PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE Nouvelle série, tome 70(84) (2001), 9–18

A STRUCTURAL FORMULA OF THE WEINSTEIN FUNCTIONS USED IN HIS PROOF OF THE MILIN, ROBERTSON AND BIEBERBACH CONJECTURES

Pavel G. Todorov

Communicated by Gradimir Milovanović

Abstract. We find a structural formula of the Weinstein functions indicated in the title. This yields a reduced form of our general integral identity for the Milin functional from which the Milin, Robertson and Bieberbach conjectures follow immediately. In particular, the well-known Fitzgerald–Pommerenke special integral identity for this problem is obtained.

1. Introduction

Let S denote the class of all functions f(z) = ∞∑ n=1 a_nz^n, a_1 = 1, (1) analytic and univalent in the unit disk |z| < 1. Bieberbach [1] conjectured that the inequalities |a_n| ≤ n, n = 2, 3, . . . , (2) hold where the equality sign holds only for the Koebe function

f_0(z) = z (1 − z)^2 = ∞∑ n=1 nz^n ∈ S (3) and its rotations e^{−iα}f_0(ze^{iα}) ∈ S where α is real.

Let S^2 denote the subclass of odd functions

f_2(z) = √ f(z^2) = ∞∑ n=1 b_{2n−1}z^{2n−1}, f(z) ∈ S, b_1 = 1, (4)

2000 Mathematics Subject Classification. Primary 30C50; 30C75.

Key words and phrases. Univalent functions, Loewner differential equation, de Branges proof, Weinstein proof. 9

of the class S. It follows from (1) and (4) that

a_n = n∑ k=1 b_{2k−1}b_{2(n+1−k)−1}, n = 1, 2, . . . , b_1 = 1. (5) It is clear from (5) and the Cauchy inequality that |a_n| ≤ n∑ k=1 |b_{2k−1}|^2, n = 2, 3, . . . , b_1 = 1. (6) Because of (6), Robertson [2] conjectured that over the class S^2 the inequalities n∑ k=1 |b_{2k−1}|^2 ≤ n, n = 2, 3, . . . , b_1 = 1, (7) hold where the equality sign holds only for such functions (4) which correspond to the Koebe function (3) and its rotations. Thus the Robertson conjecture (7) over the class S^2 implies the Bieberbach conjecture (2) over the class S. The logarithmic coefficients c_n of the function f(z) ∈ S are generated by the Taylor expansion ln f(z) z = ∞∑ n=1 c_nz^n, |z| < 1, ln 1 = 0. (8) For the coefficients in (4) and (8), Lebedev and Milin [3] found the inequalities n+1∑ k=1 |b_{2k−1}|^2 ≤ (n + 1) exp [ 1 4(n + 1) n∑ k=1 (k|c_k|^2 − 4/k)(n − k + 1) ] (9) for n = 1, 2, . . . . Because of (9), Milin [4] conjectured that over the class S the inequalities n∑ k=1 (k|c_k|^2 − 4/k)(n − k + 1) ≤ 0, n = 1, 2, . . . , (10)

hold where the equality sign holds only for the Koebe function (3) and its rotations. Thus it follows from (9) and (6) that the Milin conjecture (10) implies the Robertson conjecture (7) and the Bieberbach conjecture (2).

Louis de Branges [5]–[6] proved the Milin conjecture (10) for all n = 1, 2, . . . , and hence, the Robertson conjecture (7) and the Bieberbach conjecture (2) for all n = 2, 3, . . . . De Branges uses the Loewner differential equation [7] ∂f(z, t) ∂t = zφ(z, t) ∂f(z, t) ∂z (11) for the family of analytic and univalent functions f(z, t) = e^tz + ∞∑ n=2 a_n(t)z^n, |z| < 1, 0 ≤ t < +∞, (12) where f(z, 0) = f(z), and the function φ(z, t) is analytic in |z| < 1 and measurable in 0 ≤ t < +∞ satisfying Re φ(z, t) > 0, |z| < 1, φ(0, t) = 1, 0 ≤ t < +∞. (13) If the logarithmic coefficients c_n(t) for the functions (12) are generated by the Taylor expansion ln f(z, t) e^tz = ∞∑ n=1 c_n(t)z^n, |z| < 1, 0 ≤ t < +∞, ln 1 = 0, (14)

then with the help of the Loewner equation (11), de Branges proved the general inequality n∑ k=1 (k|c_k(t)|^2 − 4/k)σ_{nk}(t) ≤ 0, 0 ≤ t < +∞, (15)

for any positive integer n ≥ 1, where σ_{nk}(t) are the de Branges weight functions σ_{nk} (t) = k n−k∑ ν=0 (−1)^ν

(2k + ν + 1)_ν (2k + 2ν + 2)_{n−k−ν} (k + ν)ν!(n − k − ν)! e^{−νt−kt}, (16)

written by us [8, Theorem 1] in the full notations σ_{nk}(t) with the two subscripts n and k, k = 1, 2, . . . , n, for 0 ≤ t < +∞, n ≥ 1, where (a)_ν for an arbitrary number a denotes the Pochhammer symbol (a)_ν = a(a + 1) · · · (a + ν − 1), ν = 1, 2, . . . ; (a)_0 = 1.

(17) The functions (16) are the unique solution of the de Branges system of differential equations σ_{nk}(t) − σ_{n,k+1}(t) = −σ^′_{nk}(t)/k − σ^′_{n,k+1}(t)/(k + 1), (18) 0 ≤ t < +∞, k = 1, 2, . . . , n, n ≥ 1, σ_{n,n+1}(t) = 0, with initial conditions σ_{nk} (0) = n − k + 1, k = 1, 2, . . . , n, n ≥ 1. (19) The system (18) is written by us in the corresponding full notations. De Branges proved that the sign of the derivative with respect to t of the left-hand side of (15) is determined by the signs of the derivatives of the functions (16) which have the representation − σ^′_{nk}(t) k = e^{−kt} ( n + k + 1 n − k ) 3F_2 ( −n + k, n + k + 2, k + 1/2; e^{−t} k + 3/2, 2k + 1 ) (20)

for 0 ≤ t < +∞ and k = 1, 2, . . . , n, n ≥ 1, where

3F_2 ( −n+k, n+k + 2, k+1/2; e^{−t} k + 3/2, 2k + 1 ) = n−k∑ ν=0 (−n+k)_ν (n+k+2)_ν(k+1/2)_ν (k + 3/2)_ν (2k + 1)_ν ν! e^{−νt}, (21) having in mind (17), are special cases of the Askey and Gasper polynomials [9, p. 717, Formula (3.1)], which are nonnegative for the examined t, i.e., σ^′_{nk} (t) ≤ 0, 0 ≤ t < +∞, k = 1, 2, . . . , n, n ≥ 1, (22)

where the equality holds only for t = 0 if n − k is odd. Therefore, the left-hand side of (15) is an increasing function with respect to t, and hence, the inequality (15) holds since σ_{nk} (+∞) = 0 for k = 1, 2, . . . , n, n ≥ 1, according to (16). In particular, for t = 0, it follows from (15) and (19) that the inequalities (10) hold where

c_k = c_k(0), k = 1, 2, . . . ,

(23)

are the coefficients in (8) for the function f(z) = f(z, 0). Fitzgerald and Pommerenke [10]–[11] simplified the proof of de Branges in the special case when the function φ(z, t) in (11) has the simplest form φ(z, t) = 1 + κ(t)z 1 − κ(t)z , |z| < 1, 0 ≤ t < +∞, (24)

where κ(t) is a continuous function on 0 ≤ t < +∞ with |κ(t)| = 1.

Lenard Weinstein [12] proved the Milin conjecture (10) for all n = 1, 2, . . . , and hence, the Robertson conjecture (7) and the Bieberbach conjecture (2) for all n = 2, 3, . . . , in another way. Weinstein found the identity ∞∑ n=1 z^{n+1} n∑ k=1 (4/k − k|c_k|^2)(n − k + 1) = ∫_∞ 0 e^tw 1 − w^2 (_∞∑ k=1 A_k(t)w^k ) dt, (25)

where c_k are the coefficients in (8) (or in (23)), A_k(t) are the functions

A_k(t) = lim_{r→1} 1 2π ∫_{2π} 0 Re φ(re^{iθ} , t) | | |2 ( 1 + k∑ ν=1 νc_ν (t)r^ν e^{iνθ} ) − kc_k(t)r^k e^{ikθ} | | |^2dθ ≥ 0 (26)

for 0 ≤ t < +∞, k = 1, 2, . . . , 0 < r < 1, where φ is the general function in (11) and (13) and c_ν (t) are the coefficients in (14), and w = w(z, t) is the Pick function [13] determined by the equation z (1 − z)^2 = e^tw (1 − w)^2 , |z| < 1, 0 ≤ t < +∞. (27)

With the help of the theory of Legendre polynomials, Weinstein showed that if w is determined by (27), in the Taylor expansion e^tw^{k+1} 1 − w^2 = ∞∑ n=0 Λ^n_k (t)z^{n+1}, k = 1, 2, . . . ,

(28)

for |z| < 1 and 0 ≤ t < +∞, all coefficients Λ^n_k ≥ 0, which, according to (25)–(26), proves the Milin conjecture (10) for all n = 1, 2, . . . , and hence, the Robertson conjecture (7) and the Bieberbach conjecture (2) for all n = 2, 3, . . . .

But Weinstein did not find a simple explicit form of the coefficients Λ^n_k (t) in (28). In [8, Formula (41)] we found the surprising formula

Λ^n_k (t) = − σ^′_{nk}(t) k , 0 ≤ t < +∞, n ≥ k, k = 1, 2, . . . , (29)

(Λ^n_k (t) = 0 for 0 ≤ n ≤ k − 1), which throws a bridge over the de Branges proof and the Weinstein proof of the Milin, Robertson and Bieberbach conjectures, i.e., in their final stages these two proofs are one and the same. There is another proof of this fact in our paper [14]. From (25) with the help of (28)–(29) we obtained the following integral identity for the Milin functional (10) [8, Theorem 2] namely n∑ k=1 (k|c_k|^2 − 4/k)(n − k + 1) = ∫_{+∞} 0 dt n∑ k=1 A_k(t) σ^′_{nk} (t) k (30)

for n = 1, 2, . . . , where c_k are the logarithmic coefficients in (8) (or (23)) of the normalized analytic and univalent functions (1) in |z| < 1 of the class S, A_k(t) are the nonnegative Weinstein functions (26) and σ^′_{nk}(t) are the nonpositive derivatives of the de Branges weight functions σ_{nk}(t) in our full notations determined by (20)–(21) and (16), respectively. From our identity (30) the Milin, Robertson and Bieberbach conjectures become evidently true due to either the Askey and Gasper polynomial results or the Legendre polynomial results by means of (22) or (29), respectively. In [14] we showed it with the help of the Chebyshev polynomials of the second kind.

Further in this paper, we will calculate the limit (26).

2. A structural formula for A_k(t) It is necessary for our aim to give the Herglotz representation formula for the function φ(z, t) in (11) and (13) (compare with Pommerenke [15, p. 40, Theorem 2.4, ii]):

Theorem 1. The function φ(z, t) in (11) and (13) has the following Herglotz representation φ(z, t) = ∫_{2π} 0 1 + ze^{−iθ} 1 − ze^{−iθ} dμ(θ, t), |z| < 1, 0 ≤ t < +∞, (31)

where μ(θ, t) is a probability measure on ≤ θ ≤ 2π for each fixed t in 0 ≤ t < +∞.

Proof. By the Schwarz formula we have φ(z, t) = ∫_{2π} 0 re^{iθ} + z re^{iθ} − z dμ(r, θ, t), 0 ≤ |z| < r < 1, 0 ≤ t < +∞, (32)

where the function μ(r, θ, t) = 1 2π ∫_θ 0 Re φ(re^{iτ} , t) dτ, 0 ≤ θ ≤ 2π, 0 ≤ t < +∞, (33) is increasing in 0 ≤ θ ≤ 2π, for each fixed r in 0 < r < 1 and t in 0 ≤ t < +∞, and satisfies μ(r, 0, t) = 0, 0 < r < 1, 0 ≤ t < +∞, (34) μ(r, 2π, t) = 1 2π ∫_{2π} 0 Re φ(re^{iτ} , t) dτ = φ(0, t) = 1 (35)

for 0 < r < 1, 0 ≤ t < +∞. Hence (33)–(35) determine the family of functions {μ(r, θ, t)} in the interval 0 ≤ θ ≤ 2π and in the set 0 < r < 1 for each fixed t in 0 ≤ t < +∞ which are bounded by 1 and their total variations are equal to 1. Then by the Helly selection theorem we can find a sequence {0 < r_n < 1}, n = 1, 2, . . . , with r_n → 1 as n → ∞ such that μ(r_n, θ, t) converges to an increasing function μ(θ, t) in 0 ≤ θ ≤ 2π for each fixed t in 0 ≤ t < +∞ for all of the continuity points of μ(θ, t) and with total variation equal to 1. Further, since the left-hand side of (32) does not depend on r, the limit process r = r_n → 1 as n → ∞ under the integral sign on the right-hand side of (32) leads us to the formula (31). □

Further, it is necessary for our aim to do the following generalization of the second theorem of Helly for a passage to the limit under the integral sign of an onedimensional Stieltjes integral (see, for example, Shohat and Tamarkin [16, p. XIII] and Natanson [17, Chapter VIII, p. 219, Theorem 3]).

Theorem 2. Given a sequence {f_n(x)}, n = 1, 2, . . . , of continuous functions in the interval [a, b], which converges uniformly to the (continuous) function f(x) in [a, b]. Given a sequence {g_n(x)}, n = 1, 2, . . . , of functions with uniformly bounded total variations in [a, b], which converges to the finite function g(x) (with bounded total variation) in [a, b]. Then lim_{n→∞} ∫_b a f_n(x) dg_n(x) = ∫_b a f(x) dg(x). (36)

Proof. We have the identity ∫_b a f_n(x) dg_n(x)− ∫_b a f(x) dg(x) = ∫_b a [f_n(x)−f(x)] dg_n(x)+ ∫_b a f(x) d[g_n(x)−g(x)]. (37)

It follows from the second condition that b V_a gn(x) ≤ K < +∞, n = 1, 2, . . . , (38)

where V^b_a g_n(x) denotes the total variation of the function g_n(x) in [a, b] and K is some positive constant. Having in mind (38), we obtain b V_a [gn(x) − g(x)] ≤^bV_a gn(x) +^bV_a g(x) ≤ K + K = 2K, n = 1, 2, . . . ,

(39)

where the symbol V^b_a denotes the total variations of the corresponding functions in [a, b]. It is clear from (39) that the differences {g_n(x) − g(x)}, n = 1, 2, . . . , have uniformly bounded total variations in [a, b]. Therefore by the second Helly theorem we have lim_{n→∞} ∫_b a f(x) d[g_n(x) − g(x)] = ∫_b a f(x) d lim_{n→∞}[g_n(x) − g(x)] = 0.

(40)

Further, it follows from the first condition that for every ε > 0 there exists a number N(ε), such that |f_n(x) − f(x)| ≤ ε/k, n > N(ε), ∀x ∈ [a, b]. (41)

From (41) we obtain | | | | ∫_b a [f_n(x) − f(x)] dg_n(x) | | | | < ε K b V_a gn(x) ≤ ε, n < N(ε), (42)

having in mind (38).

Now from (40) and (42) we conclude that the right-hand side of (37) tends to zero as n → ∞. Thus the equation (36) follows. □

Theorem 3. The Weinstein functions (26) have the following representation formula

A_k (t) = ∫_{2π} 0 | | |2 ( 1 + k∑ ν=1 νc_ν (t)e^{iνθ} ) − kc_k(t)e^{ikθ} | | |^2dμ(θ, t) (43)

for 0 ≤ t < +∞, k = 1, 2, . . . , where c_ν (t) are the logarithmic coefficients in (14) and μ(θ, t) is a probability measure on 0 ≤ θ ≤ 2π for each fixed t in 0 ≤ t < +∞.

Proof. Let us set I_k (r, t) = ∫_{2π} 0 | | | |2 ( 1 + k∑ ν=1 νc_ν (t)r^ν e^{iνθ} ) − kc_k(t)r^k e^{ikθ} | | | | 2 dμ(r, θ, t) (44)

for 0 ≤ t < +∞, k = 1, 2, . . . , 0 < r < 1. The limit A_k(t) in (26) exists at any r → 1 with 0 < r < 1 (Weinstein [12] and Hayman [18, pp. 238–242]), i.e., I_k(r, t) → A_k(t) as r → 1 − 0.

(i) From (44) and the arguments for (33)–(35) at the selected r = r_n → 1 with 0 < r_n < 1 as n → ∞ we find that μ(r_n, θ, t) → μ(θ, t) where μ(θ, t) is that in Theorem 1.

(ii) Let us set M_k(r, θ, t) = | | | |2 + k∑ ν=1 α_{kν} νc_ν (t)r^ν e^{iνθ} | | | | 2 (45)

for 0 < r < 1, 0 ≤ θ ≤ 2π, 0 ≤ t < +∞, k = 1, 2, . . . , where α_{kν} = 2, 1 ≤ ν ≤ k − 1, k ≥ 2; α_{kk} = 1, k ≥ 1. (46)

It follows from (45)–(46) that

M_k(r, θ, t) = 4 + 2 k∑ ν=1 α_{kν} νc_ν (t)r^ν e^{iνθ} + 2 k∑ ν=1 α_{kν} νc̄_ν (t)r^ν e^{−iνθ}

+ k∑ ν=1 k∑ λ=1 α_{kν} α_{kλ}νλc_ν (t)c̄_λ(t)r^{ν+λ}e^{i(ν−λ)θ}. (47)

From (47) we obtain M_k(1, θ, t)−M_k(r, θ, t) = 2 k∑ ν=1 α_{kν} νc_ν (t)(1−r^ν )e^{iνθ} +2 k∑ ν=1 α_{kν} νc̄_ν (t)(1−r^ν )e^{−iνθ}

+ k∑ ν=1 k∑ λ=1 α_{kν} α_{kλ}νλc_ν (t)c̄_λ(t)(1 − r^{ν+λ})e^{i(ν−λ)θ} . (48)

An upper bound of the modulus of the difference (48) is |M_k(1, θ, t) − M_k(r, θ, t)| ≤ [ 4 k∑ ν=1 α_{kν} ν^2|c_ν (t)| + k∑ ν=1 k∑ λ=1 α_{kν} α_{kλ}νλ(ν + λ)|c_ν (t)||c_λ(t)| ] (1 − r). (49)

The estimate (49) shows that M_k(r, θ, t) converges uniformly with respect to θ in 0 ≤ θ ≤ 2π for each fixed t in 0 ≤ t < +∞ to the limit M_k(1, θ, t) as r → 1 with 0 < r < 1. Hence, in particular, the sequence {M_k(r_n, θ, t)}, n = 1, 2, . . . , formed by (45) for the selected r = r_n → 1 with 0 < r_n < 1 as n → ∞ in section (i), converges uniformly with respect to θ in 0 ≤ θ ≤ 2π for each fixed t in 0 ≤ t < +∞ to the limit M_k(1, θ, t) as well.

(iii) According to Theorem 2 and the results in the sections (i) and (ii) the sequence {I_k(r_n, t)}, n = 1, 2, . . . , formed by (44) for the selected r = r_n → 1 with 0 < r_n < 1 as n → ∞, converges to the limit A_k(t) represented by the formula (43).

This completes the proof of Theorem 3. □

It is clear from the proof of Theorem 3 that the limit of the integral in (32) for the selected r = r_n → 1 − 0 as n → ∞ can be directly obtained by Theorem 2.

Theorem 4. For the Milin functional (10), we have the following integral identity n∑ k=1 (k|c_k|^2 − 4/k)(n − k + 1)

= ∫_{+∞} 0 dt n∑ k=1 σ^′_{nk} (t) k ∫_{2π} 0 | | | |2 ( 1 + k∑ ν=1 νc_ν (t)e^{iνθ} ) − kc_k(t)e^{ikθ} | | | | 2 dμ(θ, t) (50)

for n = 1, 2, . . . , where c_k and c_ν (t) are the logarithmic coefficients in (8) (or (23)) and in (14), respectively, σ^′_{nk}(t) are the nonpositive derivatives (20)–(22) of the de Branges weight functions σ_{nk} (t) in (16) and μ(θ, t) is a probability measure on 0 ≤ θ ≤ 2π for each fixed t in 0 ≤ t < +∞.

Remark. Evidently the Milin functional on the left-hand side of (50) is nonpositive since dμ(θ, t) ≥ 0, having in mind (22).

Proof. The identity (50) follows from (30) and (43). □

Corollary. If the measure μ(θ, t) in (31), (43) and (50) is a step-function, then we have the corresponding representations φ(z, t) = q∑ p=1 μ_p(t) 1 + ze^{−iθp(t)} 1 − ze^{−iθp(t)} , |z| < 1, 0 ≤ t < +∞, (51)

A_k(t) = q∑ p=1 μ_p(t) | | |2 ( 1 + k∑ ν=1 νc_ν (t)e^{iνθp(t)} ) − kc_k(t)e^{ikθp (t)} | | | 2 (52)

for 0 ≤ t < +∞, k = 1, 2, . . . , and n∑ k=1 (k|c_k|^2 − 4/k)(n − k + 1)

= ∫_{+∞} 0 dt n∑ k=1 σ^′_{nk}(t) k q∑ p=1 μ_p(t) | | | |2 ( 1+ k∑ ν=1 νc_ν (t)e^{iνθp(t)} ) −kc_k(t)e^{ikθp (t)} | | | | 2 (53)

for n = 1, 2, . . . , where μ_p(t) and θ_p(t) are real continuous functions in 0 ≤ t < +∞ with

0 ≤ θ_1(t) ≤ θ_2(t) ≤ · · · ≤ θ_q (t) ≤ 2π, 0 ≤ μ_p(t) ≤ 1, q∑ p=1 μ_p(t) = 1, q ≥ 1. (54)

In particular, for q = 1, θ(t) := θ_1(t), 0 ≤ θ(t) ≤ 2π, the representations (51)–(54) are reduced to φ(z, t) = 1 + ze^{−iθ(t)} 1 − ze^{−iθ(t)} , |z| < 1, 0 ≤ t < +∞, (51^′)

A_k(t) = | | |2 ( 1 + k∑ ν=1 νc_ν (t)e^{iνθ(t)} ) − kc_k(t)e^{ikθ(t)} | | | 2 (52^′)

for 0 ≤ t < +∞, k = 1, 2, . . . , and n∑ k=1 (k|c_k|^2 − 4/k)(n − k + 1)

= ∫_{+∞} 0 dt n∑ k=1 σ^′_{nk}(t) k | | |2 ( 1 + k∑ ν=1 νc_ν (t)e^{iνθ(t)} ) − kc_k(t)e^{ikθ(t)} | | |^2 (53^′)

for n = 1, 2, . . . , respectively.

18 TODOROV

The identity (53^′) is found by Fitzgerald and Pommerenke [10, p. 686, Identity (3.13)] for the special case (51^′) (or equivalently for (24) if we set κ(t) := e^{−iθ(t)}).

References

[1] L. Bieberbach, Über die Koeffizienten derjenigen Potenzreihen, welche eine schlichte Abbildung des Einheitskreises vermitteln, Sitzungsber. Preuss. Akad. Wiss., Phys.-Math. Kl. 138 (1916), 940–955.

[2] M. S. Robertson, A remark on the odd schlicht functions, Bull. Amer. Math. Soc. 42 (1936), 366–370.

[3] I. M. Milin, On the coefficients of univalent functions, (Russian), Dokl. Akad. Nauk USSR 176 (1967), 1015–1018; English transl., Soviet Math. Dokl. 8 (1967), 1255–1258.

[4] I. M. Milin, Univalent Functions and Orthonormal Systems, (Russian), Nauka, Moscow, 1971; English transl., Transl. Math. Monographs, Vol. 49, Amer. Math. Soc., Providence, R. I., 1977.

[5] L. de Branges, A proof of the Bieberbach conjecture, Preprint E-5-84, Leningrad Branch of the V. A. Steklov Mathematical Institute, 1984, pp. 1–21.

[6] L. de Branges, A proof of the Bieberbach conjecture, Acta Math. 154 (1985), 137–152. [7] K. Löwner, Untersuchungen über schlichte konforme Abbildungen des Einheitskreises, I, Math. Ann. 89 (1923), 103–121.

[8] P. G. Todorov, A simple proof of the Bieberbach conjecture, Acad. Roy. Belg. Bull. Cl. Sci. (6) 3:12 (1992), 335–346.

[9] R. Askey and G. Gasper, Positive Jacobi polynomial sums, II, Amer. J. Math. 98 (1976), 709–737.

[10] C. H. Fitzgerald and Ch. Pommerenke, The de Branges theorem of univalent functions, Trans. Amer. Math. Soc. 290 (1985), 683–690.

[11] C. H. Fitzgerald and Ch. Pommerenke, The de Branges theorem of univalent functions, (Russian), Serdica 13 (1987), 21–25.

[12] L. Weinstein, The Bieberbach conjecture, Internat. Math. Research Notices 5 (1991), 61–64;

in Duke Math. J. 64 (1991).

[13] G. Pick, Über die konforme Abbildung eines Kreises auf ein schlichtes und zugleich beschränktes Gebiet, Sitzungsber. Akad. Wiss. Wien, Abt. IIa 126 (1917), 247–263.

[14] P. G. Todorov, A new proof of the final stage of the proof of the Milin, Robertson and Bieberbach conjectures which does not use the Askey and Gasper inequality, Acad. Roy. Belg. Bull. Cl. Sci. (6) 9:7–12 (1998), 349–359.

[15] Ch. Pommerenke, Univalent Functions, Vandenhoeck and Ruprecht, Studia Mathematica, Vol. 25, Göttingen, 1975.

[16] J. A. Shohat and J. D. Tamarkin, The Problem of Moments, Fourth edition, Mathematical Surveys 1, Amer. Math. Soc., 1970.

[17] I. P. Natanson, Theory of Functions of a Real Variable, (Russian), Third edition, Nauka, Moscow, 1974.

[18] W. K. Hayman, Multivalent Functions, Second edition, Cambridge University Press, Cambridge, 1994.

Institute of Mathematics and Informatics (Received 14 05 2001) Bulgarian Academy of Sciences Acad. G. Bontchev Str., Block 8 1113 Sofia Bulgaria

pgtodorov@abv.bg