PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE

Nouvelle série, tome 72(86) (2002), 113–118

REMARKS ON THE EXISTENCE OF REGULARLY VARYING SOLUTIONS FOR SECOND ORDER LINEAR DIFFERENTIAL EQUATIONS

Jaroslav Jaroš and Takaŝi Kusano

Communicated by Vojislav Marić

Abstract. A fixed point method is proposed for constructing regularly varying solutions, both principal and nonprincipal, of the second order linear differential equation (A) which is nonoscillatory.

1. Introduction

As witnessed by the monograph [1], the use of the theory of regularly varying functions in the sense of Karamata has proved to be very fruitful and productive in the study of the asymptotic behavior of both linear and nonlinear differential equations.

A noteworthy example of results in this connection is the fact that, for second order linear differential equations of the form

(A) y^{′′} + q(t)y = 0,

the existence of regularly varying solutions can be completely characterized; see e.g. the papers [2, 4].

Let us now recall the definitions of regularly varying functions. A measurable function L : [0, ∞) → R which is eventually positive is said to be slowly varying (L ∈ SV) if lim_{t→∞} L(λt) L(t) = 1 for every λ > 0.

A function f of the form f(t) = t^αL(t), α ∈ R, L ∈ SV, is said to be regularly varying of index α (f ∈ RV(α)).

2000 Mathematics Subject Classification. Primary 34C11; Secondary 34D05. 113

It is known ([1]) that a function L is slowly varying if and only if it can be expressed in the form

L(t) = c(t) exp {∫_t t_0 ε(s) s ds }

for some t_0 > 0, where c and ε are measurable functions such that lim_{t→∞} c(t) = c ∈ (0, ∞) and lim_{t→∞} ε(t) = 0. If in particular c(t) ≡ c ∈ (0, ∞), then L is called a normalized slowly varying function (L ∈ n-SV). A function f is called a normalized regularly varying function of index α (f ∈ n-RV(α)) if it is expressed as f(t) = t^αL(t), α ∈ R, L ∈ n-SV. We are interested in the following theorem regarding the existence of regularly varying solutions for the equation (A) where q : [0, ∞) → R is a continuous function which is not necessarily of constant sign, but is integrable on [0, ∞) in the sense that ∫_∞ 0 q(t) dt = lim_{T →∞} ∫_T 0 q(t) dt exists and is finite.

Theorem A. Let c ∈ (−∞, 1/4) be a constant and let λ_0 and λ_1 (λ_0 < λ_1) be the real roots of the quadratic equation

(1) λ^2 − λ + c = 0.

The equation (A) has a fundamental set of solutions {y_0, y_1} such that

y_0 ∈ n-RV(λ_0) and y_1 ∈ n-RV(λ_1)

if and only if

(2) lim_{t→∞} t ∫_∞ t q(s) ds = c. This theorem has been proved in Howard and Marić [2] (see also [4]). The proof of the “only if” part is straightforward. To prove the “if” part, Howard and Marić first construct, under the condition (2), a smaller solution (i.e., a principal solution) y_0 ∈ n-RV(λ_0) via the method of successive approximations and then determine a larger solution (i.e., a nonprincipal solution) y_1 ∈ n-RV(λ_1) by the formula

(3) y_1(t) = y_0(t) ∫_t t_0 ds y_0(s)^2 for some t_0 > 0.

A question naturally arises: Is it possible to proceed in an opposite direction to prove the “if” part of Theorem A? That is, it would be natural to ask if one can demonstrate the truth of the “if” part by first constructing a larger solution y_1 and then obtaining a smaller solution y_0 by the formula

(4) y_0(t) = y_1(t) ∫_∞ t ds y_1(s)^2 . The purpose of this paper is to verify that the passage from y_1 to y_0 is really possible. Our construction of y_1 is based on the Banach contraction mapping principle. The details of the proof of Theorem A in this direction will be presented in

Section 2. It should be noted that among numerous articles on differential equations plus regular variation there seems to be none except for Omey [5] that is concerned principally with the construction of nonprincipal solutions of the equation (A).

We emphasize that the contraction mapping principle can also be applied to verify the existence of a principal solution y_0 for (A) which is originally established by means of successive approximations. A brief account of this fact will be given at the end of Section 2.

2. Construction of nonprincipal solutions We present here a proof of Theorem A stated in the introduction which is different from that given in Howard and Marić [2]. Since the proof of the “only if” part is straightforward, we need only to prove the “if” part of the theorem. Our purpose is to show that this can be done by making effective use of the Banach contraction mapping principle.

Proof of theorem A. Assume that the condition (2) is satisfied . Put

(5) ϕ_c(t) = t ∫_∞ t q(s) ds − c and define

(6) y_1(t) = exp {∫_t t_1

λ_1 + ϕ_c(s) − v(s) s ds } , where t_1 > 0 is some constant. For this y_1(t) to be a solution of (A) it suffices to determine v(t) from the requirement that u(t) = (λ_1 + ϕ_c(t) − v(t))/t satisfies the Riccati equation, (7) u^′(t) + u(t)^2 + q(t) = 0. The differential equation for v(t) then becomes

(8) v^′(t) +

2λ_1 − 1 + 2ϕ_c(t) t v(t) − v(t)^2 + ϕ_c(t)^2 + 2λ_1ϕ_c(t) t = 0,

which can be rewritten as

(9) (ρ(t)v(t))^′ − ρ(t) t [ v(t)^2 + ϕ_c(t)^2 + 2λ_1ϕ_c(t) ] = 0,

in terms of the function

(10) ρ(t) = exp {∫_t 1 2λ_1 − 1 + 2ϕ_c(s) s ds } ∈ n-RV(2λ_1 − 1).

It is easily verified that for any fixed t_1 > 0

(11) lim_{t→∞} 1 ρ(t) ∫_t t_1 ρ(s) s ds = 1 2λ_1 − 1 > 0 and (12) lim_{t→∞} 1 ρ(t) ∫_t t_1 ρ(s) s h(s) ds = 0 if h ∈ C[t_1, ∞) and lim_{t→∞} h(t) = 0.

Define (13) Φ_c(t) = sup_{s⩾t} |ϕ_c(s)|^{1/2}

and choose t_1 > 0 so that

(14) Φ_c(t_1) ⩽

2λ_1 − 1 4(λ_1 + 1) and (15) 1 ρ(t) ∫_t t_1 ρ(s) s ds ⩽ 2 2λ_1 − 1 for t ⩾ t_1.

This is possible because of (2) and (11).

Let C_0[t_1, ∞) be the set of all continuous functions on [t_1, ∞) tending to 0 as t → ∞. Clearly C_0[t_1, ∞) is a Banach space with the norm ‖v‖ = sup_{t⩾t1}|v(t)|. Let V denote the set (16) V = {v ∈ C_0[t_1, ∞) : |v(t)| ⩽ Φ_c(t_1) for t ⩾ t_1} and define the integral operator F by

(17) Fv(t) = 1 ρ(t) ∫_t t_1 ρ(s) s [ v(s)^2 + ϕ_c(s)^2 + 2λ_1ϕ_c(s) ] ds, t ⩾ t_1. If v ∈ V , then, by (14) and (15),

|Fv(t)| ⩽ 2(λ_1 + 1)Φ_c(t_1)^2 1 ρ(t) ∫_t t_1 ρ(s) s ds ⩽ 4(λ_1 + 1) 2λ_1 − 1

Φ_c(t_1)^2 ⩽ Φ_c(t_1), t ⩾ t_1,

and lim_{t→∞} Fv(t) = 0 by (12), since v(t)^2 + ϕ_c(t)^2 + 2λ_1ϕ_c(t) → 0 as t → ∞. Hence Fv ∈ V , so that F maps V into itself. If v_1, v_2 ∈ V , then, for t ⩾ t_1, |Fv_1(t) − Fv_2(t)| ⩽ 1 ρ(t) ∫_t t_1 ρ(s) s (|v_1(s)| + |v_2(s)|) |v_1(s) − v_2(s)|ds

⩽ 2Φ_c(t_1)‖v_1 − v_2‖ 1 ρ(t) ∫_t t_1 ρ(s) s ds ⩽ 4Φ_c(t_1) 2λ_1 − 1

‖v_1 − v_2‖ ⩽ 1 λ_1 + 1 ‖v_1 − v_2‖, which show that F is a contraction mapping on V . Let v ∈ V be the fixed element of F. Then, v(t) satisfies the integral equation

(18) v(t) = 1 ρ(t) ∫_t t_1 ρ(s) s [ v(s)^2 + ϕ_c(s)^2 + 2λ_1ϕ_c(s) ] ds, t ⩾ t_1, which implies that v(t) is a solution of differential equation (9) on [t_1, ∞). Since lim_{t→∞} v(t) = 0, the function y_1(t) defined by (6) with this v(t) is shown to be a solution of (A) belonging to n-RV(λ_1).

The second linearly independent solution y_0(t) of (A) is given by (4). Using Karamata’s theorem [[1], Proposition 1. 5. 10], we see that y_0(t) is a principal solution of (A) belonging to n-RV(λ_0). This completes the proof of Theorem A. □

Let c = 0 in (2). Then, λ_0 = 0 and λ_1 = 1 are the real roots of (1), and Theorem A specialized to yields the following corollary of interest.

Corollary. The equation (A) possesses a fundamental set of solutions {y_0, y_1} such that y_0 ∈ n-SV and y_1 ∈ n-RV(1) if and only if lim_{t→∞} t ∫_∞ t q(s) ds = 0. Remark. The core of the original proof of Theorem A given by Howard and Marić [2] is the construction of principal solutions of (A) by means of successive approximations. We remark here that the existence of principal solutions of (A) can also be established by means of the Banach contraction mapping principle under the condition (2).

In fact, following the procedure of the proof of Theorem A by using the function

(19) y_0(t) = exp {∫_t t_0

λ_0 + ϕ_c(s) + w(s) s ds }

instead of (6), we are led to the differential equation for w(t)

(20) (σ(t)w(t))^′ + σ(t) t [ w(t)^2 + ϕ_c(t)^2 + 2λ_0ϕ_c(t) ] = 0,

where

(21) σ(t) = exp {∫_t 1 2λ_0 − 1 + 2ϕ_c(s) s ds } ∈ n-RV(2λ_0 − 1).

Since 2λ_0 − 1 < 0, the function σ(t) has the properties that

(22) lim_{t→∞} 1 σ(t) ∫_∞ t σ(s) s ds = 1 1 − 2λ_0 > 0 and (23) lim_{t→∞} 1 σ(t) ∫_∞ t σ(s) s h(s) ds = 0 if h ∈ C[t_0, ∞) for some t_0 > 0 and lim_{t→∞} h(t) = 0.

This fact suggests that we should integrate the equation (20) over the unbounded interval [t, ∞) and solve the resulting equation

(24) w(t) = 1 σ(t) ∫_∞ t σ(s) s [ w(s)^2 + ϕ_c(s)^2 + 2λ_0ϕ_c(s) ] ds, t ⩾ t_0, for some t_0. The subtle difference between (24) and the equation (18) that was used in the proof of Theorem A should be observed. To derive (18) the equation (9) was integrated over the bounded interval [t_1, t], and this had to be done because of the increasing nature of the function ρ(t) appearing in (9).

To see that the Banach fixed point principle can also be applied to solve (24) it suffices to verify that the integral operator

(25) Gw(t) = 1 σ(t) ∫_∞ t σ(s) s [ w(s)^2 + ϕ_c(s)^2 + 2λ_0ϕ_c(s) ] ds, t ⩾ t_0, is a contraction mapping on the set (26) W = {w ∈ C_0[t_0, ∞) : |w(t)| ⩽ Φ_c(t_0), t ⩾ t_0} provided t_0 > 0 is chosen so large that

Φ_c(t_0) ⩽

1 − 2λ_0 4(1 + |λ_0|) and 1 σ(t) ∫_∞ t σ(s) s ds ⩽ 2 1 − 2λ_0 , t ⩾ t_0, where Φ_c(t) is given by (13). The solution w(t) of (24) thus obtained gives rise to a principal solution y_0(t) ∈ n-RV(λ_0) via the formula (19).

The verification of the details is left to the reader.

References

[1] N. H. Bingham, C. M. Goldie and J. L. Teugels, Regular Variation, Encyclopedia of Mathematics and its Applications 27, Cambridge Univ. Press, 1987.

[2] H. C. Howard and V. Marić, Regularity and nonoscillation of solutions of second order linear differential equations, Bull. CXIV Acad. Serbe Sci. Arts, Cl. Sci. Math. Natur., Sci. Math. 22 (1997), 85–98.

[3] V. Marić, Regular Variation and Differential Equations, Lecture Notes in Mathematics 1726, Springer-Verlag, 2000.

[4] V. Marić and M. Tomić, A classification of solutions of second order linear differential equations by means of regularly varying functions, Publ. Inst. Math. (Beograd) 48(62) (1990), 199–207.

[5] E. Omey, Regular variation and its application to second order linear differential equations, Bull. Soc. Math. Belg. 32 (1981), 207–229.

Department of Mathematical Analysis (Received 18 01 2002) Faculty of Mathematics, Physics and Informatics (Revised 24 04 2002) Comenius University 84215 Bratislava Slovakia

jaros@fmph.uniba.sk

Department of Applied Mathematics Faculty of Science Fukuoka University Fukuoka, 814-0180 Japan

tkusano@cis.fukuoka-u.ac.jp