PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE

Nouvelle série, tome 68(82) (2000), 72–76

BEST λ-APPROXIMATIONS FOR ANALYTIC FUNCTIONS OF RAPID GROWTH ON THE UNIT DISC

Slavko Simić

Communicated by Miroljub Jevtić

Abstract. We give a solution of the best λ-approximation for analytic functions of rapid growth such as, for example, the Hardy-Ramanujan generating partition function. Using Ingham Tauberian Theorem we give some interesting applications of our results. An essential role here is played by Karamata’s class of regularly varying functions.

Introduction

Let f(z) := ∑_∞ i=0 a_iz^i, |z| < 1 be an analytic function and S_n(z) := ∑ i≤n a_iz^i its partial sums.

Define also the maximum modulus M_f (r) := max |f(z)|_{|z|=r} = |f(re^{iϕ0} | = |f(z_0)|; it increases with r and we suppose that M_f (r) → ∞ (r → 1^−).

The omparison between f(z) and its partial sums is a subject of many classical theorems. We are going to find the “shortest” partial sum which is well approximating f(z) at the point(s) of maximal growth, for r sufficiently close to 1.

We use the notion of best λ-approximation introduced in [6] in the following way. For λ > 0 we determine an integer-valued function n := n(r, λ) → ∞ (r → 1^−) in such a way that for λ > 1 the partial sums S_{n(r,λ)}(z_0) are well approximating f(z_0), but for 0 < λ < 1 it is not the case.

More precisely, we have the following condition for n(r, λ): (I) S_{n(r,λ)}(z_0) f(z_0) = { o(1), 0 < λ < 1, 1 + o(1), λ > 1.

(r → 1^−)

We call such partial sums S_{n(r,λ)}(z_0) the best λ-approximating sums (BLAS). Note that it follows from (I) that an analogous relation holds for the modulus of

1991 Mathematics Subject Classification. Primary 30E10; Secondary 26A12.

BLAS and M_f (r). We solve the problem of BLAS for a class of analytic functions of rapid growth inside the unit disc.

Of particular importance here is the class of Karamata’s regularly varying functions K_ρ(x) i.e., which can be written in the form K_ρ(x) := x^ρL(x), ρ ∈ R.

Here ρ is the index of regular variation and L(x) is the so-called slowly varying function i.e., positive, measurable and satisfying L(λx) ∼ L(x), ∀λ > 0 (x → ∞). Some examples of slowly varying functions are:

log^a x, log^b(log x), e^{log xlog log x} , e^{logc x}; a, b ∈ R, 0 < c < 1.

For further theory of regular variation we recommend [2] and [5]. We quote some facts for latter use:

K_ρ(λx) ∼ λ^ρK_ρ(x), λ > 0; log L(x) = o(log x) (x → ∞).

If a(x) ∼ b(x) → ∞ (x → ∞), then K_ρ(a(x)) ∼ K_ρ(b(x)) (x → ∞).

Analogously to Valiron’s proximate order (cf. [2]) in the theory of entire functions, we are using here Karamata’s class for measuring the growth of a given analytic function on the unit disc.

Results Let f(z), S_n(z), M_f (r), n(r, λ), K_ρ(x), z_0 be defined as above. Throughout the paper we suppose that λ is a fixed positive number ≠ 1 and r is sufficiently close to 1^−.

Theorem 1. If log M_f (r) ∼ K_ρ(^1_{1−r} ), ρ > 0 (r → 1^−) and n(r, λ) ∼ C_ρ(λ) 1 − r log M_f (r) (r → 1^−),

where

(1) C_ρ(λ) := ρλ^ρ, ρ > 1, λ^2, ρ = 1, ρλ, 0 < ρ < 1, then (I) holds; i.e., S_{n(r,λ)}(z_0) is the best λ-approximating partial sum.

Proof. A simple implementation of Cauchy Integral formula gives: (2) 1 2πi ∫ D f(w) (z_0/w)^{n+1} w − z_0 dw = { −S_n(z_0), z_0 /∈ int D, f(z_0) − S_n(z_0), z_0 ∈ int D.

Let the contour D be a circle w = Re^{iϕ}, where R = R(r, λ) := 1 − 1 λ (1 − r). Since |z_0| = r > R for 0 < λ < 1; r < R for λ > 1; from (2) follows

(3) I := 1 2π ∫_π −π f(Re^{iϕ}) f(re^{iϕ0} ) (^r_R e^{i(ϕ0 −ϕ)})^n R r e^{i(ϕ−ϕ0)} − 1 dϕ = { −^{Sn(z0 )} f (z_0) , 0 < λ < 1,

1 −^{Sn(z0)}_{f (z0)} , λ > 1.

Since |f(z_0)| = M_f (r), estimating integral on the left side of (3), we get I ≤ M_f (R) M_f (r) e^{n log(r/R)} |R/r − 1| . (4)

But, when r → 1^− we have

log M_f (R) ∼ K_ρ ( 1 1 − R ) = K_ρ ( λ 1 − r ) ∼ λ^ρK_ρ ( 1 1 − r ) ∼ λ^ρ log M_f (r) | | | R r − 1 | | | > (1 − r) | | |1 − 1 λ | | |; log r R ∼ (1 − r) ( 1 λ − 1 ) ; log 1 1 − r = o(log M_f (r)).

Putting this in (4) with n = n(r, λ) =^{Cρ(λ)}_{1−r} log M_f (r)(1 + o(1)), we obtain for r → 1^− |I| ≤ λ |λ − 1| exp(log M_f (r)(λ^ρ − 1 + C_ρ(λ)( 1 λ − 1) + o(1)) = λ |λ − 1| M_f (r)^{−Bρ (λ)}. It is easy to check that B_ρ(λ) := 1 − λ^ρ +^{Cρ(λ)}_λ (λ − 1) + o(1) is strictly positive for each fixed positive λ ≠ 1 and r sufficiently close to 1.

Therefore, Theorem 1 is proved and moreover we have a good estimation for the o terms in (I), i.e.,

Theorem 2. Under the conditions of Theorem 1 we have (5) S_{n(r,λ)}(z_0) f(z_0) = { A_λ e^{log Mf (r)(−Bρ(λ))}, 0 < λ < 1, 1 + A_λe^{log Mf (r)(−Bρ(λ))}, λ > 1. (r → 1^−) with |A_λ| ≤^λ_{|λ−1|} . Supplementaries Functions of rapid growth on the unit disc naturally arise from Laplace-Stieltjes transforms of the so-called partition functions (cf. [1], [3], [4]). The main tool in dealing with the partition problem is the now classical Ingham Tauberian Theorem (cf. [3]): Let ^A(x) := ∫_∞ 0 e^{−ux}dA(u), x = s + it, s > 0, and A(u) satisfy

1) A(0) = 0; 2) A(u) is non-decreasing for sufficiently large u; 3) ^A(x) ∼ C(M/x)^{mρ−1/2}e^{(M/x)ρ/ρ}, (C, M, ρ ∈ R^+, m ∈ R), uniformly for x → 0 in each angle of the form t ≤ Δs, 0 < Δ < ∞.

Then A(u) ∼ C √ 1 − θ 2π (uM)^{mθ−1/2}e^{(uM)θ /θ}, θ = ρ 1 + ρ , (u → ∞).

We use this Theorem in the following way: let, as before, f(z) := ∑ a_nz^n, |z| < 1, and suppose that the coefficients a_n are non-negative, a_0 := 0. Then, denoting by A(u) := ∑ n≤u a_n, we obtain A(0) = 0, A(u) non-decreasing and its LS transform ^A(x) := ∫_∞ 0 e^{−ux}dA(u) = f(e^{−x}), Re x > 0. On the other hand, for x = s + it, |f(e^{−x})| = | | | ∑ a_ne^{−nx} | | | ≤ ∑ a_ne^{−ns} = f(e^{−s}), s > 0; i.e., for z = e^{−x}, z_0 = e^{−s}, M_f (e^{−s}) = f(e^{−s}).

Since 1 − e^{−s} ∼ s, s → 0^+, the condition from the Theorem 1 turns out to be log M_f (e^{−s}) ∼ K_ρ(^1_s ) = (^1_s )^ρL(^1_s ) and n(e^{−s}, λ) ∼^{Cρ(λ)}_s log M_f (e^{−s}) s → 0^+.

By the assumption 3) of Ingham’s Theorem we have that

log M_f (e^{−s}) = log ^A(s) ∼ 1 ρ ( M s )_ρ . It is easy to derive from Ingham’s Theorem that, for nondecreasing a_n (cf. [3]), a_n ∼ CM √ 1 − θ 2π (Mn)^{(m+1)θ−3/2}e^{1θ (Mn)θ} , n → ∞. This, along with the Theorem 1 (with L(1/s) := M^ρ/ρ), gives the next BLAS proposition for Ingham’s class of functions:

Proposition 1. For any M, ρ ∈ R^+, m ∈ R, θ = ρ/(1 + ρ), n(e^{−s}, λ) := C_ρ(λ)^1_{ρs} (M/s)^ρ, 1 f(e^{−s}) ∑ n≤n(e^{−s},λ) a_ne^{−ns} := s^{mρ−1/2}e^{− 1ρ (M/s)ρ} ∑ n≤n(e^{−s},λ) n^{(m+1)θ−3/2}e^{1θ (Mn)θ −ns}

∼ { 0, 0 < λ < 1, √ 2π(1 + ρ)M^{θ(mρ−1)}, λ > 1. s → 0^+

The famous Hardy–Ramanujan partition problem is connected with functions of rapid growth, too. Namely, let p(n), n ∈ N, denote the number of solutions of the Diophantine equation n = 1x_1 + 2x_2 + · · · + mx_m + · · · in non-negative integers x_i.

A very interesting story about efforts to find an exact asymptotic formula for p(n) is given in [4].

Let q(s) be the generating function for p(n) i.e., q(s) := ∑ n p(n)e^{−ns}. Since q(s) ∼ √_s 2π e^{π26 1s} , s → 0 (cf. [1], [3]), by applying the Theorem 2 with log M_q(s) ∼^{π2}_{6s} , ρ = 1, B_1(λ) = (λ − 1)^2 + o(1), we obtain a BLAS formula for partitions p(n):

Proposition 2. e^{− π26s} √ s ∑ n≤λ^{π2}_{6s2} p(n)e^{−ns} = { A_λ e^{− π26s ((1−√λ)2+o(1)))}, 0 < λ < 1, 1√ 2π + A_λ e^{− π26s ((√λ−1)2+o(1)))}, λ > 1.

s → 0^+

with A_λ ≤^{√λ}_|^√_{λ−1|} .

76 SIMI^´C

References

[1] G.E. Andrews, The Theory of Partitions, Addison-Wesley, 1976.

[2] N.H. Bingham, C.M. Goldie, J.L. Teugels, Regular Variation, Cambridge Univ. Press, 1987. [3] A.E. Ingham, A Tauberian theorem for partitions, Ann. of Math. 42 (1941), 1075–1090. [4] G.H. Hardy, Ramanujan, Cambridge, 1940 [5] E. Seneta, Functions of Regular Variation, Springer-Verlag, New York, 1976 [6] S. Simic, Best λ-approximations for analytic functions of medium growth on the unit disc, (to appear)

Matematički institut (Received 05 01 2000) Kneza Mihaila 35 (Revised 05 05 2000) 11001 Beograd, p.p. 367 Yugoslavia

ssimic@mi.sanu.ac.yu