Γ^α_{βm} ˙ ξ^β_{αj} − 2Γ^α_{βj} ˙ ξ^β_{αm}) − 1 N − 1 (ξ^α_{βj} ξ^β_{mα} − 2Γ^α_{jm} ˙ ψ_α − 2Γ^α_{βm} ˙ ξ^β_{αj} ).

NEW SPECIAL GEODESIC MAPPINGS 97

Definition 2.2. The space GR_N is R_2 -projectively flat if there exists an R_2 - projective mapping of the space GR_N into a flat space.

For curvature tensors of the second kind (0.6) of the spaces GR_N and GR_N we get the relation

R_2^i_{jmn} = R_2^i_{jmn} + P^i_{mj |2n} − P^i_{nj |2m} + P^α_{mj} P^i_{nα} − P^α_{nj} P^i_{mα} + 2Γ^α_{nm} ˙ P^i_{αj} , i.e., using (0.2) and (1.3),

R_2^i_{jmn} = R_2^i_{jmn} + δ^i_j (ψ_{2 mn} − ψ_{2 nm}) + δ^i_m ψ_{2 jn} − δ^i_n ψ_{2 jm} − δ^i_m ξ^α_{nj} ψ_α + δ^i_n ξ^α_{mj} ψ_α + ξ^i_{mj |2n} − ξ^i_{nj |2m} + 2ψ_j ξ^i_{nm} + ξ^α_{mj} ξ^i_{nα} − ξ^α_{nj} ξ^i_{mα} + 2Γ^i_{nm} ˙ δ^i_j + 2Γ^α_{nm} ˙ ψ_αδ^i_j + 2Γ^α_{nm} ˙ ξ^i_{αj} . Analogously to the previous case, we get an invariant of an R_2 -projective map- ping f : GR_N → GR_N

(2.1)

W (R_2 )^i_{jmn} = R_2^i_{jmn} + 2 N + 1 δ^i_j R_{2 mn}˙ + 1 N^2 − 1 [ (NR_{2 jn} − R_{2 nj} )δ^i_m − (NR_{2 jm} − R_{2 mj} )δ^i_n ] − 2 N + 1 δ^i_j Γ^β_{nm} ˙^|_2^β − 1 N + 1 δ^i_m Γ^β_{nj} ˙^|2^β + 1 N + 1 δ^i_n Γ^β_{mj} ˙^|2^β − Γ^i_{mj} ˙^|2^n − Γ^i_{nj} ˙^|2^m . Consequently, the next theorems are valid Theorem 2.1. The tensor (2.1) is an invariant of an R_2 -projective mapping.

Theorem 2.2. If GR_N is R_2 -projectively flat then we have

W (R_2 )^i_{jmn} = 0.

3. R_3 -projective mappings

Definition 3.1. The geodesic mapping f : GR_N → GR_N is R_3 -projective if the following condition holds

δ^i_j (D_{3 mn} − D_{3 nm}) + δ^i_m D_{3 jn} − δ^i_n D_{3 jm} + 2(δ^i_j Γ^α_{mn} ˙ + δ^i_m Γ^α_{jn} ˙ )ψ_α +(δ^i_n ξ^α_{jm} − δ^i_m ξ^α_{nj} )ψ_α + ξ^α_{jm}ξ^i_{nα} − ξ^α_{jn}ξ^i_{αm} + 2ψ_n(Γ^i_{mj} ˙ + ξ^i_{mj} )

(3.1)

+2ψ_m(Γ^i_{nj} ˙ + ξ^i_{nj} ) + 2ξ^α_{nm}(Γ^i_{αj} ˙ + ξ^i_{αj} ) = 0,

98 STANKOVIĆ AND MINČIĆ

where D_{3 jm} = ξ^α_{jm}ψ_α − 1 N^2 − 1 [ 4ψ_β(Γ^β_{mj} ˙ + ξ^β_{mj} ) + 2ξ^α_{βm}Γ^β_{αj} ˙ − 2ξ^α_{βj} Γ^β_{αm} ˙ ]

+ 1 N − 1 [ ξ^α_{jβ} ξ^β_{αm} + 2ψ_β(Γ^β_{mj} ˙ + ξ^β_{mj} ) + 2ξ^α_{βm}(Γ^β_{αj} ˙ + ξ^β_{αj} ) ] . (3.1^′)

Definition 3.2. The space GR_N is R_3 -projectively flat if there exists an R_3 -

projective mapping of the space GR_N into a flat space.

In the case of curvature tensors of the third kind (0.7) of the spaces GR_N and

GR_N we get the relation R_3^i_{jmn} = R_3^i_{jmn} + P^i_{jm|2n} − P^i_{nj |1m} + P^α_{jm}P^i_{nα} − P^α_{nj} P^i_{αm} + 2P^α_{nm}Γ^i_{αj} ˙ + 2P^α_{nm}P^i_{αj} ˙ i.e., in virtue of (0.2) and (1.3)

(3.2)

R_3^i_{jmn} = R_3^i_{jmn} + δ^i_j (ψ_{2 mn} − ψ_{1 nm}) + δ^i_m ψ_{2 jn} − δ^i_n ψ_{1 jm} + ψ_α(δ^i_n ξ^α_{jm} − δ^i_m ξ^α_{nj} ) + ξ^i_{jm|2n} − ξ^i_{nj |1m} + ξ^α_{jm}ξ^i_{nα} − ξ^α_{jn}ξ^i_{αm} + 2ψ_n(Γ^i_{mj} ˙ + ξ^i_{mj} ) + 2ψ_m(Γ^i_{nj} ˙ + ξ^i_{nj} ) + 2ξ^α_{nm}(Γ^i_{αj} ˙ + ξ^i_{αj} ). Also, it holds

(3.3) ψ_{2 mn} = ψ_{1 mn} + 2Γ^α_{mn} ˙ ψ_α. From (3.2) and (3.3) we get

(3.4)

R_3^i_{jmn} = R_3^i_{jmn} + δ^i_j (ψ_{1 mn} − ψ_{1 nm}) + δ^i_m ψ_{1 jn} − δ^i_n ψ_{1 jm}

+ 2(δ^i_j Γ^α_{mn} ˙ + δ^i_n Γ^α_{jn} ˙ )ψ_α + (δ^i_n ξ^α_{jm} − δ^i_m ξ^α_{nj} )ψ_α + ξ^i_{jm|2n} − ξ^i_{nj |1m} + ξ^α_{jm}ξ^i_{nα} − ξ^α_{jn}ξ^i_{αm} + 2ψ_n(Γ^i_{mj} ˙ + ξ^i_{mj} ) + 2ψ_m(Γ^i_{nj} ˙ + ξ^i_{nj} ) + 2ξ^α_{nm}(Γ^i_{αj} ˙ + ξ^i_{αj} ). Contracting (3.4) with respect to i and n we get

R_{3 jm} = R_{3 jm} − 2ψ_{1 jm} ˙ + (1 − N)ψ_{1 jm} + (N + 1)ξ^α_{jm}ψ_α + ξ^β_{jm|2β} −ξ^α_{jβ} ξ^β_{αm} + 2ψ_β(Γ^β_{mj} ˙ + ξ^β_{mj} ) + 2ξ^α_{βm}(Γ^β_{αj} ˙ + ξ^β_{αj} ), (3.5)

NEW SPECIAL GEODESIC MAPPINGS 99

hence

(1 + N)ψ_{1 jm} ˙ = R_{3 jm} ˙ − R_{3 jm} ˙ + (N + 1)ξ^α_{jm}ψ_α + ξ^β_{jm|2β} + 2ψ_β (Γ^β_{mj} ˙ + ξ^β_{mj} ) + ξ^α_{βm}Γ^β_{αj} ˙ − ξ^α_{βj} Γ^β_{αm} ˙ . (3.6)

Substituting (3.6) in (3.5) we get

(N − 1)ψ_{1 jm} = R_{3 jm} − R_{3 jm} − 1 N + 1 [ 2R_{3 jm} ˙ − 2R_{3 jm} ˙ + 2(N + 1)ξ^α_{jm}ψ_α + 2ξ^β_{jm|2β}

+ 4ψ_β(Γ^β_{mj} ˙ + ξ^β_{mj} ) + 2ξ^α_{βm}Γ^β_{αj} ˙ − 2ξ^α_{βj} Γ^β_{αm} ˙ ] + (N + 1)ξ^α_{jm}ψ_α

(3.7) + ξ^β_{jm|2β} − ξ^α_{jβ} ξ^β_{αm} + 2ψ_β(Γ^β_{mj} ˙ + ξ^β_{mj} ) + 2ξ^α_{βm}(Γ^β_{αj} ˙ + ξ^β_{αj} ). Now, from (3.4,6,7) by conditions (3.1,1^′) we get

W (R_3 )^i_{jmn} = W (R_3 )^i_{jmn},

where

(3.8)

W (R_3 )^i_{jmn} = R_3^i_{jmn} + 2 N + 1 δ^i_j R_{3 mn}˙ + 1 N^2 − 1 [ (NR_{3 jn} − R_{3 nj} )δ^i_m − (NR_{3 jm} − R_{3 mj} )δ^i_n ] − 2 N + 1 δ^i_j Γ^β_{mn} ˙^|_2^β − 1 N + 1 δ^i_m Γ^β_{jn} ˙^|2^β + 1 N + 1 δ^i_n Γ^β_{jm} ˙^|2^β − Γ^i_{jm} ˙^|2^n

+ Γ^i_{nj} ˙^|2^m . Consequently, the next theorems hold:

Theorem 3.1. The tensor (3.8) is an invariant of an R_3 -projective mapping.

Theorem 3.3. If GR_N is R_3 -projectively flat then

W (R_3 )^i_{jmn} = 0.

4. R_4 -projective mappings

Definition 4.1. A geodesic mapping f : GR_N → GR_N is R_4 -projective if the

following condition is satisfied

δ^i_j (D_{4 mn} − D_{4 nm}) + δ^i_m D_{4 jn} − δ^i_n D_{4 jm} + 2(δ^i_j Γ^α_{mn} ˙ + δ^i_m Γ^α_{jn} ˙ )ψ_α +(δ^i_n ξ^α_{jm} − δ^i_m ξ^α_{nj} )ψ_α + ξ^α_{jm}ξ^i_{nα} − ξ^α_{jn}ξ^i_{αm} + 2ψ_n(Γ^i_{mj} ˙ + ξ^i_{mj} )

+2ψ_m(Γ^i_{nj} ˙ + ξ^i_{nj} ) + 2ξ^α_{mn}(Γ^i_{αj} ˙ + ξ^i_{αj} ) = 0,

100 STANKOVIĆ AND MINČIĆ

where D_{4 jm} = ξ^α_{jm}ψ_α − 1 N^2 − 1 [ 4ψ_β(Γ^β_{mj} ˙ + ξ^β_{mj} ) + 2ξ^α_{mβ}Γ^β_{αj} ˙ − 2ξ^α_{jβ} Γ^β_{αm} ˙ ]

− 1 N − 1 [ ξ^α_{jβ} ξ^β_{αm} − 2ψ_β(Γ^β_{mj} ˙ + ξ^β_{mj} ) − 2ξ^α_{mβ}(Γ^β_{αj} ˙ + ξ^β_{αj} ) ] .

Definition 4.2. The space GR_N is R_4 -projectively flat if there exists an R_4 - projective mapping of the space GR_N into a flat space.

For curvature tensors of the fourth kind (0.8) we get R_4^i_{jmn} = R_4^i_{jmn} + P^i_{jm|2n} − P^i_{nj |1m} + P^α_{jm}P^i_{nα} − P^α_{nj} P^i_{αm} + 2P^α_{mn}Γ^i_{αj} ˙ + 2P^α_{mn}P^i_{αj} ˙ i.e.

R_4^i_{jmn} = R_4^i_{jmn} + δ^i_j (ψ_{2 mn} − ψ_{1 nm}) + δ^i_m ψ_{2 jn} − δ^i_n ψ_{1 jm} + ψ_α(δ^i_n ξ^α_{jm} − δ^i_m ξ^α_{nj} ) + ξ^i_{jm|2n} − ξ^i_{nj |1m} + ξ^α_{jm}ξ^i_{nα} − ξ^α_{jn}ξ^i_{αm} + 2ψ_n(Γ^i_{mj} ˙ + ξ^i_{mj} ) + 2ψ_m(Γ^i_{nj} ˙ + ξ^i_{nj} ) + 2ξ^α_{mn}(Γ^i_{αj} ˙ + ξ^i_{αj} ). Now analogously to the previous cases, we get an invariant of an R_4 -projective mapping in the form

(4.1)

W (R_4 )^i_{jmn} = R_4^i_{jmn} + 2 N + 1 δ^i_j R_{4 mn}˙ + 1 N^2 − 1 [(NR_{4 jn} − R_{4 nj} )δ^i_m − (NR_{4 jm} − R_{4 mj} )δ^i_n ] − 2 N + 1 δ^i_j Γ^α_{mn} ˙^|_2^α − 1 N + 1 δ^i_m Γ^α_{jn} ˙^|2^α + 1 N + 1 δ^i_n Γ^α_{jm} ˙^|2^α − Γ^i_{jm} ˙^|2^n

+ Γ^i_{nj} ˙^|1^m ,

i.e., the next theorems hold:

Theorem 4.1. The tensor (4.1) is an invariant of an R_4 -projective mapping.

Theorem 4.2. If GR_N is R_4 -projectively flat then

W (R_4 )^i_{jmn} = 0.

NEW SPECIAL GEODESIC MAPPINGS 101

5. R_5 -projective mappings Definition 5.1. A geodesic mapping f : GR_N → GR_N is R_5 -projective if the following condition is satisfied 2δ^i_m ξ^α_{jβ} ξ^β_{nα} − 2δ^i_n ξ^α_{jβ} ξ^β_{mα} − (N − 1)(ξ^α_{jm}ξ^i_{αn} − ξ^α_{jn}ξ^i_{mα} +ξ^α_{mj} ξ^i_{nα} − ξ^α_{nj} ξ^i_{αm}) = 0.

Definition 5.2. The space GR_N is R_5 -projectively flat if there exists an R_5 - projective mapping of the space GR_N into a flat space.

For curvature tensors of the fifth kind (0.9) of the spaces GR_N and GR_N we find the relation R_5^i_{jmn} = R_5^i_{jmn} + 1 2 (P^i_{jm|3n} − P^i_{jn|4m} + P^i_{mj |4n} − P^i_{nj |3m} + P^α_{jm}P^i_{αn} − P^α_{jn}P^i_{mα} + P^α_{mj} P^i_{nα} − P^α_{nj} P^i_{αm}) i.e.

(5.1)

R_5^i_{jmn} = R_5^i_{jmn} + 1 2 δ^i_j (ψ_{1 mn} − ψ_{2 nm} + ψ_{2 mn} − ψ_{1 nm}) + 1 2 δ^i_m (ψ_{1 jn} + ψ_{2 jn}) − 1 2 δ^i_n (ψ_{2 jm} + ψ_{1 jm}) + 1 2 (ξ^i_{jm|3n} − ξ^i_{jn|4m} + ξ^i_{mj |4n} − ξ^i_{nj |3m} + ξ^α_{jm}ξ^i_{αn} − ξ^α_{jn}ξ^i_{mα} + ξ^α_{mj} ξ^i_{nα} − ξ^α_{nj} ξ^i_{αm}). Putting ψ_{12jn} = 1 2 (ψ_{1 jn} + ψ_{2 jn}) we get from (5.1)

R_5^i_{jmn} = R_5^i_{jmn} + δ^i_j (ψ_{12mn} − ψ_{12nm}) + δ^i_m ψ_{12jn} − δ^i_n ψ_{12jm} + 1 2 (ξ^i_{jm|3n} − ξ^i_{jn|4m} + ξ^i_{mj |4n} − ξ^i_{nj |3m} + ξ^α_{jm}ξ^i_{αn} − ξ^α_{jn}ξ^i_{mα}+ (5.2) + ξ^α_{mj} ξ^i_{nα} − ξ^α_{nj} ξ^i_{αm}). Eliminating ψ_{12mn} from (5.2), analogously to the previous cases, we get

W (R_5 )^i_{jmn} = W (R_5 )^i_{jmn},

102 STANKOVIĆ AND MINČIĆ

where

(5.3)

W (R_5 )^i_{jmn} = R_5^i_{jmn} + 2 N + 1 δ^i_j R_{5 mn}˙ + 1 N^2 − 1 [ (NR_{5 jn} − R_{5 nj} )δ^i_m − (NR_{5 jm} − R_{5 mj} )δ^i_n ] − 1 N + 1 δ^i_j (Γ^α_{mn} ˙^|_3^α

+ Γ^α_{nm} ˙^|_4^α ) − 1 2(N + 1) δ^i_m (Γ^α_{jn} ˙^|3^α

+ Γ^α_{nj} ˙^|4^α ) + 1 2(N + 1) δ^i_n (Γ^α_{jm} ˙^|3^α

+ Γ^α_{mj} ˙^|4^α ) − 1 2 (Γ^i_{jm} ˙^|3^n − Γ^i_{jn} ˙^|4^m

+ Γ^i_{mj} ˙^|4^n − Γ^i_{nj} ˙^|3^m ). Hence:

Theorem 5.1. The tensor (5.3) is an invariant of a R_5 -projective mapping.

Theorem 5.2. If GR_N is R_5 -projectively flat, then

W (R_5 )^i_{jmn} = 0.

Remark. If GR_N (GR_N ) reduces to R_N (R_N ), then the tensors W (R_θ )^i_{jmn} (θ = 1, . . . , 5) reduce to Weyl’s tensor (0.10).

References

[1] L.P. Eisenhart, Non-Riemannian Geometry, Amer. Math. Soc., 1927. [2] L.P. Eisenhart, Generalized Riemannian spaces I, Proc. Nat. Acad. Sci. USA 37 (1951), 311– 315.

[3] S.M. Minčić, Ricci identities in the space of non-symmetric affine connection, Mat. Vesnik

10(25):2 (1973), 161–172.

[4] S.M. Minčić, New commutation formulas in the non-symetric affine connection space, Publ.

Inst. Math. (Beograd)(N.S.) 22(36) (1977), 189–199.

[5] S.M. Minčić, Independent curvature tensors and pseudotensors of spaces with non-symmetric affine connection, Coll. Math. Soc. János Bolyai 31 (1979), 445–460.

[6] S.M. Minčić, M.S. Stanković, On geodesic mappings of general affine connection spaces and of generalized Riemannian spaces, Mat. Vesnik 49 (1997), 27–33.

[7] S.M. Minčić, M.S. Stanković, Equitorsion geodesic mapings of generalized Riemannian spaces, Publ. Inst. Math. (Beograd) (N.S) 61(75) (1997), 97–104.

[8] N.S.Sin¸kov, Geodeziqeskie otobraßeniØ rimanovyh prostranstv, Nauka, Moskva, 1979.

Filozofski fakultet (Received 05 05 1998) 18000 Niš (Revised 01 03 1999) Yugoslavia

smica@archimed.filfak.ni.ac.yu (Mića Stanković)