PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE Nouvelle série, tome 68(82) (2000), 46–52

DOMINATING PROPERTIES OF STAR COMPLEMENTS

Bolian Liu and Peter Rowlinson

Communicated by Slobodan Simić

Abstract. Let G be a finite graph with an eigenvalue μ of multiplicity m. A set X of m vertices in G is called a star set for μ in G if μ is not an eigenvalue of the star complement G − X. Various dominating properties of the vertices in G−X are established and discussed in the context of memoryless communication networks.

1. Introduction

Let G be a finite simple graph with vertex set V = {1, 2, . . . , n} and (0, 1)- adjacency matrix A. Let μ be an eigenvalue of G, and let P be the orthogonal projection of R^n onto E(μ), the corresponding eigenspace of A. Then E(μ) is spanned by P e_1, P e_2, . . . , P e_n, where {e_1, e_2, . . . , e_n} is the standard orthonormal basis of R^n . The subset X of V is called a star set for μ in G if the vectors P e_j (j ∈ X) form a basis for E(μ), equivalently [5, Theorem 7.2.9] if |X| = dim E(μ) and μ is not an eigenvalue of G − X. In this situation the graph G − X is called a star complement for μ; it is the subgraph of G induced by X, where X = V ∖X, and this note is concerned with dominating properties of such a set X. It is shown in [5, Chapter 7] that if μ ≠ 0 then X is a dominating set in G; moreover if μ ∉ {−1, 0} then X is a location-dominating set, meaning that the X-neighbourhoods in vertices in X are distinct and non-empty. Here we generalize these results and note the consequences for memoryless communication networks of the type discussed in [1]. We suppose throughout that G has no isolated vertices and (for v ∈ V ) we write W_k(v) for the set of vertices reachable from v by a walk of length k. We write G_k for the graph with vertex set V in which distinct vertices u, v are adjacent if and only if there exists a u-v walk of length k in G. We say that the subset D of V is a k-dominating set if W_k(v) ∩ D ≠ ∅ for all v ∈ D, equivalently if D is a dominating set in G_k; and we define β_k(G) to be the least size of a k-dominating

1991 Mathematics Subject Classification. Primary 05C50, 05C70, 05C90. The first author is grateful for financial support from the Royal Society. 46

u_1 u_2 u_3 u_4

u_5

v_1 v_2 v_3 v_4

v_5

Figure 1. The graph of Example 1.

set in G. Note that β_{k+2}(G) ≤ β_k(G) for all k ∈ N because W_k (v) ⊆ W_{k+2}(v) for all v ∈ V . Now a smallest dominating set in G_k has size at most^1_2 n provided G_k has no isolated vertices (cf. [6, Section 2]). Accordingly β_k(G) ≤^1_2 n if k is odd, and the same bound holds for even k provided G has no component which is a star. In order to describe sharper bounds implicit in [1], suppose that G represents a communication network where (i) initially each vertex in D holds the same bit of information, and (ii) at each increment of time any bit of information at a vertex v is transmitted to each neighbour of v (but not retained at v). If G is primitive (i.e. connected and non-bipartite) then (cf. [1]) we may define f^∗(G, r) (r ≥ 1) as the shortest time in which the information can be disseminated from a set D of r vertices to all vertices of G. If k = f^∗(G, r) then G has a k-dominating set of size r, and so β_k(G) ≤ r. By [1, Theorem 6.7] we have f^∗(G, r) < 1 + 2(n − r)/(r + 1). It follows that r(k + 1) < 2n − k + 1 and hence that β_k(G) ≤ ⌊(2n − k)/(k + 1)⌋, where k = f^∗(G, r) ≤ n.

We shall see that if X is a star set (in any graph G without isolated vertices) then X is a k-dominating set if k is odd or if k is even and G has no component which is a star. We point out two consequences of this result. First, such a k-dominating set X can be found in polynomial time with respect to n [4], whereas the problem of finding β_k(G) is NP-complete [3, p. 190]. Secondly, the foregoing bounds for β_k(G) can be improved when G has an eigenvalue of relatively high multiplicity. An improvement to roughly √ 2n is the best that can be achieved in this way; for it is known that if E(μ) has codimension t > 1 then n ≤^1_2 (t^2 +5t−4) and that an upper bound of order^1_2 t^2 is asymptotically best possible [7, Section 2]. The corresponding lower bound of order √ 2n for |X| is asymptotically best possible and attained in the strongly regular graph L(K_t), with n =^1_2 t(t − 1) and |X| = codim E(−2) = t.

We shall see that most strongly regular graphs have an eigenvalue (of multiplicity >^1_2 n) for which X has a stronger dominating property. To define this property, suppose that D is a k-dominating set in G with vertices 1, 2, . . . , s, and write A^k = ( a^{(k)}_{ij} ) . We say that D is a k-location dominating set in G if for any pair u, v of vertices in D we have ( a^{(k)}_{u1} , a^{(k)}_{u2} , . . . , a^{(k)}_{us} ) ≠ ( a^{(k)}_{v1} , a^{(k)}_{v2} , . . . , a^{(k)}_{vs} ) . Note that (i) if k = 1, D is just a location dominating set, (ii) for k > 1 the notion of a k-location dominating set in G differs from that of a location-dominating set in G_k. We can now extend an idea of Slater [8] to the model of a communication network. Suppose that at time t = 0 one vertex of D holds one bit of information. If D is a k-location dominating set it is possible by measuring signal strengths at the vertices in D at time t = k to identify the vertex in D at which the information originated. In particular, if D is a k-location dominating set for all k ∈ N then the capability to distinguish vertices in D persists.

We conclude this section with an example.

Example 1.1. In the Petersen graph of Fig. 1, let D_1 = {u_2, u_5, v_1}, D_2 = {u_5, v_1, v_3}. Then D_1 is a minimal dominating set, but not a 2-dominating set because W_2(u_1) ∩ D_1 = ∅. On the other hand D_2 is a 2-dominating set which is not a 1-dominating set because W_1(v_2) ∩ D_2 = ∅. Also, {u_5} is both a 3-dominating set and a 4-dominating set. Finally, it is a consequence of Proposition 2.5 that {u_1, u_2, u_3, u_4, u_5} is a k-location dominating set for all k ∈ N.

2. Star sets and their complements

Proposition 2.1. Let G be a graph without isolated vertices, let X be a star set in G, and let k ∈ N.

(i) If k is odd then X is a k-dominating set.

(ii) If k is even and no component of G is a star then X is a k-dominating set.

Proof. (i) Since G has no isolated vertices. it follows from [5, Theorem 7.3.1] that X is a 1-dominating set, and hence a (2h + 1)-dominating set for all h ∈ N.

(ii) Let X be a star set for the eigenvalue μ, and let P be the orthogonal projection of R^n onto E(μ). It suffices to show that X is a 2-dominating set. Since μ^kP e_u = A^k P e_u, we have

μ^2P e_u − ∑ {a^{(2)}_{uj} P e_j : j ∈ W_2(u)} = 0

(2.1)

for each vertex u. If now u ∈ X and W_2(u) ∩ X = ∅ then (1) is a relation on the linearly independent vectors P e_h (h ∈ X). Accordingly either (a) μ = 0 and W_2(u) = ∅, or (b) μ ≠ 0 and W_k(u) = {u}. Now (a) cannot hold because W_2(u) ⊇ {u}; and (b) cannot hold for if W_2(u) = {u} then G has as a component a star with centre u. It follows that W_2(u) ∩ X ≠ ∅ for all u ∈ X. □

Proposition 2.2. Let X be a star set for the eigenvalue μ of G. If μ^k ∉ Z, then X is a k-location dominating set.

Proof. For u ∈ X we have

μ^kP e_u − ∑ {a^{(k)}_{uj} P e_j : j ∈ W_k(u)} = 0.

(2.2)

Since μ^k ∉ Z and the vectors P e_j (j ∈ X) are linearly independent, we have W_k(u) ⊈ X. It follows that X is a k-location dominating set. Now suppose, by

1 5 6 3

4 (a)

2 3 4 5 1

6 (b)

2

Figure 2. The graphs of Examples 2 and 3.

way of contradiction, that for some distinct u, v ∈ X we have a^{(k)}_{uj} = a^{(k)}_{vj} for all j ∈ X. If we subtract from equation (2) the corresponding equation with v in place of u we obtain μ^kP e_u − ∑ j∈X a^{(k)}_{uj} P e_j = μ^kP e_v − ∑ j∈X a^{(k)}_{vj} P e_j .

On equating coefficients of P e_u we find that μ^k = a^{(k)}_{uu} − a^{(k)}_{vu} .

(2.3) In particular, μ^k is an integer, contrary to assumption. □ We may use equation (3) to establish further sufficient conditions for X to be a k-location dominating set for particular values of k.

Proposition 2.3. Let G be a graph in which no component is trivial or a star, and let X be a star set for μ in G.

(i) If G is bipartite, k is odd and μ > 0 then X is a k-location dominating set. (ii) If μ^2 ≠ d−a^{(2)}_{uv} whenever u, v are vertices in X of degree d then X is a 2-location dominating set.

Proof. By Proposition 2.1, the hypotheses ensure that in each case X is a k-dominating set for all k ∈ N. In case (i), if X is not a k-location dominating set then by equation (3), μ^k = −a^{(k)}vu for some u, v ∈ X, a contradiction. In case (ii), if X is not a 2-location dominating set then by equation (3), μ^2 − deg(u) = −a^{(k)}_{vu} = −a^{(k)}_{uv} = μ^2 − deg(v) for some u, v ∈ X, a contradiction. □ The two following examples demonstrate that the restriction on μ in Proposition 2.3(ii) is essential.

Example 2.1. For the graph in Fig. 2(a), take μ = 0 and X = {1, 3, 6}. Then X is not a 2-location dominating set because a^{(2)}_{1j} = a^{(2)}_{6j} (j = 2, 4, 5). Also, X is not a 1-location dominating set because vertices 1 and 6 have the same Xneighbourhoods.

Example 2.2. For the graph in Fig. 2(b), take μ = −1 and X = {1, 2, 3}. Here X is a 1-location dominating set, but not a 2-location dominating set because a^{(2)}_{1j} = a^{(2)}_{3j} (j = 4, 5, 6). We have deg(1)=deg(3)=3 and μ^2 = 3 − a^{(2)}_{13} .

Figure 3. The graph of Example 4.

Proposition 2.4. Let G be a regular graph of degree r ≥ 1, and let X be a star set for μ in G.

(i) If G has no 4-cycles and μ^2 ∉ {r − 1, r} then X is a 2-location dominating set. (ii) If G has girth > 6 and if μ^3 ∉ {1 − 2r, −1, 0} then X is a 3-location dominating set.

Proof. (i) Deny. Then by equation (3), μ^2 − r = −a^{(2)}_{vu} for some u, v ∈ X. This is a contradiction because a^{(2)}_{vu} ∈ {0, 1}.

(ii) Deny. Then by equation (3), μ^2 = −a^{(3)}_{vu} for some u, v ∈ X. This is a contradiction because

a^{(3)}_{vu} =

2r − 1 if d(u, v) = 1, 0 if d(u, v) = 2, 1 if d(u, v) = 3, 0 if d(u, v) > 3. □ Example 2.3. The Heawood graph illustrated in Fig. 3 demonstrates that the condition μ^2 ≠ r − 1 of Proposition 2.4(i) is essential. Here r = 3 and the eigenvalues are ±3, of multiplicity 1, and ± √ 2, of multiplicity 6. The circled vertices constitute a star set X for ± √ 2, but X is not a 2-location dominating set because a^{(2)}_{uj} = a^{(2)}_{vj} (1 ≤ j ≤ 8).

In the application to a communication network described in Section 1, a klocation dominating set is usually required to be relatively small. The next result shows that with minor exceptions this requirement is fulfilled by the complements of star sets in strongly regular graphs, since such graphs have an eigenvalue of relatively large multiplicity. Explicitly, if G is a strongly regular graph with parameters (n, r, e, f) such that (n − 1)(f − e) ≠ 2r then G has an integer eigenvalue of multiplicity greater than^1_2 n (see [2, Chapter 2]).

Proposition 2.5. Let G be a strongly regular graph with parameters (n, r, e, f) such that (n − 1)(f − e) ≠ 2r and e ≠ f ≠ r. If X is a star set for an eigenvalue ≠ r then X is a k-location dominating set for each k ∈ N.

Proof. By Proposition 2.1, X is a k-dominating set for each k ∈ N. Our hypotheses here ensure that the distinct eigenvalues of G are r, ρ_1, ρ_2, where ρ_1, ρ_2 are non-zero integers such that ρ_1 + ρ_2 ≠ 0. Also, by definition, G is not complete and so −1 is not an eigenvalue. In particular, X is a location-dominating set, and so we may assume that k > 1. We know (by distance-regularity) that if d(u, v) = d(i, j) then a^{(k)}_{uv} = a^{(k)}_{ij} . To prove that the converse holds as well, we make use of the fact that (A−ρ_1I)(A−ρ_2I) is a multiple of the all-1 matrix J [2, Chapter 2]. Since AJ = rJ, we know that for each k ∈ N, A^k is a linear combination of A, I and J, say A^k = α_kA + β_kI + γ_kJ. Since A, I and J are linearly independent, we have ( α_{k+1} β_{k+1} ) = M ( α_k β_k ) , where M = ( α_2 1 β_2 0 ) and ( α_1 β_1 ) = ( 1 0 ) . Since M has eigenvalues ρ_1, ρ_2, we have ( α_k β_k ) = 1 ρ_1 − ρ_2 { ρ^k_1 ( 1 −ρ_2 ) + ρ^k_2 ( −1 ρ_1 )} . In particular, for k > 1 we have β_k = −ρ_1ρ_2α_{k−1} ≠ 0. Moreover α_k ≠ β_k for otherwise ρ^k_1 (1 + ρ_2) = ρ^k_2 (1 + ρ_1), which yields the contradiction ρ_1 = ρ_2. Since A^k has (u, v)-entry

a^{(k)}_{uv} = β_k + γ_k if d(u, v) = 0 α_k + γ_k if d(u, v) = 1 γ_k if d(u, v) = 2 ,

we deduce that a^{(k)}_{uv} = a^{(k)}_{ij} if and only if d(u, v) = d(i, j).

Now suppose that u, v are vertices in X such that a^{(k)}_{uj} = a^{(k)}_{vj} for all j ∈ X. Then d(u, j) = d(v, j) for all j ∈ X. But since X is a location-dominating set, there exists j ∈ X such that j is adjacent to precisely one of u, v, a contradiction. It follows that X is a k-location dominating set for each k ∈ N. □

Acknowledgement. The authors are indebted to the Referee for some helpful comments.

References

[1] R. A. Brualdi and Bolian Liu, Generalized exponents of primitive directed graphs, J. Graph Theory 14 (1990), 483–499.

[2] P. J. Cameron and J. H van Lint, Designs, Graphs, Codes and their Links, Cambridge University Press, 1991.

52 LIU AND ROWLINSON

[3] M.R. Garey and D.S. Johnson, Computers and Intractability – A Guide to the Theory of NP-Completeness, W.H. Freeman and Company, San Francisco, 1979.

[4] D. Cvetković, P. Rowlinson and S. Simić, On some algorithmic investigations of star partitions of graphs, Discrete Appl. Math. 62 (1992), 119–130.

[5] D. Cvetković, P. Rowlinson and S. Simić, Eigenspaces of Graphs, Cambridge University Press, 1997.

[6] P. Rowlinson, Dominating sets and eigenvalues of graphs, Bull. London Math. Soc. 26 (1994), 248–254.

[7] P. Rowlinson, On graphs with multiple eigenvalues, Linear Algebra Appl. 283 (1998), 75–85.

[8] P. J. Slater, Dominating and reference sets in a graph, J. Math. Phys. Sci. 22 (1988), 445–455.

Department of Mathematics (Received 11 03 1999) Guangdong Normal Polytechnic University (Revised 19 10 1999) Zhongshan Highway No. 293 Shipai Guangzhou 510633 People’s Republic of China

Department of Computing Science and Mathematics University of Stirling Scotland FK9 4LA United Kingdom