PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE Nouvelle série, tome 70(84) (2001), 1–8

ON SEMIGROUPS DEFINED BY THE IDENTITY xxy = y

Smile Markovski, Ana Sokolova

and Lidija Goračinova Ilieva

Communicated by Žarko Mijajlović

Abstract. The groupoid identity x(xy) = y appears in definitions of several classes of groupoids, such as Steiner loops (which are closely related to Steiner triple systems) [9, 10], orthogonality in quasigroups [4] and others [2, 12]. We have considered in [8] several varieties of groupoids that include this identity among their defining identities, and here we consider the variety V of semigroups defined by the same identity. The main results are: the decomposition of a V semigroup as a direct product of a Boolean group and a left unit semigroup; decomposition of the variety V as a direct product of the variety of Boolean groups and the variety of left unit semigroups; constructions of free objects in V and the solution of the word problem in V.

1. The structure of V semigroups

The variety of semigroups with xxy = y will be denoted by V. We will pay attention to some structural properties first.

Proposition 1. Each V semigroup is right quasigroup (i.e., it is left cancellative and right solvable).

Proof. We have xy = xz ⇒ xxy = xxz ⇒ y = z and z = xy is the solution of the equation xz = y. □

Proposition 2. The identity xyz = yxz holds in each V semigroup.

Proof. We first prove the special case xyx = yxx. We have, xyx = yxyxxyx = yxyyx = yxx. Then xyz = xyxxz = yxxxz = yxz. □ Corollary 1. In any V semigroup the following hold: (i) xyxz = yz; (iii) x^2 = y^2 ⇐⇒ xy = yx; (ii) (xy)^2 = y^2; (iv) x = vy ∨ ux = vy ⇒ x^2 = y^2.

2000 Mathematics Subject Classification. Primary 20M05, 20M10. Key words and phrases. semigroup, identity, free object, variety, word problem. 1

Corollary 2. For any V semigroup (S, ·) and any H ⊆ S, the subsemigroup of S generated by H is {h_1h_2 . . . h_sh | h_i, h ∈ H, i ≠ j ⇒ h_i ≠ h_j , s ≥ 0} where also h_{σ(1)} . . . h_{σ(s)}h = h_1 . . . h_sh for each h_i ∈ H, s > 0 and any permutation σ on {1, . . . , s}. By [3, Theorem 1.27] and Proposition 1, we have that every V semigroup is isomorphic to a direct product of a group and a left unit semigroup (i.e., a right zero semigroup, and from what follows it will be clear why we prefer the term ‘left unit’ instead of ‘right zero’). Though it is known result, we clarify it in this particular case, as follows.

Let (S, ·) be a V semigroup. The set of left units in S and the set of idempotents in S coincide, and x^2 is a left unit (i.e., an idempotent) in S for each x ∈ S. Denote by E the set E = {x^2 | x ∈ S}. We have that E is nonempty and it is a left unit subsemigroup of S.

Proposition 3. E contains all left units of S and ES = S = SE. Proof. S = {x · x^2 | x ∈ S} ⊆ SE ⊆ S, hence ES = S = SE. □ Let S/E = {xE | x ∈ S} and define an operation in S/E by xE · yE = xyE.

The operation is well defined.

Proposition 4. S/E is a Boolean group.

Proof. Note that E ∈ S/E since E = x^2E, for x ∈ S. We have E · xE = xE = xE · E and (xE)^2 = xE · xE = x^2E = E. □

(We note that what we call here Boolean group is also known as “elementary 2-abelian group”.)

Proposition 5. Let S be a V semigroup generated by a set X. Then (1) E = {x^2 | x ∈ X}, (2) S/E = ⟨{xE| x ∈ X}⟩, (3) xE = yE ⇒ xy ∈ E, (4) xE = yE ∧ x^2 = y^2 ⇒ x = y.

Proof. (1) For x ∈ S either x ∈ X or x = ay, y ∈ X, implying x^2 = y^2. (2) It is obvious since xyE = xEyE.

(3) Note that xE = yE implies (∀z ∈ X)(∃t ∈ X) xz^2 = yt^2 which by Corollary 1(ii) means that (∀z ∈ X) xz^2 = yz^2 and, equivalently, (∀z ∈ X) z = xyz. Hence xy is a left unit i.e., xy ∈ E.

(4) Let xE = yE and x^2 = y^2. By (3), xy = u^2 ∈ E so x^2 = y^2 = u^2 and hence xy = x^2 i.e., x = y. □

If G is a Boolean group and E is a left unit semigroup, then their direct product G × E is a V semigroup. The opposite statement is also true.

Theorem 1. A semigroup is a V semigroup iff it is isomorphic to a direct product of a Boolean group and a left unit semigroup.

Proof. Let S be a V semigroup, and define a mapping φ : S → S/E × E by φ(x) = (xE, x^2), where S/E and E are defined as before. Then by Proposition 5(4) we have φ(x) = φ(y) ⇒ (xE, x^2) = (yE, y^2) ⇒ xE = yE ∧ x^2 = y^2 ⇒ x = y, i.e., φ is injective, and it is a bijection too since for given (xE, y^2) ∈ S/E × E we have (xE, y^2) = (yxyE, (yxy)^2) = φ(yxy). Finally, φ(xy) = (xyE, (xy)^2) = (xEyE, x^2y^2) = φ(x)φ(y), i.e., φ is an isomorphism as well. □

We will consider the Boolean groups for a moment. They are commutative and if X is a base (i.e., a minimal generating set) of a Boolean group G then G ∼= (B_{fin}(X), +), where B_{fin}(X) is the set of all finite subsets of X and + denotes the set theoretical operation of symmetric difference. Namely, given g ∈ G, there exist uniquely determined x_i ∈ X such that g = x_1x_2 . . . x_n (up to commutativity), and then g → {x_1, x_2, . . . , x_n} is the required isomorphism. As a consequence we have that |G| = 2^{|X|} when X is finite and |G| = |X| when X is infinite, and if Y is another base of G then |X| = |Y |. Thus, up to isomorphism, there is a unique Boolean group with given base. Each Boolean group is also isomorphic to the abelian group (V, +) of a vector space over Z/2Z which in n-dimensional case is isomorphic to (Z/2Z)^n.

Also, let us state a few facts about left unit semigroups: they are defined by the identity xy = y, and there is a unique left unit semigroup on each set.

Now, by Theorem 1, we have the following property.

Proposition 6. If S is a finite V semigroup then |S| = 2^rk for some integers r ≥ 0, k > 0.

It is clear that for any integers r ≥ 0 and k > 0 there is a V semigroup with cardinality 2^rk, and S is unique (up to isomorphism) with the property |S/E| = 2^r. It follows that the pair (r, k) uniquely determines the semigroup S with |S/E| = 2^r, |E| = k. Thus we have:

Proposition 7. The number of all nonisomorphic V semigroups with m elements is equal to s + 1, where m = 2^sq, q is odd.

Let S be a finite V semigroup with cardinality 2^rk generated by n generators, i.e., S = ⟨X⟩, |X| = n, such that |S/E| = 2^r, |E| = k. We investigate a bit the connections among n, k and r. Note that r ≤ n, k ≤ n. Namely, by Proposition 5 (1), |E| ≤ |X| i.e., k ≤ n and, by Proposition 5 (2), |S/E| ≤ 2^{|{xE|x∈X}|} ≤ 2^{|X|} i.e., r ≤ n. Let α denote the equivalence on X defined by xαy ⇔ x^2 = y^2. Let t = max(|x/α|, x ∈ X). Then r ≥ t − 1 and k is equal to the number of equivalence classes of α. Indeed, by Proposition 5(4) we have y ∈ x/α, x ≠ y ⇒ xE ≠ yE. So, r = |{xE | x ∈ X}| ≥ t and r ≥ t − 1 in case when E ∈ {xE | x ∈ X} i.e., x^2 = x for some x ∈ X. Also note that for at most one y ∈ x/α it is true that y^2 = y.

Theorem 1 gives rise to the question of the structure of the variety V. We will show that V = BG ⊗ LE, where BG denotes the variety of Boolean groups, and LE denotes the variety of left unit semigroups. For that aim we will use the results on unindexed products of algebras and varieties stated in [13]. Namely, given two algebras A and B of arbitrary types an unindexed product C = A⊗B is an algebra with universe C = A×B that has a basic n-ary operation t^C for each pair (t^A_1 , t^B_2 ) of n-ary term operations t^A_1 in A and t^B_2 in B, defined by t^C ((x^′_1, x^{′′}_1 ), . . . , (x^′_n, x^{′′}_n)) = (t^A_1 (x^′_1, . . . , x^′_n), (t^B_2 (x^{′′}_1 , . . . , x^{′′}_n)). These are all basic operations of C. If V_1 and V_2 are varieties, then the variety generated by all unindexed products A_1 ⊗ A_2, A_i ∈ V_i, is called product of V_1 and V_2, and is denoted by V_1 ⊗ V_2.

For unindexed products we have the following properties [13]:

C ≤ A ⊗ B iff there exist A_1 ≤ A, B_1 ≤ B such that C = A_1 ⊗ B_1. Θ(A ⊗ B) = Θ(A) ⊗ Θ(B), where Θ(A) denotes the congruence lattice of the algebra A.

There exists an epimorphism ϕ : A⊗B −→ C iff there exist epimorphisms ϕ_1 : A −→ C_1 and ϕ_2 : B −→ C_2 and C ∼= C_1 ⊗ C_2.

An algebra belongs to V_1⊗V_2 if and only if it is isomorphic to an unindexed product of an algebra in V_1 and an algebra in V_2.

Lemma 1. Let G ∈ BG and E ∈ LE. Then G × E is the same algebra as G ⊗ E.

Proof. Denote by ∗, +, · the binary operations of G × E, G, E respectively. Let t = (t_1, t_2) be an n-ary operation in G ⊗ E, where t_1, t_2 are n-ary term operations in G, E respectively. We have t_1(x_1, . . . , x_n) = x_{i1} + · · · + x_{ik} where {i_1, . . . , i_k} ⊆ {1, . . . , n} and t_2(x_1, . . . , x_n) = x_j for some j ∈ {1, . . . , n}. Then, t((x^′_1, x^{′′}_1 ), . . . , (x^′_n, x^{′′}_n)) = (t_1(x^′_1, . . . , x^′_n), t_2(x^{′′}_1 , . . . , x^{′′}_n)) = (x^′_{i1} + · · · + x^′_{ik} , x^{′′}_j ) = (x^′_{i1} , x^{′′}_{i1} ) ∗ · · · ∗ (x^′_{ik} , x^{′′}_{ik} ) ∗ (x^′_j , x^{′′}_j ) ∗ (x^′_j , x^{′′}_j ), i.e., t is derived operation from ∗. □

From the previous lemma, Theorem 1 and the results mentioned above we obtain the following theorem.

Theorem 2. V = BG ⊗ LE and if G ∈ BG, E ∈ LE then:

(i) S ≤ G × E iff there exist G_1 ≤ G, E_1 ≤ E such that S = G_1 × E_1. (ii) Θ(G × E) = Θ(G) × Θ(E).

(iii) There exists an epimorphism ϕ : G×E −→ S iff there exist epimorphisms ϕ_1 : G −→ S_1 and ϕ_2 : E −→ S_2 and S ∼= S_1 × S_2.

Knowing that the congruence lattice of a group is modular, and the lattice of equivalences on a set A is modular iff |A| ≤ 3, we get the following result.

Corollary 3. The congruence lattice of a V semigroup S is modular iff |E| ≤ 3, where E is the left unit subsemigroup of S.

Remark 1. The variety V is also interesting since it is defined by a single identity that holds in both of the varieties BG, LE. One could obtain the fact V = BG ⊗ LE from another (syntactical) point of view. Namely, the varieties BG, LE are independent, in the sense of [5], i.e., there exists a polynomial p(x, y) of two variables in the signature {·} such that p(x, y) = x in each Boolean group and p(x, y) = y in each left unit semigroup (e.g. p(x, y) = xy^2). The variety BG has defining (semigroup) identities xxy = y, xy = yx and the variety LE has a single defining identity xy = y. Hence, the procedure proposed in [5] can be used for finding the defining set of (semigroup) identities for BG ⊗ LE, giving the following set of (semigroup) identities: xxy = y, xyt^2 = yxt^2, t(xy)^2 = ty^2, xt^2(tx^2)^2 = x, xt^2yt^2t^2 = xyt^2, t(tx^2ty^2)^2 = t(xy)^2. All of them are of course consequences of xxy = y (Proposition 2, Corollary 2). Hence, BG ⊗ LE is the variety of semigroups satisfying xxy = y. Some other similar examples of product varieties are considered in [6] and [7].

2. Free semigroups in V

Here we focus on free objects in the variety of semigroups V. As an introduction to what follows we give an example of a special class of V semigroups.

Example 1. Let A be a set, and denote by B(A) its Boolean set, i.e., the set of all subsets of A. Define an operation ∗ on B(A) × B(A) by (R, S) ∗ (T, U) = (R + S + T, U). Then (B(A) × B(A), ∗) is a V semigroup which is commutative if and only if A = ∅. For the semigroup (B(A) × B(A), ∗) we have that (S, S) is left unit where S ⊆ A and {(R, S) | R, S ∈ B_{fin}(A)}, {(R, {a}) | R ⊆ A, a ∈ A}, {(R, {a}) | R ∈ B_{fin}(A), a ∈ A} are its subsemigroups.

We will present three rather simple constructions of free objects and some properties of the free objects will be given too.

The first, direct construction is related to Example 1. Let B ≠ ∅ be a given set and let F_B = {(C, b) | C ∈ B_{fin}(B), b ∈ B}. The set F_B will serve as a universe of a free V semigroup with free base B. C can be considered as “the content set of an element” and b as “the tail”. Further on the singleton set {t} will be written simply as t (depending of the context), the set theoretical operation difference of two sets X and Y will be denoted by X − Y and we will identify the element b ∈ B with the element (∅, b) ∈ F_B , in such a way obtaining B ⊆ F_B . Define an operation ∗ on F_B by (C_1, b_1) ∗ (C_2, b_2) = (C_1 + b_1 + C_2, b_2) for all (C_1, b_1), (C_2, b_2) ∈ F_B .

Theorem 3. (F_B , ∗) is a free semigroup in V with free base B.

Proof. Let u = (C_1, b_1), v = (C_2, b_2), w = (C_3, b_3) ∈ F_B . Then we have

(u ∗ v) ∗ w = (C_1 + b_1 + C_2, b_2) ∗ (C_3, b_3) = (C_1 + b_1 + C_2 + b_2 + C_3, b_3) = = (C_1, b_1) ∗ (C_2 + b_2 + C_3, b_3) = u ∗ (v ∗ w)

as well as

u ∗ u ∗ v = u ∗ (C_1 + b_1 + C_2, b_2) = (C_1 + b_1 + C_1 + b_1 + C_2, b_2) = (C_2, b_2) = v.

Hence, F_B ∈ V.

The rest of the proof is derived by induction on the cardinality of the content set.

The set B generates F_B since (C, b) = (∅, c) ∗ (C − c, b) = c ∗ (C − c, b) if c ∈ C. Let (G, ∘) be any V semigroup and f : B → G a mapping. We extend f to a mapping f̂ : F_B → G inductively in the following way. f̂((C, b)) = { f(b), C = ∅ f(c) ∘ f̂((C − c, b)), c ∈ C

The fact that f̂ is well defined follows by induction and Proposition 2. Clearly, it is well defined for the base elements, and for elements with |C| = 1. If c_1 ≠ c_2 ∈ C and if f̂ is well defined for elements with smaller content set and g = f̂((C −{c_1, c_2}, b)), then

f(c_1) ∘ f̂((C − c_1, b)) = f(c_1) ∘ f(c_2) ∘ g = f(c_2) ∘ f(c_1) ∘ g = f(c_2) ∘ f̂((C − c_2, b)).

To complete the proof we check that f̂ is a homomorphism. Let u = (C_1, b_1), v = (C_2, b_2). At first we consider several base cases:

(1) C_1 = ∅, C_2 = ∅: Then u ∗ v = (b_1, b_2) and f̂(u) ∘ f̂(v) = f(b_1) ∘ f(b_2) = f̂((b_1, b_2)) = f̂(u ∗ v).

(2) C_1 = ∅, C_2 ≠ ∅, b_1 ∈ C_2: Then u ∗ v = (b_1 + C_2, b_2) = (C_2 − b_1, b_2) and f̂(u) ∘ f̂(v) = f(b_1) ∘ f̂((C_2, b_2)) = f(b_1) ∘ f(b_1) ∘ f̂((C_2 − b_1, b_2)) = f̂((C_2 − b_1, b_2)) = f̂(u ∗ v).

(3) C_1 = ∅, C_2 ≠ ∅, b_1 /∈ C_2: Then u ∗ v = (b_1 + C_2, b_2) and f̂(u) ∘ f̂(v) = f(b_1) ∘ f̂((C_2, b_2)) = f̂((C_2 + b_1, b_2)) = f̂(u ∗ v).

Finally we consider the inductive case:

(4) C_1 ≠ ∅, c ∈ C_1: f̂(u) ∘ f̂(v) = f(c) ∘ f̂((C_1 − c, b_1)) ∘ f̂((C_2, b_2)) = f(c) ∘ f̂((C_1 − c, b_1) ∗ (C_2, b_2)) = f(c) ∘ f̂(((C_1 − c) + b_1 + C_2, b_2)) = R There are two subcases here.

(4.1) c ∈ b_1 + C_2: u ∗ v = (C_1 + b_1 + C_2, b_2) = ((C_1 − c) + ((b_1 + C_2) − c), b_2) and R = f(c) ∘ f(c) ∘ f̂(((C_1 − c) + ((b_1 + C_2) − c), b_2)) = f̂(u ∗ v),

(4.2) c /∈ b_1 + C_2: R = f̂(((C_1 − c) + b_1 + C_2 + c), b_2)) = = f̂((C_1 + b_1 + C_2, b_2)) = f̂(u ∗ v). □

A free V semigroup with free base B can also be constructed using the free semigroup B^+ consisting of all nonempty words over the alphabet B with concatenation of words as operation. For that purpose we will use the construction of (F_B , ∗), although it can be done independently. Let < be a well ordering of the set B and let F^′_B consists of all words b_1b_2 . . . b_nb (b, b_i ∈ B, n ≥ 0) in B^+ such that i < j ⇒ b_i < b_j . If we define an operation ∗^′ by b_1b_2 . . . b_nb ∗^′ c_1c_2 . . . c_kc = d_1d_2 . . . d_mc iff b_1 ∗ b_2 ∗ · · · ∗ b_n ∗ b ∗ c_1 ∗ c_2 ∗ · · · ∗ c_k ∗ c = d_1 ∗ d_2 ∗ · · · ∗ d_m ∗ c, then (F^′_B , ∗^′) is a free V semigroup with free base B.

Theorem 2 enables us to give one more construction of the free V semigroup. If B is a nonempty set then (B_{fin}(B), +) is a free Boolean group with free base B and the left unit semigroup (B, ·) on B is also free. Now, consider the direct product (F^{′′}_B , ∗^{′′}) = (B_{fin}(B), +) × (B, ·) where (C_1, b_1) ∗^{′′} (C_2, b_2) = (C_1 + C_2, b_2). (F^{′′}_B , ∗^{′′}) is certainly free in V because of the properties of product varieties, with free base {(b, b) | b ∈ B}. Namely, given (C, b) ∈ F^{′′}_B , where C = {b_1, . . . , b_n} ⊆ B, b ∈ B, we have (C, b) = (b_1, b_1) ∗^{′′} · · · (b_n, b_n) ∗^{′′} (b, b) ∗^{′′} (b, b). The mapping φ : F_B → F^{′′}_B defined by φ((C, b)) = (C + b, b) is an isomorphism from (F_B , ∗) onto (F^{′′}_B , ∗^{′′}).

Knowing how the free V semigroups look like, it is clear that any free V semigroup with finite free base is also finite, in fact we have the following theorem.

Theorem 4. Let S be a finitely generated V semigroup with n element base. Then S is free if and only if |S| = 2^nn.

Proof. If S is free with n element free base then, according to previous constructions, |S| = 2^nn. On the other hand, if |S| = 2^nn and S has a base B with n generators then, by Proposition 5(i),(ii), we have |S/E| ≤ 2^n and |E| ≤ n which means that |S/E| = 2^n, |E| = n, i.e., S is free by the third construction of free objects in V. □

In most of the varieties we considered in [8] the class of free objects was inheritable. But this is not a case in the variety V, since any nontrivial free V semigroup contains a left unit subsemigroup. Furthermore, having the ‘right’ number of elements in a subsemigroup of a free V semigroup is still not sufficient for freeness, as shown by the next example.

Example 2. Let (F^′_B , ∗^′) be the free V semigroup with a four element base B = {a, b, c, d}, a < b < c < d. Then G = {aa, bb, cc, dd, bcda, acdb, abdc, abcd} is its subsemigroup which is not free, even though it has 2^2 · 2 elements.

3. The word problem for V

Let S be a V semigroup with a finite base B. Let S be a factor semigroup of F^{′′}_B by some congruence ∼ generated by a finite set of defining pairs t_i ∼ s_i, where t_i, s_i ∈ F^{′′}_B for i = 1, . . . , n. The word problem is solvable for S if there is an algorithm such that for any u, v ∈ F^{′′}_B it is possible to determine whether u ∼ v. The word problem is globally solvable for V if there exists an algorithm that solves the word problem for any such V semigroup.

Since F^{′′}_B is finite when B is finite, the word problem for the variety V is trivially solvable. Here we show that solving the word problem for V semigroups reduces to solving the word problem for Boolean groups and left unit semigroups.

Let S = F^{′′}_B / ∼ where B is finite set and the congruence ∼ is generated by a finite set of defining pairs t_i ∼ s_i, where t_i, s_i ∈ F^{′′}_B for i = 1, . . . , n, and let u, v ∈ F^{′′}_B . Then t_i = (t^′_i, t^{′′}_i ), s_i = (s^′_i, s^{′′}_i ), u = (u^′, u^{′′}), v = (v^′, v^{′′}). Denote by ∼_1 the congruence on (B_{fin}(B), +) generated by the pairs t^′_i ∼_1 s^′_i, and by ∼_2 the congruence on the left unit semigroup (B, ·) generated by the pairs t^{′′}_i ∼_2 s^{′′}_i .

Lemma 2. (u^′, u^{′′}) ∼ (v^′, v^{′′}) if and only if u^′ ∼_1 v^′ and u^{′′} ∼_2 v^{′′}, for any (u^′, u^{′′}), (v^′, v^{′′}) ∈ F^{′′}_B . Proof. One direction of this statement is easy i.e., (u^′, u^{′′}) ∼ (v^′, v^{′′}) ⇒ u^′ ∼_1 v^′ ∧ u^{′′} ∼_2 v^{′′}. For the other direction note the following: (t^′_i, t^{′′}_i ) ∼ (s^′_i, s^{′′}_i ) implies (∅, t^{′′}_i ) ∼ (∅, s^{′′}_i ) (since (∅, t^{′′}_i ) = (t^′_i, t^{′′}_i ) ∗^{′′} (t^′_i, t^{′′}_i )) and also implies (t^′_i, b) ∼ (s^′_i, b) for all b ∈ B (since (t^′_i, b) = (t^′_i, t^{′′}_i ) ∗^{′′} (∅, b)). Hence, t^′_i ∼_1 s^′_i ⇒ (t^′_i, b) ∼ (s^′_i, b) for all b ∈ B and t^{′′}_i ∼_2 s^{′′}_i ⇒ (∅, t^{′′}_i ) ∼ (∅, s^{′′}_i ). Moreover, for any x^′, y^′ ∈ B_{fin}(B), x^′ ∼_1 y^′ ⇒ (x^′, b) ∼ (y^′, b) for all b ∈ B and for any x^{′′}, y^{′′} ∈ B, x^{′′} ∼_2 y^{′′} ⇒ (∅, x^{′′}) ∼ (∅, y^{′′}). Hence, if u^′ ∼_1 v^′ and u^{′′} ∼_2 v^{′′} then (u^′, u^{′′}) = (u^′, b) ∗^{′′} (∅, u^{′′}) ∼ (v^′, b) ∗^{′′} (∅, v^{′′}) = (v^′, v^{′′}). □

8 MARKOVSKI, SOKOLOVA AND GORA^ˇCINOVA ILIEVA

Note that if ∼_1 is defined as previously, then u^′ ∼_1 v^′ if and only if there exist i_1, . . . , i_k ∈ {1, 2, . . . , n} such that u^′ + v^′ = ∑_k j=1 t^′_{ij} + s^′_{ij} . Also the word problem is trivially solvable for left unit semigroups, since any equivalence is a congruence in them.

References

[1] R. U. Bruck, A Survey of Binary Systems, Berlin– Götingen– Heidelberg, 1958 [2] D. E. Bryant, S. Oates-Williams, Strongly 2-perfect cycle systems and their quasigroups, Discrete Math. 167/168 (1997), 167–174 [3] A. H. Clifford, G. B. Preston, The Algebraic Theory of Semigroups, Mathematical Surveys 7, Amer. Math. Soc., 1964 [4] J. Denes, A. D. Keedwell, Latin Squares and their Applications, English Univ. Press, London, 1974 [5] R. A. Knoebel, Products of independent algebras with finitely generated identities, Algebra Universalis 3/2 (1973), 147–151 [6] A. Krapež, Rectangular loops, Publ. Inst. Math. (Belgrade) 68(82) (2000), 59–66 [7] A. Krapež, A generalization of rectangular loops, in: A Tribute to S. B. Prešić, Papers celebrating his 65th birthday, A. Krapež ed., Matematički Institut SANU, Beograd, 2001 [8] S. Markovski, A. Sokolova, L. Goračinova Ilieva, On groupoids with the identity x(xy) = y (preprint) [9] S. Markovski, A. Sokolova, Free Steiner loops, Glasnik Mat 36(56) (2001), 85–93 [10] S. Markovski, A. Sokolova, Term rewriting system for solving the word problem for Steiner’s loops, Bull. Math. Skopje 24 (L) (2000), 7–18 [11] R. N. McKenzie, W. F. Taylor, G. F. McNulty, Algebras, Lattices, Varieties, Wadsworth and Brooks, Monterey, California, 1987 [12] R. Padmanabhan, Characterization of a class of groupoids, Algebra Universalis 1 (1972), 374–382 [13] D. M. Smirnov, Mnogoobraziya Algebr, Nauka, Novosibirsk, 1992

Faculty of Sience and Mathematics (Received 16 02 2001) Institute of Informatics (Revised 02 10 2001) Skopje Republic of Macedonia (Smile Markovski and Ana Sokolova)

smile,ansas@pmf.ukim.edu.mk

Pedagogical Faculty Štip Republic of Macedonia (Lidija Goračinova Ilieva)

fildim@focus.net.mk