PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE Nouvelle série, tome 68(82) (2000), 154–152

A NEW UNIFORM AR(1) TIME SERIES MODEL (NUAR(1))

Miroslav M. Ristić and Biljana Č. Popović

Communicated by Zoran Ivković

Abstract. We present a new first-order autoregressive time series model (socalled NUAR(1) model) for continuous uniform (0, 1) variables, given by

X_n = { αX_{n−1}, w.p. α, βX_{n−1} + ε_n, w.p. 1 − α,

where 0 < α, β < 1, (1−α)/β ∈ {1, 2, . . . } and {ε_n} is the innovation sequence of independent and identically distributed random variables, such that each X_n has continuous uniform (0, 1) distribution. The distribution of the innovation sequence and autoregressive structure of NUAR(1) model are discussed. It is shown that this model is partially time-reversible if the parameters are equal. We give also the estimates of the parameters of the model.

1. Introduction

In recent years there has been an increasing interest in constructing models for non-Gaussian continuous variate time series. For the continuous case, some models are: the class of exponential and Gamma (Gaver and Lewis [3]; Lawrance [4]; Lawrance and Lewis [7]; Lewis, McKenzie and Hugus [9]; Mališić [10]; Sim [15]), Beta (McKenzie [11]), Weibull (Sim [14]), logistic (Sim [16]) and uniform models (Lawrance [6] and Chernick [2]).

Chernick in [2] has shown that the usual linear first-order autoregressive equation, X_n = ρX_{n−1} + ε_n, 0 < ρ < 1, would yield continuous uniform (0, 1) marginal distribution if the independent and identically distributed (i.i.d.) innovation sequence {ε_n} has the marginal discrete uniform distribution ( 0 1/k . . . (k − 1)/k 1/k 1/k . . . 1/k ) , (1.1)

1991 Mathematics Subject Classification. Primary 62M10.

Key words and phrases. Autoregressive process, continuous uniform (0,1) distribution, time series, estimation, random coefficients, ordinary and reversed residuals.

Partially supported by GRANT of RFNS through Math. Ins. SANU. 145

where k ∈ {2, 3, . . . } and ρ = 1/k. This uniform model (so-called UAR(1)) has the autocorrelations of order r, ρ(r) = Corr(X_n, X_{n−r}), given by ρ^r. If ρ = −1/k, there are similar results for negatively autocorrelated models.

The joint distribution of X_n and X_{n−1} is given by Φ_{Xn,Xn−1} (s, t) = 1 − e^{−(ρs+t)} ρs + t ρ k−1∑ j=0 e^{−js/k} . (1.2)

Since (1.2) is not symmetric in s and t, this uniform model is not time-reversible. But, using the definition of ε_n given at (1.1) and the independence of X_{n−1} and ε_n, we obtain P (X_n > X_{n−1}) = 1/2. This means that UAR(1) is partially timereversible.

In this paper, we present a new stationary first-order autoregressive model (NUAR(1)), with marginally continuous uniform (0, 1) distribution, given by

X_n = { αX_{n−1}, w.p. α βX_{n−1} + ε_n, w.p. 1 − α,

(1.3)

where 0 < α, β < 1, (1 − α)/β ∈ {1, 2, . . . } and {ε_n} is the innovation sequence of i.i.d. random variables, with a distribution such that the X_n has continuous uniform (0, 1) distribution.

2. Construction of the model and the autocorrelation structure Let Z = {0, ±1, ±2, . . . } and {X_n; n ∈ Z} be the stationary sequence of random variables defined by the equation (1.3), where 0 < α, β < 1 and {ε_n} is the sequence of i.i.d. random variables, with a distribution such that the X_n has the continuous uniform (0, 1) distribution. Also, we suppose that {X_n} and {ε_n} are semi-independent, i.e., that X_m and ε_n are independent if m < n.

Let the Laplace–Stieltjes transforms of the X_n and ε_n are denoted by Φ_X (s) and Φ_ε(s), respectively. Then by the independence of X_{n−1} and ε_n,

Φ_ε(s) =

Φ_X (s) − αΦ_X (αs) (1 − α)Φ_X (βs) . Since Φ_X (s) = (1 − e^{−s}) /s, we obtain

Φ_ε(s) = β (e^{−αs} − e^{−s}) (1 − α) (1 − e^{−βs}) = βe^{−αs} ( 1 − e^{−(1−α)s} ) (1 − α) (1 − e^{−βs}) . Let k ≡ (1 − α)/β ∈ {1, 2, . . . }. Then Φ_ε(s) = β 1 − α ( e^{−αs} + e^{−(α+β)s} + · · · + e^{−(α+(k−1)β)s} ) . This implies that ε_n has the discrete distribution α α + β α + 2β . . . α + (k − 2)β α + (k − 1)β β 1 − α β 1 − α β 1 − α . . . β 1 − α β 1 − α . (2.1)

Thus, we have

Theorem 2.1. Let {ε_n} be an i.i.d. sequence of random variables with distribution (2.1). If 0 < α, β < 1 and k ≡ (1 − α)/β ∈ {1, 2, . . . }, then relation (1.3) defines a stationary time series of (marginally) uniformly (0, 1) distributed random variables.

Corollary 2.1. Under the conditions of the Theorem 2.1, NUAR(1) model has:

(i) the real valued absolutely summable autocovariance function γ(k) ≡ Cov(X_n, X_{n−k}) = θ^{|k|}/12, k ∈ Z, (ii) the real valued spectral density f(λ) ≡ 1 π ∞∑ k=−∞ e^{−ikλ}γ(k) = 1 24π 1 − θ^2 1 − 2θ cos λ + θ^2 , ∀λ ∈ [−π, π], (iii) the real valued absolutely summable and positive autocorrelation function ρ(k) ≡ Corr(X_n, X_{n−k}) = θ^{|k|}, k ∈ Z, where θ = α^2 + (1 − α)β.

If k = 1, then

ρ(1) = α^2 + (1 − α)β.

(2.2)

By using the definition of ε_n given at (2.1) and the independence of X_{n−1} and ε_n, the probabilities P (X_n > X_{n−1}) are easily calculated:

P (X_n > X_{n−1}) =

(1 − α)(1 + α − β) 2(1 − β) . (2.3)

Probability that X_n is greater than X_{n−1} for the NUAR(1) model is a function of α and β. The value of 1/2 holds for the case α = β. In this case, α takes the values 1/m, where m ∈ {2, 3, . . . } and we obtain UAR(1) model.

Note that we can estimate parameters α and β using the equations (2.2) and (2.3). Namely, β̂ = 2P̂ − 1 + ρ̂/2P̂ ,

α̂^2 + (1 − α̂)β̂ = ρ̂,

where ρ̂ and P̂ are the estimates of ρ(1) and P (X_n > X_{n−1}), respectively, given by

ρ̂ = 1 N − 1 N∑ i=2 ( X_i − X̄_N ) ( X_{i−1} − X̄_N ) 1 N N∑ i=1 ( X_i − X̄_N )_2 ,

P̂ = 1 N − 1 N∑ i=2 I(X_i > X_{i−1}), where

I(X_i > X_{i−1}) = { 1, X_i > X_{i−1}, 0, otherwise.

and (X_1, X_2, . . . , X_N ) are available observations. Let α_1 and α_2 be β̂ − √ D/2 and β̂ + √D/2, respectively, where D = β̂2 − 4β̂ + 4ρ̂.

Note also that it is possible to be D < 0, and in that case we cannot estimate parameter α (see for instance, Table 2 (sample size N = 100) or Table 3 (sample sizes N = 100, N = 50000 and N = 100000)) using this method. But, if β̂ ≤ ρ̂, its will be α̂ = α_2. If β̂ > ρ̂ and D ≥ 0, then α will be estimated by that (1 − α_i)/β̂ which is nearer to some positive integer.

The method which can be always used for estimating α is the following one. Since X_n has, marginally, the continuous uniform (0, 1) distribution, we obtain that αX_{n−1} < α < α+jβ +βX_{n−1}, for all j ∈ {0, 1, . . . , l}, where l = (1−α−β)/β, and for all n ∈ {2, 3, . . . , N}. This implies that α can be estimated by

α^∗ = min_{2≤n≤N} X_n X_{n−1} . Some simulations for both methods will follow now.

Sample size ρ̂ P̂ β̂ α̂ α^∗ 100 0.2201 0.3939 0.0102 0.4633 0.4400 500 0.2889 0.3687 0.0358 0.5213 0.4400 1000 0.2524 0.3844 0.0275 0.4882 0.4400 5000 0.1957 0.4003 −0.0047 0.4453 0.4400 10000 0.1983 0.3989 −0.0048 0.4483 0.4400 50000 0.1985 0.4030 0.0057 0.4420 0.4400 100000 0.1983 0.4047 0.0094 0.4393 0.4400

Table 1. The exact values of the parameters are β = 0.01, α = 0.44, ρ(1) = 0.1992, and P (X_n > X_{n−1}) = 0.4044

3. The joint distribution of X_n and X_{n−1}

Let us now discuss the joint distribution of X_n and X_{n−1}. Let Φ_{Xn,Xn−1} (s, t) denote the joint Laplace-Stieltjes transform of the variables X_n and X_{n−1}. Then we have Φ_{Xn ,Xn−1} (s, t) = E (exp{−sX_n − tX_{n−1}}) = αΦ_{Xn−1} (αs + t) + (1 − α)Φ_{Xn−1} (βs + t)Φ_{εn} (s) = α 1 − e^{−(αs+t)} αs + t + β 1 − e^{−(βs+t)} βs + t 1−α−β/β ∑ j=0 e^{−(α+jβ)s}.

Sample size ρ̂ P̂ β̂ α̂ α^∗ 100 0.3125 0.5354 0.3579 —— 0.1000 500 0.4013 0.5351 0.4405 0.1240 0.1000 1000 0.3796 0.5375 0.4229 0.1742 0.1000 5000 0.4183 0.5373 0.4587 0.1188 0.1000 10000 0.4251 0.5384 0.4661 0.1175 0.1000 50000 0.4066 0.5299 0.4401 0.0979 0.1000 100000 0.4081 0.5319 0.4437 0.1049 0.1000

Table 2. The exact values of the parameters are β = 0.45, α = 0.1, ρ(1) = 0.415, and P (X_n > X_{n−1}) = 0.5318

Sample size ρ̂ P̂ β̂ α̂ α^∗ 100 0.4263 0.7273 0.6056 —— 0.3500 500 0.6250 0.6894 0.7280 0.1923 0.3500 1000 0.5967 0.6787 0.7029 0.2199 0.3500 5000 0.5630 0.6581 0.6680 0.2531 0.3500 10000 0.5622 0.6517 0.6641 0.4235 0.3500 50000 0.5421 0.6524 0.6491 —— 0.3500 100000 0.5448 0.6534 0.6517 —— 0.3500

Table 3. The exact values of the parameters are β = 0.65, α = 0.35, ρ(1) = 0.545, and P (X_n > X_{n−1}) = 0.65

We note that Φ_{Xn,Xn−1} (s, t) is not symmetric in s and t. This simply means that the NUAR(1) process is not time-reversible, as it is the Gaussian AR(1) process.

The corresponding joint p.d.f. of X_n and X_{n−1} is

f^∗(x_n, x_{n−1}) = f(x_{n−1}) { αδ(x_n − αx_{n−1}) + β (1−α−β)/β ∑ j=0 δ(x_n − βx_{n−1} − α − jβ) } , where δ(x) is the discrete Dirac delta function and f(x) = { 1, x ∈ (0, 1) 0, otherwise.

Now, the p.d.f. of observations (X_1, . . . , X_n) is

f^∗(x_1, . . . , x_n) = f(x_1) n∏ i=2 { αδ(x_i − αx_{i−1}) + β (1−α−β)/β ∑ j=0 δ(x_i − βx_{i−1} − α − jβ) } .

The conditional mean and variance of X_n given X_{n−1} = x are respectively E(X_n|X_{n−1} = x) = [ α^2 + (1 − α)β ] x + (1 − α)(1 + α − β)/2, V ar(X_n|X_{n−1} = x) = α(1 − α)(α − β)^2x^2 − α(1 − α)(α − β)(1 + α − β)x + (1 − α)(1 + α + 7α^2 + 3α^3 − 6αβ + 3αβ^2 − 6α^2β − 4β^2 + 3β^3) 12 . The NUAR(1) model has some properties that follows directly from the joint distribution of X_n and X_{n−1}. If we consider the differences D_n = X_{n−1} −X_n, since the Laplace-Stieltjes transforms of the variables D_n are Φ_{Dn} (s) = Φ_{Xn ,Xn−1} (−s, s) = α 1 − α 1 − e^{−(1−α)s} s + β 1 − β 1 − e^{−(1−β)s} s (1−α−β)/β ∑ j=0 e^{(α+jβ)s}, we obtain that each D_n has the p.d.f. given by h(x) = α 1 − α f_{1−α}(x) + β 1 − β (1−α−β)/β ∑ j=0 f_{1−β} (x + α + jβ), where f_a(x) = { 1, 0 < x < a 0, otherwise.

The second property is that each sum S_n = X_n + X_{n−1} has the p.d.f. given by g(x) = α 1 + α f_{1+α}(x) + β 1 + β (1−α−β)/β ∑ j=0 f_{1+β}(x − α − jβ). This result follows from the joint distribution, i.e., from Φ_{Xn,Xn−1} (s, t) for t = s. 4. Random coefficient representation and the residuals theorem Random coefficient representation gives linear form to the nonlinear model (1.3).

Theorem 4.1. Let k = (1 − α)/β. The stochastic difference equation X_n = U_nX_{n−1} + V_n

(4.1) will represent autoregressive time series NUAR(1) iff the conditions (i) − (iv) are satisfied:

(i) {X_n; n ∈ Z} is the stationary sequence of random variables with continuous uniform (0, 1) marginal distribution;

(ii) {U_n; n ∈ Z} and {V_n; n ∈ Z} are the sequences of independent random variables with the following marginal distributions:

U_n : ( α β α 1 − α ) ,

V_n : ( 0 α α + β . . . α + (k − 2)β α + (k − 1)β α β β . . . β β ) , for all n;

(iii) {(U_n, V_n); n ∈ Z} is the sequence of the i.i.d. random vectors with the following distribution: U_n\V_n 0 α α + β . . . α + (k − 2)β α + (k − 1)β α α 0 0 . . . 0 0 β 0 β β . . . β β for all n;

(iv) X_m and (U_n, V_n) are independent iff m < n; where α and β satisfies the conditions of Theorem 2.1.

There are many advantages of the random coefficient representation of NUAR(1), but we shall discuss only the invertibility of the process.

Theorem 4.2. Under the conditions of Theorem 4.1, difference equation (4.1), has unique σ_n-measurable, stationary, strictly stationary and ergodic solution of the form

X_n = ∞∑ i=1 (_{i−1}∏ j=0 U_{n−j} ) V_{n−i} + V_n, where σ_n is the σ-field generated by the set of random vectors {(U_m, V_m), m ≤ n}.

Proof. The proof is almost identical to the proof of Theorem in [13]. □

The ordinary and reversed residuals for RCA(1) model X_n = U_nX_{n−1} + V_n, n ∈ Z, are defined by Lawrance and Lewis [8] as R_n = (X_n − μ) − θ(X_{n−1} − μ), RR_n = (X_n − μ) − θ(X_{n+1} − μ), (4.2)

where μ = E(X_n) and θ = E(U_n). For NUAR(1) model, we have μ = 1/2 and θ = α^2 + (1 − α)β.

We can show now that these residuals are uncorrelated for NUAR(1) model. Theorem 4.3. The residuals (R_n, R_{n−k}) and (RR_n, RR_{n−k}), given by (4.2), are pairs of uncorrelated random variables for k = ±1, ±2, . . . .

Proof. First, consider the ordinary residuals. Since E(R_n) = E(R_{n−k}) = 0, it is sufficient to prove that E(R_nR_{n−k}) = 0. After some calculations we obtain E(R_nR_{n−k}) = Cov(X_n, X_{n−k}) − θ Cov(X_n, X_{n−k−1}) − θ Cov(X_{n−1}, X_{n−k}) + + θ^2 Cov(X_{n−1}, X_{n−k−1})

= 1/12 ( θ^{|k|} − θ · θ^{|k−1|} − θ · θ^{|k+1|} + θ^2 · θ^{|k|} ) = 0, k = ±1, ±2, . . . . In a similar way it may be seen that Corr(RR_n, RR_{n−k}) = 0 for k = ±1, ±2, . . . . □

152 RISTI^´C AND POPOVI^´C

The cross-correlation function of ordinary and reversed residuals has been obtained for RCA(1) by Lawrance and Lewis [8] as

Corr(R_n, RR_{n−k}) = (1 − θ^2)θ^{|k|}, k ≤ 0 −θ, k = 1 0, k ≥ 2. 5. Acknowledgements

The authors would like to thank Professors A. J. Lawrance and E. McKenzie for sending them copies of their published works on this subject.

References

[1] P. Brockwell, R. Davis, Time Series: Theory and Methods, Springer–Verlag, New York, 1987 [2] M. R. Chernick, A limit theorem for the maximum of the autoregressive processes with uniform marginal distributions, Ann. Prob. 9 (1981), 145–149 [3] D. P. Gaver, P. A. W. Lewis, First-order autoregressive gamma sequences and point processes, Adv. in Appl. Probab. 12 (1980), 727–745 [4] A. J. Lawrance, A new autoregressive time series model in exponential variables (NEAR(1)), Adv. in Appl. Probab. 13 (1981), 826–845 [5] A. J. Lawrance, Directionality and reversibility in time series, Internat. Statist. Rev. 59 (1991), 67–79 [6] A. J. Lawrance, Uniformly distributed first-order autoregressive time series models and multiplicative congruential random number generators, J. Appl. Probab. 29 (1992), 896–903 [7] A. J. Lawrance, P. A. W. Lewis, Modelling and residual analysis of nonlinear autoregressive time series in exponential variables, J. Roy. Statist. Soc. Ser. B 47 (1985), 165–202 [8] A. J. Lawrance, P. A. W. Lewis, Reversed residuals in autoregressive time series analysis, J.

Time Ser. Anal. 13 (1992), 253–266 [9] P. A. W. Lewis, E. McKenzie, D. K. Hugus, Gamma processes, Comm. Statist.–Stochastic Models 5 (1989), 1–30 [10] J. Mališić, On exponential autoregressive time series models, Math. Statist. and Prob. Theory Vol. B (1987), 147–153 [11] E. McKenzie, An autoregressive process for beta random variables, Management Science 31 (1985), 988–997 [12] D. Nicholls, B. Quinn, Random Coefficient Autoregressive Models: An Introduction, Lecture Notes in Statistics, Springer-Verlag, New York–Berlin, 1982 [13] B. Č. Popović, The first order RC autoregressive time series, Scientific Review 21–22 (1996), 131–136 [14] C. H. Sim, Simulation of Weibull and gamma autoregressive stationary process, Comm.

Statist. B 15 (1986), 1141–1146 [15] C. H. Sim, First-order autoregressive models for gamma and exponential processes, J. Appl.

Probab. 27 (1990), 325–332 [16] C. H. Sim, First-order autoregressive logistic processes, J. Appl. Probab. 30 (1993), 467–470

Prirodno-matematički fakultet (Received 16 09 1999) 18000 Niš (Revised 18 05 2000) Yugoslavia

mristic@archimed.filfak.ni.ac.yu
  bipop@filfak.filfak.ni.ac.yu