PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE Nouvelle série, tome 70(84) (2001), 69–78

ON THE CONVERGENCE OF FINITE-DIFFERENCE SCHEME FOR A NONLOCAL ELLIPTIC BOUNDARY VALUE PROBLEM

Givi Berikelashvili

Communicated by Stevan Pilipović

Abstract. The finite-difference scheme approximating nonlocal boundary value problem for a second order elliptic equation is studied. A convergence rate estimate in discrete W^1_2 -norm is obtained, assuming that the coefficients and the solution to the original problem belongs to Sobolev spaces.

1. Introduction

The generalization of Bitsadze–Samarski problem [1] was investigated by many authors (see e.g., [2–6]). In [5] for the Poisson equation is considered a difference scheme, which converges by the rate O(h^2) in the discrete W^2_2 -norm to the exact solution from the class C^4(Ω̄).

In the present paper a nonlocal boundary value problem of Bitsadze–Samarski type is considered in a domain Ω = (0, 1)^2 for a second order elliptic equation with variable coefficients. The investigation of the corresponding difference scheme is carried out in Sobolev weight space and under assumption that the coefficients and the solution to the original problem belong to Sobolev spaces, the estimate of convergence rate

‖y − u‖_W 1_{2 (ω,r)} ≤ ch^{s−1}‖u‖_W s_{2 (Ω)}, s ∈ (1; 3] (1) is obtained, where r = r(x_1) = 1 − x_1, ω is a uniform grid in Ω with the step h.

The main idea is to introduce an auxilary (equivalent to r) weight function ρ(x_1), which gives possibility to state the positive definity of the difference scheme operator, and validity of the first (energetic) fundamental inequality too. The inner product of the indicated type and induced by it norm were used firstly in [2] to

2000 Mathematics Subject Classification. Primary 65N06.

Key words and phrases. Difference schemes; nonlocal boundary value problem; elliptic equation; weighted spaces; convergence rate. 69

prove uniqueness of classic, and afterwards also difference solution [4] of nonlocal boundary value problems.

2. The problem and its approximation Let Ω = {(x_1, x_2) : 0 < x_k < 1, k = 1, 2} be a unit square with a boundary Γ;

α_1, α_2, . . . , α_m arbitrary real numbers; ξ_1, ξ_2, . . . , ξ_m fixed points from (0, 1); note that 0 < ξ_1 < ξ_2 < · · · < ξ_m < 1, ξ_0 = 0, ξ_{m+1} = 1.

Γ_{(i)} = {(ξ_i, x_2) : 0 < x_2 < 1}, i = 1, ..., m + 1, Γ_∗ = Γ_{(m+1)}, Γ_0 = Γ\Γ_∗. Consider the nonlocal boundary value problem Lu ≡ 2∑ i,j=1 ∂ ∂x_i ( a_{ij} ∂u ∂x_j ) − au = f(x), x ∈ Ω, (2)

u(x) = 0, x ∈ Γ_0, u(1, x_2) = m∑ k=1 α_ku(ξ_k, x_2), 0 < x_2 < 1. (3) We assume that the problem (2), (3) with the right-hand side f ∈ W^{s−2}_2 (Ω), is uniquely solvable in W^s_2 (Ω), 1 < s ≤ 3, and the coefficients a_{1j} = a_{1j} (x_{3−j} ), a_{2j} = a_{2j} (x) (j = 1, 2), and a = a(x) satisfy to the following conditions: 2∑ i,j=1 a_{ij} t_it_j ≥ ν_1(t^2_1 + t^2), ν_1 = const > 0, a ≥ 0. (4) a_{1j} ∈ W^{s−1}_p (0; 1), p > max(1/(s − 1), 2) for s ∈ (1; 2], p = 2 for s ∈ (2; 3], a_{2j} ∈ W^{s−1}_q (Ω), q > 2/(s − 1) for s ∈ (1; 2], q = 2 for s ∈ (2; 3], a ∈ L_{2+ε}(Ω), 1 < s ≤ 2, ε > 0, a ∈ W^{s−2}_2 (Ω), 2 < s ≤ 3.

Consider the following grid domains in Ω̄: ω̄_α = {x_α = i_αh : i_α = 0, 1, . . . , n, h = 1/n}, ω_α = ω̄_α ∩ (0, 1), ω^+_α = ω̄_α ∩ (0; 1], α = 1, 2, ω = ω_1 × ω_2, ω̄ = ω̄_1 × ω̄_2, γ_0 = Γ_0 ∩ ω̄.

For grid functions and difference ratios, we use the standard notation from [7]: v_{xi} = (v^{(+1i )} − v)/h, v_{x̄i} = (v − v^{(−1i)})/h, where v^{(±11 )}(x) = v(x_1 ± h, x_2), v^{(±12 )}(x) = v(x_1, x_2 ± h). The notations v^{(±0.5i )}, v^{(+0.51,−1i)} will have similar sense. Let ξ_k = (n_k + θ_k)h, 0 ≤ θ_k < 1, k = 1, 2, . . . , m, ω_{1,k} = {x_1 : x_1 = ih, i = 1, 2, . . . , n_k}. where n_k are nonnegative integers 0 ≤ n_1 ≤ n_2 ≤ · · · ≤ n_m < n, the equality between which will take place if in the corresponding subinterval (between the neighboring points of the grid ω_1) more than one point ξ_k is situated. Suppose h/2 ≤ 1 − ξ_m − ν, ν = const > 0. (5)

Let G_ku = (1 − θ_k) ∫_{θk} 0 tu(n_kh + th, x_2) dt + θ_k ∫_1 θ_k (1 − t)u(n_kh + th, x_2) dt, k = 1, 2, . . . , n_m. We also need the following averaging operators:

S^−_1 u =

∫_0 −1 u(x_1 + th, x_2) dt, S^+_1 u =

∫_1 0 u(x_1 + th, x_2) dt, T_1u =

∫_1 −1 (1 − |t|)u(x_1 + th, x_2) dt. The operators S^−_2 and T_2 are defined likewise. For these operators the following relations hold: T_k ∂^2u ∂x^2_k = u_{x̄kxk} , T_k ∂u ∂x_k = S^−_k u_{xk} , k = 1, 2, G_k ∂^2u ∂x^2_1 = 1 h^2 ( (1−θ_k)u(n_kh, x_2) + θ_ku(n_kh+h, x_2)−u(ξ_k, x_2) ) , k = 1, 2, . . . , n_m. By Y_k(x_2), Z_k(x_2), Z̄_k(x_2), ~Z(x_2) we will denote the expressions Y_k(x_2) = (1 − θ_k)y(n_kh, x_2) + θ_ky(n_kh + h, x_2) etc.

We approximate the problem (2), (3) by finite-difference scheme

Ay ≡ 2∑ i,j=1 A_{ij} y + ay = −φ(x), x ∈ ω, φ = T_1T_2f, (6)

y = 0, x ∈ γ_0, y(1, x_2) = m∑ k=1 α_kY_k(x_2), x_2 ∈ ω_2, (7)

where A_{ij} y = −0.5 ( a^{(−0.51)} ij y_{x̄j} ) x_i − 0.5 ( a^{(+0.51)} ij y_{xj} ) x̄_i .

3. The first fundamental inequality Let H be the set of all grid functions, defined on ω̄ and vanishing on γ_0, with the inner product and the norm:

(y, v)_r = ∑ ω h^2r(x_1)y(x)v(x), ‖y‖^2_r = (y, y)_r, r(x_1) = 1 − x_1.

Further, we put

‖y]|^2_r = ∑ ω^+_1 ×ω_2

h^2r̄y^2, ‖y|]^2_r = ∑ ω_1×ω^+_2

h^2ry^2,

|y|^2_{1,ω,r} = ‖y_{x̄1} ]|^2_r + ‖y_{x̄2} |]^2_r , ‖y‖^2_{1,ω,r} = ‖y‖^2 + |y|^2_{1,ω,r}, ‖y‖^2 = ∑ ω^+_1 ×ω_2

ℏhy^2, ‖y‖^2_0 = ∑ ω h^2y^2, ‖y]|^2 = ∑ ω^+_1 ×ω_2

h^2y^2, ‖y|]^2 = ∑ ω_1×ω^+_2

h^2y^2,

‖y‖^2_∗ = ∑ ω_2

hy^2, ‖y|]^2_∗ = ∑ ω^+_2

hy^2, r̄ = r + h 2 , ℏ = h for x_1 ∈ ω_1, ℏ = h 2 for x_1 = 1.

Define the following weight function

ρ(x_1) = { ρ_i(x_1), ξ_i ≤ x_1 < ξ_{i+1}, i = 0, 1, 2, . . . , m − 1, r(x_1), ξ_m ≤ x_1 ≤ 1, (8) where

ρ_i(x_1) = r(x_1) − κ m∑ k=i+1 σ_kr_k(x_1), r_k(x_1) = ξ_k −x_1, κ = m∑ k=1 |α_k| √ ξ_k, σ_k = |α_k| √ ξ_k . Suppose that κ < 1. Then [6]

(1 − κ^2)r(x_1) ≤ ρ(x_1) ≤ r(x_1). (9) In future we will consider that the inner product and norms, involving ρ in index have similar to the expression with index r sense.

In order to use below the results obtained in this section, for a priori estimate of the error of method (when the nonlocal condition will not be homogeneous any more) we will get the estimates for the function y(x) in such form, in which the nonlocal condition still will not be taken into account.

Lemma 1. For any y ∈ H the following estimates are valid:

‖Y_k‖^2_∗ ≤ (ξ_k /ν)‖y_{x̄1} ]|^2_r ,

(10) ‖y‖ ≤ ‖y_{x̄1} ]|_r, (11) ‖y‖_ρ ≤ (1/ √ 8)‖y_{x̄2} |]_r.

(12)

Proof. By virtue of the Cauchy–Buniakovski inequality and via (5) the estimate (10) follows from

Y_k(x_2) =

n_k +1∑

i=1 hτ_k(i)y_{x̄1} (ih, x_2), τ_k(i) = 1 for i = 1, 2, . . . , n_k, τ_k(n_k + 1) = θ_k taking into account that τ^2_k ≤ τ_k , r̄(ih) > ν, i = 1, 2, . . . , n_m + 1. Next,

‖y‖^2 = n∑ i=1 i∑ j=1 ∑ ω_2

ℏ(i)h^2y(ih, x_2)y_{x̄1} (jh, x_2)

≤ (_n∑ i=1 i∑ j=1 ∑ ω_2

ℏ(i)h^2y^2(ih, x_2)

)_{1/2}(_n∑ i=1 i∑ j=1 ∑ ω_2

ℏ(i)h^2y^2_{x̄1} (jh, x_2) )_{1/2}

≤ ‖y‖ ‖y_{x̄1} ]|_r, which yields (11).

The estimate (12) follows from (see e.g., [7, p.120]) ‖y‖^2_∗ ≤ (1/8)‖y_{x̄2} |]^2_∗, noting that ρ ≤ r. □ Denote

Φ(a_{11}, y) = 1 2 ∑ ω_2

ha_{11}(x_2) ( κ m∑ k=1 σ_kY^2_k (x_2) − y^2(1, x_2) ) . (13)

The following estimate (so called “first fundamental inequality” in terminology used by Ladyzhenskaya) is valid.

Lemma 2. If y(x) ∈ H, then

(Ay, y)_ρ ≥ c_1‖y‖^2_{1,ω,r} + Φ(a_{11}, y), c_1 = ν_1(1 − κ^2)/2.

(14) If moreover, y(x) satisfies the nonlocal condition (7), then in the right-hand side (14) the second term may be neglected.

Proof. Partial summation yields −2 ∑ ω_1 hρy_{x̄1x1} y = ∑ ω^+_1

hρy^2_{x̄1} + ∑ ω^−_1

hρy^2_{x1} − y^2(1, x_2) − ∑ ω_1

hy^2ρ_{x̄1x1} .

(15)

Represent now the weight function ρ in the following way

ρ(x_1) = 1 − x_1 − m∑ k=1 κσ_k χ(ξ_k − x_1), χ(t) = { t, if t ≥ 0, 0, if t < 0. It is not hard to check that hχ_{x̄1x1} (ξ_k − ih) = (1 − θ_k) δ(n_k, i) + θ_k δ(n_k + 1, i), where δ(., .) is the Kronecker delta. Consequently, hρ_{x̄1x1} (ih) = −κ m∑ k=1 σ_k ( (1 − θ_k)δ(n_k, i) + θ_kδ(n_k + 1, i) ) , and ∑ ω_1

hy^2ρ_{x̄1x1} = − m∑ k=1 κσ_k ( (1 − θ_k)y^2(n_kh, x_2) + θ_ky^2(n_kh + h, x_2) ) . (16)

Taking into account that

(1 − θ_k)y^2(n_kh, x_2) + θ_ky^2(n_kh + h, x_2) = Y^2_k (x_2) + h^2θ_k(1 − θ_k)y^2_{x1} (n_kh, x_2) ≥ Y^2_k (x_2), from (15), (16) we get

(A_{11}y, y)_ρ ≥ 1 2 ∑ ω^+_1 ×ω_2

h^2ρa_{11}y^2_{x̄1} + 1 2 ∑ ω^−_1 ×ω_2

h^2ρa_{11}y^2_{x1} + Φ(a_{11}, y).

Furthermore, by using partial summation we have

(A_{12}y, y)_ρ = 1 2 ∑ ω^+_1 ×ω_2

h^2ρa^{(−0.51)}

12 y_{x̄1} y_{x̄2} + 1 2 ∑ ω^−_1 ×ω_2

h^2ρa^{(+0.51)}

12 y_{x1} y_{x2} ,

(A_{2j} y, y)_ρ = 1 2 ∑ ω_1 ×ω^+_2

h^2ρa^{(−0.51)}

2j y_{x̄j} y_{x̄2} + 1 2 ∑ ω_1 ×ω^−_2

h^2ρa^{(+0.51 )} 2j y_{xj} y_{x2} , j = 1, 2. Consequently, (Ay, y)_ρ ≥ 1 2 ∑ ω^+

h^2ρ 2∑ i,j=1,2 a^{(−0.51)} ij y_{x̄i} y_{x̄j} + 1 2 ∑ ω^− h^2ρ 2∑ i,j=1,2 a^{(+0.51)} ij y_{xi} y_{xj} + (a, y^2)_ρ + Φ(a_{11}, y).

Therefore (4), (9) implies (Ay, y)_ρ ≥ ν_1(1 − κ^2)|y|^2_{1,ω,r} + Φ(a_{11}, y), and taking into account (11), we finally obtain (14).

If y(x) satisfies the nonlocal condition (7) too, then

y^2(1, x_2) ≤ m∑ k=1 κσ_k Y^2_k (x_2)

and Φ(a_{11}, y) ≥ 0. This completes the proof of the lemma. □ Due to Lemma 2 the problem (6), (7) has an unique solution.

4. A priori estimate of error of difference solution Let u be a solution of the problem (2), (3) and y – a solution of the difference scheme (6), (7). Then for the error z = y − u we obtain the problem Az = ψ, x ∈ ω, z = 0, x ∈ γ_0, z(1, x_2) = m∑ k=1 α_kZ_k + R, x_2 ∈ ω_2,

(17)

where

ψ = 2∑ i,j=1 (η_{ij} )_{xi} + η, R = m∑ k=1 α_kR_k, R_k = h^2G_k

∂^2u ∂x^2_1

, η = T_1T_2(au) − T_1T_2a u

η_{ij} = 1 2 a^{(−0.51)} ij u_{x̄j} + 1 2 a^{(+0.51,−1i)} ij u^{(−1i)}_{xj} − S^−_i T_{3−i} ( a_{ij} ∂u ∂x_j ) , i, j = 1, 2. Lemma 3. The a priori estimate

‖z‖_{1,ω,r} ≤ c(‖a_{11}R‖_∗ + ‖η_{11}]| + ‖η_{12}]| + ‖η_{21}|] + ‖η_{22}|] + ‖η‖_0).

(18) is valid for the solution of the problem (17).

Proof. Represent the solution z to the problem (17) as a sum z = z̄ + z̃ of solutions of the following two problems:

Az̄ = 0, x ∈ ω, z̄ = 0, x ∈ γ_0, z̄(1, x_2) = m∑ k=1 α_kZ̄_k + R, x_2 ∈ ω_2,

(19)

A~z = ψ, x ∈ ω, ~z = 0, x ∈ γ_0, ~z(1, x_2) = m∑ k=1 α_k ~Z_k, x_2 ∈ ω_2.

(20)

It follows from nonlocal condition (19) that

−2Φ(a_{11}, z̄) ≤ ∑ ω_2

ha_{11}(x_2) ( R^2 + 2R m∑ k=1 α_kZ̄_k ) , therefore (10) implies −2Φ(a_{11}, z̄) ≤ ‖a_{11}R‖^2_∗ + (2κ/ √ ν)‖a_{11}R‖_∗ ‖z̄_{x̄1} ]|_r, and we obtain

−2Φ(a_{11}, z̄) ≤ (1 + κ/(ε_1 √ ν))‖a_{11}R‖^2_∗ + (κε_1/ √ ν)‖z̄_{x̄1} ]|^2_{1,ω,r}, ∀ε_1 > 0. (21)

Further, applying Lemma 2 we conclude that 2c_1‖z̄‖^2_{1,ω,r} + 2Φ(a_{11}, z̄) ≤ 0, the addition of which to (21) (with ε_1 chosen properly) gives ‖z̄‖^2_{1,ω,r} ≤ c_2‖a_{11}R‖^2_∗. (22) On the other hand, applying Lemma 2 to the solution of the problem (20) we come to c_1‖~z‖^2_{1,ω,r} ≤ 2∑ i,j=1 ( (η_{ij} )_{xi} , ~z ) ρ + (η, ~z)_ρ (23)

Since ∑ ω_{1,k} ×ω_2 h^2r_k η_{1βx1} ~z = − ∑ ω_{1,k} ×ω_2 h^2r_kη_{1β} ~z_{x̄1}

+ n_k∑

i=1 i∑ j=1 ∑ ω_2

h^3τ_k(i + 1)η_{1β} (ih + h, x_2)~z_{x̄1} (jh, x_2)

using the Cauchy–Buniakovski inequality we get | | | ∑ ω_{1,k} ×ω_2 h^2r_k η_{1βx1} ~z | | | ≤ 2ξ^k‖~z^{x̄}1 ]|^r‖η^{1β} ]|, noting that r_k ≤ ξ_kr̄. Similarly, |(η_{1βx1} , ~z)_r| ≤ 2‖~z_{x̄1} ]|_r‖η_{1β} ]|. Therefore from

(η_{1βx1} , ~z)_ρ = (η_{1βx1} , ~z)_r − m∑ k=1 κσ_k ∑ ω_{1,k} ×ω_2 h^2r_kη_{1βx1} ~z it follows |(η_{1βx1} , ~z)_ρ| ≤ 2(1 + κ^2)‖~z_{x̄1} ]|_r‖η_{1β} ]|, β = 1, 2.

(24)

Now, it is not difficult to verify that |(η_{2βx2} , ~z)_ρ| ≤ ‖~z_{x̄2} ]|_r‖η_{2β}|], β = 1, 2. (25)

The inequality (12) immediately implies that |(η, ~z)_ρ| ≤ (1/ √ 8)‖η‖_0 ‖~z_{x̄2} |]_r. (26)

Substituting (24)–(26) into (23) we finally obtain ‖~z‖^2_{1,ω,r} ≤ c (_2∑ β=1 (‖η_{1β} ]| + ‖η_{2β} |]) + ‖η‖_0 ) . (27)

The inequality (18) follows directly from (22), (27). □

5. Estimate of the convergence rate

In order to estimate the convergence rate of finite-difference scheme (6), (7), it is enough to estimate the norm of error functionals in (18). For this we apply the well-known tecnique (see e.g., [8], [9]), which uses the generalized Bramble–Hilbert lemma [10].

We will show, that ‖a_{11}R‖_∗ ≤ ch^{s−1}‖u‖_W s_{2 (Ω)}, s ∈ (1, 3]. (28)

Let e_k = (n_kh, n_kh + h) × (x_2 − h/2, x_2 + h/2), Ω_k = (n_kh, n_kh + h) × (0, 1). We now represent R_k in the form of sum

R_k = ( h^2G_k

∂^2u ∂x^2_1

− h^2G_kS^−_2

∂^2u ∂x^2_1 ) + h^2G_kS^−_2

∂^2u ∂x^2_1 = R^′_k + R^{′′}_k , k = 1, 2, . . . , n_m. Let us remark, that R^′_k is a bounded linear functional of u ∈ W^s_2 (e_k), s > 1, which vanishes if u is a second-degree polynomial. Using Bramble–Hilbert lemma we obtain |R^′_k| ≤ ch^{s−1}|u|_W s_{2 (ek )}, ‖R^′_k‖_∗ ≤ ch^{s−1}|u|_W s_{2 (Ω)}, s ∈ (1, 3]. (29)

For s > 1, R^{′′}_k is a bounded linear functional of u ∈ W^s_2 (e_k), which vanishes if u is a first-degree polynomial. Using Bramble–Hilbert lemma we obtain ‖R^{′′}_k ‖_∗ ≤ ch^{s−1}|u|_W s_{2 (Ω)}, s ∈ (1, 2.5]. (30)

In the case s > 2.5 we write ‖R^{′′}_k ‖^2_∗ ≤ c ∑ ω_2

h^3 ∫ e_k | | | ∂^2u ∂x^2_1 | | |^2dx ≤ ch^3 ‖ ‖ ‖ ∂^2u ∂x^2_1 ‖ ‖ ‖^2_{L2(Ωk )}

and since ∂^2u/∂x^2_1 ∈ W^{s−2}_2 (Ω), s − 2 > 0.5, we may use an estimate for L_2-norm of a function in a sprit near the boundary in terms of W^{s−2}_2 -norm in the domain Ω (see, e.g., [8, p. 161], [11, p. 47]) : ‖ ‖ ‖ ∂^2u ∂x^2_1 ‖ ‖ ‖_{L2(Ωk )} ≤ ch^{1/2} ‖ ‖ ‖ ∂^2u ∂x^2_1 ‖ ‖ ‖_{W s−22 (Ω)}, 0.5 < s − 2 ≤ 1.

This gives ‖R^{′′}_k ‖_∗ ≤ ch^2|u|_W s_{2 (Ω)}, s ∈ (2.5, 3], which along with (29), (30), taking into account continuity of the coefficient a_{11}, proves the inequality (28).

We will show, that ‖η_{1j} ]| ≤ ch^{s−1} ‖u‖_W s_{2 (Ω)}, ‖η_{2j} |] ≤ ch^{s−1} ‖u‖_W s_{2 (Ω)}, < s ≤ 3. (31) For 1 < s ≤ 2, we represent η_{ij} in the following way η_{ij} = η^′_{ij} + 0.5a^{(−0.51)}_{ij} η^{′′}_{ij} ( ∂u ∂x_j ) + 0.5a^{(+0.51,−1i)} ij η^{′′′}_{ij} ( ∂u ∂x_j ) , (32)

where

η^′_{ij} = 0.5 ( a^{(−0.51)} ij + a^{(+0.51 ,−1i)} ij ) S^−_i T_{3−i} ∂u ∂x_j − S^−_i T_{3−i} ( a_{ij} ∂u ∂x_j ) , η^{′′}_{ij} (v) = S^−_j v − S^−_i T_{3−i}v, η^{′′′}_{ij} (v) = ( S^+_j v )_{(−1i)} − S^−_i T_{3−i}v. Let e = (x_1 − h, x_1 + h) × (x_2 − h, x_2). Since η^′_{2j} is a linear functional with respect to a_{2j} , is bounded in W^{s−1}_q (e), s > 1 and vanishis if a_{2j} is constant, we have |η^′_{2j} | ≤ ch^{s−3−2/q}|a_{2j} |_W s−1_{q (e)} ∫ e | | | ∂u ∂x_j | | | dx. It is easy to see that ∫ e | | ∂u ∂x_j | | dx ≤ ( ∫ e | | ∂u ∂x_j | |^{2q/(q−2)} dx )_{(q−2)/(2q)} h^{1+2/q} , therefore |η^′_{2j} | ≤ ch^{s−2}|a_{2j} |_W s−1_{q (e)}|u|_W 1_{2q/(q−2) (e)} and ‖η^′_{2j} |] ≤ ch^{s−1}‖a_{2j} ‖_W s−1_{q (Ω)}‖u‖_W 1_{2q/(q−2) (Ω)}. (33)

Analogously, ‖η^′_{1j} ]| ≤ ch^{s−1}‖a_{1j} ‖_W s−1_{p (0;1)}‖u‖_W 1_{2p/(p−2)(Ω)}.

(34)

Since W^1_{2q/(q−2)}, W^1_{2p/(p−2)} ⊂ W^{s−2}_2 , using (33), (34) and similar estimates for η^{′′}_{ij} , η^{′′′}_{ij} , from (32) we come (31) for 1 < s ≤ 2.

In the case 2 < s ≤ 3 we write

η_{i1} = l_1 ( a_{i1} ∂u ∂x_1 ) + 0.5a_{i1}l_2 ( ∂u ∂x_1 ) + 0.5a^{(+0.51,−1i)} i1 l_3 ( ∂u ∂x_1 ) , (35)

η_{i2} = l_4 ( a_{i2} ∂u ∂x_2 ) + a^{(−0.5i)} i2 l_5 ( ∂u ∂x_2 ) + 0.5u_{x̄2} l_6(a_{i2}),

(36)

where

l_1(v) = 0.5v^{(−0.51)} + 0.5v^{(+0.51,−1i)} − S^−_i T_{3−i}v, l_2(v) = S^−_1 v − v^{(−0.51)}, l_3(v) = S^+_1 v − v^{(+0.51)}, l_4(v) = v^{(−0.5i)} − S^−_i T_{3−i}v, l_5(v) = 0.5S^−_2 v + 0.5S^+_2 v^{(−1i)} − v^{(−0.5i)}, l_6(v) = v^{(−0.51)} −2v^{(−0.5i)} +v^{(+0.51,−1i)}.

78 BERIKELASHVILI

For s > 2, l_j (v) (j = 1, 2, 3, 4, 5, 6) are a bounded linear functionals of v ∈ W^{s−2}_2 and vanish if v is a first-degree polinomial. Hence from (35), (36) we get (31) for 2 < s ≤ 3.

For η the estimate ‖η‖_0 ≤ ch^{s−1} ‖u‖_W s_{2 (Ω)}, 1 < s ≤ 3 is true. Finally on the basis of obtained estimates, together with Lemma 3 the following convergence theorem is proved.

Theorem 1. The finite-difference scheme (6), (7) converges and the convergence rate estimate (1) holds.

References

[1] A. V. Bitsadze, A. A. Samarski, On some simples generalizations of linear elliptic problems, (in Russian) Doklady AN SSSR 215(4) (1969), 739–740.

[2] D. G. Gordeziani, On the methods of solution for one class of nonlocal boundary value problems, (in Russian) Tbilisi Univ. Press, Tbilisi, 1981.

[3] A. L. Skubachevskii, On the spectrum of some nonlocal elliptic boundary value problems, (in Russian) Mat. Sb. (N.S.) 117(159)(4) (1982), 548–558.

[4] D. G. Gordeziani, Finite-difference schemes for solving nonlocal problems, (in Russian) Proc.

I. N. Vekua Inst. Appl. Math. 19 (1987), 20–25.

[5] V. A. Il’in, E. I. Moiseev, 2-d nonlocal boundary value problem for Poisson’s operator in differential and difference variants, (in Russian) Mathematical Modeling 2(8) (1990), 598–611.

[6] G. Berikelashvili, On the solvability of a nonlocal boundary value problem in the weighted Sobolev spaces, Proc. A. Razmadze Math. Inst. 119 (1999), 3–11.

[7] A. A. Samarski, Theory of Difference Schemes, (in Russian) Nauka, Moskow 1977. [8] A. A. Samarskii, R. D. Lazarov, and V. L. Makarov, Difference schemes for differential equations with generalized solutions. Visshaja Shkola, Moscow, 1987.

[9] B. S. Jovanović, The finite-difference method for boundary-value problems with weak solutions, Posebna izdanja 16, Matematički institut, Beograd, 1993.

[10] T. Dupont and R. Scott, Polynomial approximation of functions in Sobolev spaces, Math.

Comput. 34 (1980), 441–463.

[11] L. A. Oganesyan and L. A. Rukhovets, Variational-Difference Methods for Solving Elliptic Equations. Yerevan, Akad. Nauk Arm. SSR, 1979.

A. Razmadze Mathematical Institute (Received 03 04 2001) Georgian Academy of Sciences 1, M. Aleksidze str., Tbilisi 380093 Georgia

bergi@imath-srv.rmi.acnet.ge