PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE Nouvelle série, tome 69(83) (2001), 108–112

UNIVALENT HARMONIC MAPPINGS BETWEEN JORDAN DOMAINS

David Kaljaj

Communicated by Miroljub Jevtić

Abstract. We give a classification of univalent harmonic functions of a Jordan domain onto a convex Jordan domain with boundary which does not contain linear segments. It is interesting that the boundary function must be continuous but not necessarily a univalent function, contrary to the case of conformal mappings.

1. Introduction and notation

The complex twice-differentiable function w = f(z) = u + iv is called harmonic if u and v are real harmonic functions. Let be f a harmonic diffeomorphism. If there is k < 1 such that |f_z| ≤ k|f_z|, then we say that f is a quasiconformal function (q.c.). We denote by QCH the class of harmonic quasiconformal functions.

The following formula is the Poisson integration formula and it plays a very important role in harmonic function theory. For every bounded harmonic function f defined on the unit disc U there is a bounded L^1 function g defined on the unit circle S^1 such that:

f(z) = P [g](z) = ∫_{2π} 0 P (z, θ)g(e^{iθ}) dθ where P (z, θ) = 1 − |z|^2 2π|z − e^{iθ}|^2 is the Poisson kernel.

Lemma 1.1. [1] If g is a continuous function then f has a continuous extension on U.

Lemma 1.2. [3] Let {φ_n, n ∈ N} be a sequence of non-decreasing functions from [0, 2π] to [−2π, 4π]. Then there is a subsequence (φ_{nk} ) ⊂ (φ_n) and a function φ such that: φ_{nk} (x) → φ(x) for x ∈ [0, 2π] and φ is a non-decreasing function.

1991 Mathematics Subject Classification. Primary 30C55, Secondary 31A05. Key words and phrases. Complex functions, Planar harmonic mappings. 108

Lemma 1.3. Let f : U → V be a harmonic mapping of the unit disk U into the Jordan domain V . If f = P [f(e^{iθ})] and if there exists a θ_0 ∈ [0, 2π] such that lim_{θ↑θ0} f(e^{iθ}) = A_0 and lim_{θ↓θ0} f(e^{iθ}) = B_0, then for λ ∈ [−1, 1] we have: lim_{R→∞} f ( e^{iθ0} ( Re^{iλπ/2} − 1 Re^{iλπ/2} + 1 )) = 1 2 (1 − λ)A_0 + 1 2 (1 + λ)B_0

The proof of this lemma follows from definition, but it has some technical difficulties. For details see [9].

Proposition 1.1 (Choquet). Let f(z) = P [e^{iφ(θ)}](z), such that φ is a nondecreasing 1-1 function and φ(0) = 0 and φ(2π) = 2π. Then f is a univalent harmonic function of the unit disk onto itself.

Note that, this proposition is valid in a more general form. Indeed, only the convexity of the co-domain is important.

Proposition 1.2. Let f_n : Ω → U be a sequence of k-q.c. mappings of a Jordan domain Ω into the unit disc U. Also let f = lim_{n→∞} f_n; then either:

(1) f is constant or (2) f is function with two points value or (3) f is k-q.c.

This proposition is due to Lehto and Virtanen [5].

Proposition 1.3. Let f_n : U → V , be a sequence of harmonic diffeomorphisms of the unit disc U onto a Jordan domain V such that f_n^K−→ f. Then:

(1) f is univalent of U into V or (2) f(z) = c + e^{iφ} · R(z) where R is real harmonic function ≠ 0 or (3) f ≡ const.

Proof. Without loss of generality we my assume that f_n are sense preserving mappings. Let a_n = f_{nz}/f_{nz}. Then a_n : U → U is an analytic function. Since f_n^K→ f one gets f_{nz}^K→ f_z and f_{nz}^K→ f_z. Because |f_{nz}| ≤ |f_{nz}| it follows that |f_z| < |f_z|. If f_z ≡ 0, then f ≡ const which gives (1).

Otherwise a = f_z/f_z is an analytic function except for some points. Since |a| ≤ 1, these points are admissible singularities of a. Hence a is analytic on U. If |a(z)| = 1 at some point, then there exists a φ such that a(z) ≡ e^{i2φ}. Hence f(z) = c + e^{iφ} ∞∑ 1 (a_ne^{−iφ}z^n + a_ne^{iφ}z^n) = c + e^{iφ} · R(z) In this case (2) is true.

Let us now suppose |a(z)| < 1. We are going to prove that (1) holds. Let α, β be distinct points in U such that |α| < r, |β| < r, and r < 1. Let D_r = {z : |z| < r}. Since a is an analytic function one gets that there is a k < 1 such that |a(z)| < k for |z| ≤ r. Next, since a_n^K−→ a, we have that there is a k^′ < 1 such that |a_n| < k^′ on D_r, for n small enough. Then the functions F_n = f_n|_{Dr} − k^′ are q.c. Since F_n → F = f|_{Dr} , from Proposition 1.2 it follows that F : D_r → F (D_r) is k^′ q.c. Consequently f(α) = F (α) ≠ F (β) = f(β). It follows that f is 1-1. This completes the proof. □

2. The main results

Lemma 2.1. Let f : U → V be a harmonic sense preserving diffeomorphism of the unit disk U into a Jordan domain V . Then there exists a function φ : S → ∂V with at most countably many points of discontinuity, all of them of the first type, such that: f = P [φ].

Proof. Let g : V → U be a biholomorphism, which exists by Riemann mapping theorem. Then the function F = g ∘f : U → U is a sense preserving diffeomorphism. Let U_n = {z : |z| <^{n−1}_n }, Δ_n = F^{−1}(U_n) and let g_n be a biholomorphism of the Jordan domain U onto the domain Δ_n such that g_n(0) = 0, and g^′_n(0) > 0. Without loss of generality we can suppose 0 ∈ Δ_n because the last relation holds for n large enough. Then the function:

F_n = n n − 1 F ∘ g_n = n n − 1 g ∘ f ∘ g_n : U → U is a sense preserving homeomorphism. Let φ_n = F_n|_S and let (φ_{nk} ) be a convergent subsequence of (φ_n) which exists because of Lemma 1.1. Then φ_n(e^{iθ}) = e^{iϕn(θ)} where ϕ_n(θ) is a monotone non-decreasing function. Let φ_0 = lim φ_{nk} . Then φ_0 is a monotone non-decreasing function. Hence n_k n_k − 1 g ∘ f ∘ g_{nk} |_S → φ_0 if k → ∞. And consequently

lim_{k→∞} f ∘ g_{nk} (e^{iθ}) = g^{−1}(φ_0(e^{iθ})) for all θ

because g is a homeomorphism from V onto U. Since ϕ_k = f ∘ g_{nk} |_S is continuous and f ∘ g_{nk} is a harmonic function then from Lebesgue’s Dominated Convergence Theorem, (because the function g^{−1} ∘φ_0 is bounded), we obtain: f ∘g_{nk} = P [ϕ_k ] → P [g^{−1} ∘ φ_0], as k → ∞. It follows that the sequence g_{nk} is convergent. Let g_0(z) = lim_{k→∞} g_{nk} (z). Since g_0 is a conformal mapping from the unit disk onto itself which satisfies g_0(0) = 0, and g^′_0(0) > 0 it follows that g_0 = id. Hence f = P [g^{−1} ∘ φ_0] = P [ϕ], where g^{−1} is continuous and φ_0 is a monotone non-decreasing function. Hence, it has no more than countably many points of discontinuity, which are of the first type. The lemma is proved. □

Theorem 2.1. Let f : U → Ω be a harmonic diffeomorphism of the unit disk U onto a Jordan domain Ω with boundary which contains no linear segments. Then the function f has a continuous extension from U onto Ω.

Proof. Follows from Lemma 1.2, Lemma 1.3 and homeomorphic properties of diffeomorphisms. □

Remark 2.1. If a homeomorphism f reverses sense, then the homeomorphism f preserves sense.

Corollary 2.1. Let f : Ω → V be a harmonic diffeomorphism of a Jordan domain Ω onto a strict convex bounded domain V . Then f has a continuous extension of Ω onto V .

Proof. Let φ : U → Ω be a conformal diffeomorphism of the unit disk U onto the Jordan domain Ω. Then F = f ∘ φ : U → Ω is a harmonic diffeomorphism. Hence, the corollary follows from Caratheodory’s theorem and Theorem 2.1. □

Remark 2.2. It is a natural question, whether the extension of this harmonic diffeomorphism is a homeomorphism. The answer to this question, in the general case, is negative.

Indeed, the next theorem holds.

Theorem 2.2. Let g_n be a convergent sequence of homeorphisms between the unit circle and the convex Jordan domain γ = int Ω. Let g = lim_{n→∞} g_n be a non constant and a non two valued function and let conv(g(S^1)) = Ω. Then f(z) = P [g](z) is a harmonic diffeomorphism of the unit disk onto Ω.

Proof. By Choquet’s theorem it follows that the functions f_n = P [g_n] is a univalent function from the unit disk onto Ω. On the other hand, because the family f_n is normal it has a convergent subsequence f_{nk} . Let f = lim_{n→∞} f_{nk} = P [g]. Because g is not constant and it is not a two-valued function, according to Proposition 1.3 it follows that it is univalent. (The function θ → e^{iφ(θ)} has at last three value points.) On the other hand, because conv(f(S^1)) = Ω, it follows that f(U) = Ω. □

Corollary 2.2. The harmonic function f : U → U is a sense preserving diffeomorphism of the unit disk U onto itself iff f = P [e^{iφ(θ)}] where φ is a continuous non-decreasing function such that φ(0) = a and φ(2π) = 2π + a, (a ∈ (−2π, 2π)).

The proof follows from Theorem 2.1 and Theorem 2.2 Example 2.1. Let φ(θ) = θ + k sin θ, θ ∈ [0, 2π], 0 < k ≤ 1. Then the function f = P [e^{iφ(θ)}] is a harmonic diffeomorphism of the unit disk onto itself such that if 0 < k < 1 it is quasiconformal.

For the proof of the last assertion in the example, see [8].

Remark 2.3. In a private conversation I learned that A. Lyzzaik and W. Hengartner have similar unpublished results.

3. Acknowledgement

I would like to thank Miodrag Mateljevic for the questions and suggestions on the subject of Harmonic functions, arisen in the seminar of Complex Analysis in Belgrade.

References

[1] Sh. Axler, P. Bourdon and W. Ramey, Harmonic Function Theory, Springer-Verlag, New York, 1992.

[2] J. Clunie, T. Sheil-Small, Harmonic Univalent Function, Academia Scientiarum Fennica, grad???, 1984.

[3] G.M. Goluzin, Geometrical Function Theory, Nauka, Moskva, 1966 (in Russian). [4] W. Hengartner, G. Scober, Univalent harmonic mappings with given dilatation, Indiana University, ???

112 KALJAJ

[5] O. Lehto, K.I. Virtanen Quasiconformal mapping, Springer-Verlag, Berlin and New York, 1973.

[6] M. Mateljević, An area theorem of Lehto-Kuhnau type for harmonic mappings, Matematički fakultet, Beograd, 1997.

[7] G. Choquet, Sur un type de transformation analitique généralisant la représentation conforme et definie au moyen fonctions harmoniques, Bull Sci. (2) 69. 1945, 156–165. ????

[8] O. Martio, On harmonic quasiconformal mappings, Ann. Acad. Sci. Fenn. Ser. A I Math. 425, 108(1968), [9] T. Sheil-Small, On the Fourier series of a step function, Michigan Math. J. 36 (1989) 459–475.

Prirodno-matematički fakultet, (Received 04 05 1999) 81001 Podgorica, p.p. 211 (Revised 18 10 2000) Yugoslavia

davidk@rc.pmf.cg.ac.yu