PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE

Nouvelle série, tome 69(83) (2001), 101–107

TAYLOR SERIES OF THE NATURAL POWERS OF THE PICK FUNCTION AND APPLICATIONS

Pavel G. Todorov

Communicated by Gradimir Milovanović

Abstract. We find the simplest forms of the Taylor series of the natural powers of the Pick function. As an application we give a new proof of our formula (13) which throws a bridge over the de Branges proof and the Weinstein proof of the Bieberbach conjecture.

Let w = w(z, t), |z| < 1, 0 ≤ t < +∞, be the Pick function [1] determined by the equation

(1) f_0(z) ≡ z (1 − z)^2 = e^tw (1 − w)^2 , |z| < 1, 0 ≤ t < +∞, where f_0(z) is the Koebe function. The Pick function plays a leading role in the proof of the famous Bieberbach conjecture in the theory of the univalent functions [2]–[6]. Further we will use the Pochhammer symbol

(2) (a)_ν = a(a + 1) · · · (a + ν − 1), ν = 1, 2, . . . ; (a)_0 = 1

for an arbitrary number a, and the Goursat hypergeometric function

(3)_{p+1}F_p

( a_1, . . . , a_{p+1}

b_1, . . . , b_p ; z ) = ∞∑ ν=0 (a_1)_ν · · · (a_{p+1})_ν (b_1)_ν · · · (b_p)_ν z^ν ν! for arbitrary parameters a_1, . . . , a_{p+1} and b_1, . . . , b_p (p = 1, 2, . . . ) with b_s ≠ 0, −1, −2, . . . (s = 1, . . . , p) and a variable z with |z| < 1. The series (3) terminates if some a_s (s = 1, . . . , p + 1) is equal to a negative integer or to zero. Then the

1991 Mathematics Subject Classification. Primary 30B10, 30C50; Secondary 30C10, 33C05, 33C20.

Key words and phrases. Pick function, Koebe function, natural powers of the Pick function, Taylor series, Gauss and Goursat hypergeometric polynomials, de Branges functions, Bieberbach conjecture, de Branges proof, Weinstein proof.

series (3) is reduced to some hypergeometric polynomial for all z. In particular, for p = 1, the series (3) presents the Gauss hypergeometric functions (polynomials, respectively)_2F_1. We will also use the known Kummer hypergeometric sum

(4)_2F_1 ( a, a + 1/2 2a + 1 ; z ) = [ 1 + (1 − z)1/2 2 ]_{−2a}

for 2a + 1 ≠ 0, −1, −2 . . . . Now we will find the simplest forms of the Taylor series of the natural powers w^k , k = 1, 2, . . . , of the Pick function w from (1).

Theorem 1. The natural powers w^k, k = 1, 2, . . . , of the Pick function w = w(z, t), determined by (1), have the following simplest Taylor expansions

(5) w^k = ∞∑ n=k w_{nk}(t)z^n, |z| < 1, 0 ≤ t < +∞, where (6) w_{nk}(t) = e^{−kt} ( n + k − 1 2k − 1 ) 2F_1 ( k − n, k + n 2k + 1 ; e −t )

and_2F_1 is the Gauss hypergeometric polynomial in e^{−t} namely

(7)_2F_1 ( k − n, k + n 2k + 1 ; e^{−t} ) = n−k∑ ν=0 (k − n)_ν (k + n)_ν (2k + 1)_ν ν! e^{−νt}, having in mind the notation (2).

Proof. From (1)–(4) we obtain (etw z )_k = (1 − w 1 − z )_{2k} = (1 − z)^{−2k} (1 2 ( 1 + 1 + w 1 − w ))_{−2k}

= (1 − z)^{−2k} (1 2 ( 1 + [ 1 + 4w (1 − w)^2 ]_{1/2}))_{−2k}

= (1 − z)^{−2k}_2F_1 ( k, k + 1/2 2k + 1 ; −4w (1 − w)^2 )

= (1 − z)^{−2k}_2F_1 ( k, k + 1/2 2k + 1 ; −4e^{−t}z (1 − z)^2 )

= (1 − z)^{−2k} ∞∑ ν=0 (2k)_{2ν} (2k + 1)_ν ν! [ −e−tz (1 − z)^2 ]_ν

= ∞∑ ν=0 (2k)_{2ν} (−e^{−t}z)^ν (2k + 1)_ν ν! ∞∑ n=0 (2k + 2ν)_n n! z^n

= ∞∑ ν=0 (−e^{−t})^ν (2k + 1)_ν ν! ∞∑ n=ν (2k)_{n+ν} (n − ν)! z^n (8)

= ∞∑ n=0 (2k)_nz^n n! n∑ ν=0 (−n)_ν (2k + n)_ν

(2k + 1)_ν ν! e^{−νt}

= ∞∑ n=0 ( n + 2k − 1 n ) 2F_1 ( −n, 2k + n 2k + 1 ; e −t ) z^n

= ∞∑ n=k ( n + k − 1 2k − 1 ) 2F_1 ( k − n, k + n 2k + 1 ; e^{−t} ) z^{n−k}. If follows from (8) that the formula (5)–(7) holds, which completes the proof of Theorem 1.

In particular, for k = 1 and u := e^tw, 0 ≤ t < +∞, τ := e^{−t}, 0 < τ ≤ 1, Theorem 1 is obtained by us in [7, p. 184, Theorem 1] in another way.

Theorem 2. The derivatives of order p, p = 1, 2, . . . , with respect to t of the natural powers w^k, k = 1, 2, . . . , of the Pick function w = w(z, t), determined by (1), have the following simplest Taylor expansions (9) ∂^pw^k ∂t^p = ∞∑ n=k w^{(p)}_{nk} (t)z^n, |z| < 1, 0 ≤ t < +∞, where (10) w^{(p)}_{nk} (t) = (−1)^pk^pe^{−kt} ( n+k−1 2k − 1 ) p+2F_{p+1} ( k−n, k+n, k+1, . . . , k + 1 2k + 1, k, . . . , k ; e^{−t} ) z^n, where k + 1 and k are taken p times, respectively, and_{p+2}F_{p+1} is the Goursat hypergeometric polynomial in e^{−t} namely

(11)_{p+2}F_{p+1} ( k − n, k + n, k + 1, . . . , k + 1 2k + 1, k, . . . , k ; e^{−t} )

= n−k∑ ν=0 (k − n)_ν (k + n)_ν [(k + 1)_ν ]^p (2k + 1)_ν [(k)_ν ]^pν! e^{−νt}, having in mind the notation (2).

Proof. The formula (9)–(11) follows by an induction on p from the formula (5)–(7) and the identity k + ν = k(k + 1)_ν /(k)_ν .

In [2]–[3] de Branges introduced the system of functions

(12) σ_{nk}(t) = k n−k∑ ν=0 (−1)^ν

(2k + ν + 1)_ν (2k + 2ν + 2)_{n−k−ν} (k + ν)ν!(n − k − ν)! e^{−νt−kt}, written by us [5, Theorem 1] in the full notations σ_{nk} (t) with the two subscripts n and k for 0 ≤ t < +∞ and k = 1, 2, . . . , n (n = 1, 2, . . . ). With the help of formula (5)–(7) we will give a new proof of our earlier result:

Theorem 3. (Todorov [5, p. 340, Theorem 1]) If w = w(z, t) is the Pick function, determined by (1), then we have the Taylor series

(13) e^tw^{k+1} 1 − w^2 = − ∞∑ n=k σ^′_{nk}(t) k z^{n+1}, |z| < 1, 0 ≤ t < +∞, for k = 1, 2, . . . , where σ^′_{nk} (t) are the derivatives with respect to t of the de Branges functions (12).

A new proof. From (1) and (5)–(7) we form the product

(14) w^k f_0(z) = ∞∑ s=1 sz^s ∞∑ n=k w_{nk}(t)z^n = ∞∑ n=k z^{n+1} n−k∑ s=0 (s + 1)w_{n−s, k}(t). It follows from (6)–(7) and (14) that

(15) n−k∑ s=0 (s + 1)w_{n−s, k}(t)

= e^{−kt} n−k∑ s=0 (s + 1) ( n + k − s − 1 2k − 1 )^{n−k−s}∑ ν=0 (k + s − n)_ν (k − s + n)_ν (2k + 1)_ν ν! e^{−νt}

= n−k∑ ν=0 (−1)^ν e^{−νt−kt} (2k + 1)_ν ν!(2k − 1)! n−k−ν∑

s=0 (s + 1)(n − k − ν + 1 − s)_{2k−1+2ν} ,

having in mind the notation (2). Further we will use the identity

(16) (a + 1 − s)_p = 1 p + 1

[(a + 1 − s)_{p+1} − (a − s)_{p+1}]

for any number a (and s) and a nonnegative integer p. By means of (16) we find that n−k−ν ∑ s=0 (s + 1)(n − k − ν + 1 − s)_{2k−1+2ν} = 1 2k + 2ν n−k−ν∑

s=0 (n − k − ν + 1 − s)_{2k+2ν} = (n − k − ν + 1)_{2k+2ν+1} (2k + 2ν)(2k + 2ν + 1) . (17)

From (15) and (17) we obtain that n−k∑ s=0 (s+1)w_{n−s, k}(t) = k n−k∑ ν=0 (−1)^ν

(2k + ν + 1)_ν (n − k − ν + 1)_{2k+2ν+1} (k + ν)ν!(2k + 2ν + 1)! e^{−νt−kt}

= k n−k∑ ν=0 (−1)^ν

(2k+ν +1)_ν(2k+2ν +2)_{n−k−ν} (k + ν)ν!(n − k − ν)! e^{−νt−kt} = σ_{nk}(t) (18) according to (12). From (14) and (18) we obtain the Taylor series

(19) w^kf_0(z) = ∞∑ n=k σ_{nk} (t)z^{n+1}, |z| < 1, 0 ≤ t < +∞, for k = 1, 2, . . . , which generate the de Branges functions (12). From (19) we obtain the Taylor series

(20) (w^k )^′_tf_0(z) = ∞∑ n=k σ^′_{nk}(t)z^{n+1}, |z| < 1, 0 ≤ t < +∞, for k = 1, 2, . . . , which generate the derivatives of the de Branges functions (12). From (1) we obtain that

(21) w^′_t = −w 1 − w 1 + w . By means of (21) and (1) we find that

(22) (w^k )^′_tf_0(z) = − ke^tw^{k+1} 1 − w^2

, k = 1, 2, . . . , 0 ≤ t < +∞.

Thus (20) and (22) yield (13) which completes the proof of Theorem 3. This is a new proof of our Theorem 1 on page 340 in [5].

In 1992 in our paper [5, p. 340, Theorem 1] we first discovered the series (13) thereby first proving that the crucial last steps of the de Branges proof and the Weinstein proof of the Bieberbach conjecture are one and the same. In his monograph [8, p. 147] Sheng Gong mentions this fact. Later, Wilf [9, 1994], Koepf and Schmersau [10, 1996], [11, 1997], and the author [6, 1998] gave other proofs of the formula (13). Our proof of (13) here presented completes this series of six different proofs of (13).

Theorem 4. In terms of the de Branges functions (12), the natural powers w^k, k = 1, 2, . . . , of the Pick function w = w(z, t), determined by (1), and their derivatives ∂^pw^k /∂t^p, p = 1, 2, . . . , have the following Taylor expansions

(23) w^k = ∞∑ n=k [σ_{nk}(t) − 2σ_{n−1, k}(t) + σ_{n−2, k}(t)] z^n and (24) ∂^pw^k ∂t^p = ∞∑ n=k [ σ^{(p)}_{nk} (t) − 2σ^{(p)}_{n−1, k}(t) + σ^{(p)}_{n−2, k}(t) ] z^n for |z| < 1 and 0 ≤ t < +∞, where we set σ_{k−1, k}(t) = σ_{k−2, k}(t) = 0 (σ^{(p)}_{k−1, k}(t) = σ^{(p)}_{k−2, k}(t) = 0, p = 1, 2, . . . ).

Proof. The series (23)–(24) follow from (19), (20) and (1).

Corollary. We have the relations

(25) w_{nk}(t) = σ_{nk} (t) − 2σ_{n−1, k}(t) + σ_{n−2, k}(t) and (26) w^{(p)}_{nk} (t) = σ^{(p)}_{nk} (t) − 2σ^{(p)}_{n−1, k}(t) + σ^{(p)}_{n−2, k}(t)

for n = k, k + 1, . . . , (k = 1, 2, . . . ), 0 ≤ t < +∞ and p = 1, 2, . . . , having in mind the remark at the end of Theorem 4.

Proof. The relations (25)–(26) follow from (5) and (23)–(24).

The following result is a generalization of Theorem 3.

Theorem 5. If w = w(z, t) is the Pick function, determined by (1), then we have the Taylor series

(27) e^tw (1 − w)^2 ∂^pw^k ∂t^p = ∞∑ n=k σ^{(p)}_{nk} (t)z^{n+1}, |z| < 1, 0 ≤ t < +∞,

for k = 1, 2, . . . and p = 1, 2, . . . .

Proof. The series (27) follow from (19) and (1).

In particular, for p = 1, the series (27) is reduced to the series (13), having in mind (21) (and (22) as well).

Acknowledgement. The author thanks the referee Prof. Dr. Richard A. Askey whose suggestions in the proof of Theorem 1 suggested to the author the idea of using directly the equation (1) for the proof of Theorem 1 of this paper.

References

[1] G. Pick, Über die konforme Abbildung eines Kreises auf ein schlichtes und zugleich beschränktes Gebiet, Sitzungsber. Akad. Wiss. Wien, Abt. IIa 126 (1917), 247–263.

[2] L. de Branges, A proof of the Bieberbach conjecture, Preprint E-5-84, Leningrad Branch of the V. A. Steklov Mathematical Institute, 1984, 1–21.

[3] L. de Branges, A proof of the Bieberbach conjecture, Acta Math. 154 (1985), 137–152. [4] L. Weinstein, The Bieberbach conjecture, International Mathematics Research Notices 5 (1991), 61–64; in Duke Math. J. 64 (1991).

[5] P. G. Todorov, A simple proof of the Bieberbach conjecture, Bull. Classe Sci. Acad. Roy.

Belgique 6e série 3:12 (1992), 335–346.

[6] P. G. Todorov, A new proof of the final stage of the proof of the Milin, Robertson and Bieberbach conjectures which does not use the Askey and Gasper inequality, Bull. Classe Sci. Acad. Roy. Belgique, 6e série 9:7–12 (1998), 349–359.

[7] P. G. Todorov, Two simple explicit form of the Taylor expansion of the bounded Koebe function, Math. Balkanica, New Series 10:2–3 (1996), 183–188.

[8] Sheng Gong, The Bieberbach Conjecture, Studies in Advanced Mathematics, Vol. 12, Amer.

Math. Soc. and Inter. Press, 1999.

[9] H. S. Wilf, A footnote on two proofs of the Bieberbach – de Branges theorem, Bull. London Math. Soc. 26 (1994), 61–63.

[10] W. Koepf and D. Schmersau, On the de Branges theorem, Complex Variables Theory Appl.

31 (1996), 213–230.

[11] W. Koepf and D. Schmersau, Weinstein’s functions and the Askey–Gasper identity, Integral Transforms and Special Functions 5:3–4 (1997), 227–246.

Institute of Mathematics and Informatics (Received 05 05 2000) Bulgarian Academy of Sciences (Revised 01 02 2001) Acad. G. Bontchev Str., Block 8 1113 Sofia Bulgaria

pgtodorov@abv.bg