PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE Nouvelle série, tome 72(86) (2002), 119–122

ON SUBADDITIVE PROCESSES ON DIRECT PRODUCT OF COUNTABLE AMENABLE GROUPS

Seyit Temir

Communicated by Slobodanka Janković

Abstract. Direct product of two amenable groups is considered. If one of

them is^∞ ∑ i=1 Z_2, then^∞ ∑ i=1 Z_2 × G is amenable. Subadditive processes on such a

direct product are studied.

1. Introduction

Basic concepts and properties of amenable groups are given in [3]. We use the following facts about the class of amenable groups.

1) Subgroups of amenable groups are amenable. 2) Factors groups of amenable groups are amenable.

3) If H is a normal subgroup of G and both H and G/H are amenable, then so is G.

4) If G =^∞ ⋃ n=1 G_n with G_1 ⊂ G_2 ⊂ G_3 ⊂ · · · with each G_n amenable, then G is amenable.

5) Each finite group and Z are amenable.

Let G_1 and G_2 be two countable amenable groups. Is the direct product G_1×G_2 of these groups also amenable or not? In the general case, this problem is rather difficult and may be there is no affirmative answer.

We consider a particular case, when one of these groups is ∑_∞ i=1 Z_2 (finitely generated countable commutative group) and the second group is an arbitrary countable amenable group. It is proved that the direct product of such amenable groups is also amenable. We also investigate subadditive processes on direct products of countable amenable groups. Basic definitions and theorems concerning subadditive processes are given in [1] and [2].

2000 Mathematics Subject Classification. Primary 28D05; Secondary 22D40. Partially supported by TUBITAK NATO PC B. 119

120 TEMIR

Let (X, F, μ) be a probability measure space, G a countable amenable group and T a measure preserving action of G on (X, F, μ), that is, T is a homomorphism of G into Aut(X, F, μ), where Aut(X, F, μ) is a group of measure preserving automorphism of (X, F, μ). Let Ψ(G) be the family of all finite subsets of G. Evidently, Ψ(G) is a countable set.

Let us consider the transformation π : Ψ(G) → L^1_+(X), where L^1_+(X) is the set of nonnegative integrable functions, that is, for arbitrary H ∈ Ψ(G), π(H) = q_H (x) ∈ L^1_+(X).

Definition 1. A family of functions {q_H ∈ L^1_+(X) : H ∈ Ψ(G)} is called a subadditive process, if the following conditions hold:

1) If H =^n ⋃ i=1 B_ic_i, where B_i ∈ Ψ(G) and c_i ∈ G, i = 1, . . . , n, then q_H (x) ⩽ n∑ i=1 q_{Bi} (T^{ci} x) for a.e. x ∈ X

2) For each g ∈ G and for a.e. x ∈ X, q_{Hg} (x) = q_H (T_gx).

Definition 2. A sequence of finite sets F = {F_n ∈ Ψ(G)}_{n⩾1} is called a Følner sequence, if lim_{n→∞}^{|FngΔFn|}_{|Fn|} = 0, for all g ∈ G.

2. Main results

In what follows let ∑ stand for^∞ ∑ i=1 . Theorem 1. Let G be a countable amenable group. The direct product ∑ Z_2 × G is also an amenable group.

Proof. Let us consider K_n = ∑_n i=1 Z_2 with usual coordinately group action.

Then K_n is an amenable group. Assume G_n = K_n × G. It is evident that K̃_n = K_n × {e}, where e ∈ G is the identity of G, is a normal subgroup of G_n and G_n/K̃_n = {0} × G so, G_n is an amenable group for any n. As G_1 ⊂ G_2 ⊂ G_3 ⊂ · · · and ∑ Z_2 × G = ⋃_∞ n=1 G_n, then ∑ Z_2 × G is an amenable group.

Theorem 1 is thus proved. □

Corollary 1. Let G be a countable amenable group. Then the direct product ( ∑ Z_2)^d × G is also an amenable group for arbitrary positive integer d. Let G_1 = ∑ Z_2 and G be two amenable groups. We shall consider a simpler case. Let (X_1, F_1, μ_1) and (X_2, F_2, μ_2) be two probability spaces, T^′ a measure preserving action of G_1 on (X_1, F_1, μ_1) and T^{′′} a measure preserving action of G on (X_2, F_2, μ_2), that is, T^′ : G_1 → Aut(X_1, F_1, μ_1), T^{′′} : G → Aut(X_2, F_2, μ_2) are homomorphisms. Then T^′ × T^{′′} is a measure preserving action of ∑ Z_2 × G on (X_1 × X_2, F_1 ⊗ F_2, μ_1 × μ_2), where T_{(g1 ,g2)} = (T^′_{g1} × T^{′′}_{g2} ) for g_1 ∈ G_1, g_2 ∈ G. Let Ψ(G_1 × G) be a family of finite subsets of G_1 × G of the form F^′ × F^{′′}, where F^′ is a sequence of finite subsets of G_1 and F^{′′} is a sequence of finite subsets of G, that is, Ψ(G_1 × G) = Ψ(G_1) × Ψ(G).

Definition 3. A sequence F̃ = {F^′_n × F^{′′}_n }_{n⩾1} is called a quasi-direct product of Følner sequences, if {F^′_n}_{n⩾1} and {F^{′′}_n }_{n⩾1} are Følner sequences.

ON SUBADDITIVE PROCESSES ON DIRECT PRODUCT OF. . . 121

Let us consider π^′ : Ψ(G_1) → L^1_+(X_1, F_1, μ_1) and π^{′′} : Ψ(G) → L^1_+(X_2, F_2, μ_2). Assume that π : Ψ(G_1 ×G) → L^1_+(X_1, F_1, μ_1)×L^1_+(X_2, F_2, μ_2) such that π(g_1, g_2) = (π^′(g_1) × π^{′′}(g_2)) for g_1 ∈ G_1, g_2 ∈ G.

Definition 4. A family of functions

{q_{H1×H2} ∈ L^1_+(X_1) × L^1_+(X_2) : H_1 ∈ Ψ(G_1), H_2 ∈ Ψ(G)}

is called a quasi-subadditive process if both {q_{H1} ∈ L^1_+(X_1) : H_1 ∈ Ψ(G_1)} and {q_{H2} ∈ L^1_+(X_2) : H_2 ∈ Ψ(G)} are subadditive processes.

Theorem 2. Let G_1 and G be two countable amenable groups. If {q_{H1 ×H2} ∈ L^1_+(X_1) × L^1_+(X_2) : H_1 ∈ Ψ(G_1), H_2 ∈ Ψ(G)} is a quasi-subadditive process, then for arbitrary quasi-Følner sequence F̃ = {F^′_n × F^{′′}_n }_{n⩾1}, there exists a measurable function q̃ = q̃_1.q̃_2 such that q̃_i ∈ L^1_+(X_i) for i = 1, 2; q_1(T^′_{g1} (x_1)) = q̃_1(x_1), q_2(T^{′′}_{g2} (x_2)) = q̃_2(x_2) for a.e. x_1 ∈ X_1, x_2 ∈ X_2: lim_{n→∞}^1_{|F ′n×F ′′n |} q_F ′_{n×F} ′′_n = q̃ a.e. and lim_{n→∞} 1 |F^′_n × F^{′′}_n | ∫ X_1 ×X_2

q_F ′_{n×F} ′′_n dμ_1 dμ_2 = inf_n 1 |F^′_n × F^{′′}_n | ∫ X_1 ×X_2 q_F ′_{n×F} ′′_n dμ_1 dμ_2 = ∫ X_1

q̃_1 dμ_1 ∫ X_2

q̃_2 dμ_2.

Proof. By Definition 3 and Definition 4, we can obtain a subadditive sequence {q_F ′_{n×F} ′′_n }_{n⩾1} converging to q̃ = q̃_1.q̃_2, i.e., lim_{n→∞} 1 |F^′_n × F^{′′}_n | q_F ′_{n×F} ′′_n = inf_n { 1 |F^′_n × F^{′′}_n | q_F ′_{n×F} ′′_n } n⩾1 = q̃. q̃ = q̃_1.q̃_2 is a measurable function. Also 0 ⩽ q̃ ⩽^1_{|F ′n×F ′′n |} q_F ′_{n×F} ′′_n ∈ L^1_+(X_1) × L^1_+(X_2).

By Fatou’s Lemma, we have q̃_i ∈ L^1_+(X_i) for i = 1, 2. Then q̃ ∈ L^1_+(X_1) × L^1_+(X_2). It is easy to see that q̃ = q̃_1.q̃_2 is T_{(g1,g2 )} = (T^′_{g1} × T^{′′}_{g2} )-invariant for g_1 ∈ G_1, g_2 ∈ G. By Lebesque’s Bounded Convergence Theorem, we can write lim_{n→∞} 1 |F^′_n| ∫ X_1

q_F ′_n dμ_1 = ∫ X_1

q̃_1dμ_1, lim_{n→∞} 1 |F^{′′}_n | ∫ X_2

q_F ′′_n dμ_2 = ∫ X_2

q̃_2dμ_2.

Finally, we have lim_{n→∞} 1 |F^′_n × F^{′′}_n | ∫ X_1 ×X_2

q_F ′_{n×F} ′′_n dμ_1dμ_2 = inf_n 1 |F^′_n × F^{′′}_n | ∫ X_1 ×X_2 q_F ′_{n×F} ′′_n dμ_1dμ_2 = ∫ X_1

q̃_1dμ_1 ∫ X_2

q̃_2dμ_2.

Theorem 2 is thus proved. □

Now we can consider subadditive processes for G_1 × G, if G_1 = ∑ Z_2. Let (X_1, F_1, μ_1) and (X_2, F_2, μ_2) be probability spaces. Let T be a measure preserving action of ∑ Z_2 × G on (X_1 × X_2, F_1 ⊗ F_2, μ_1 × μ_2); that is, T is a homomorphism of ∑ Z_2 × G into Aut(X_1 × X_2, F_1 ⊗ F_2, μ_1 × μ_2), where G is a countable group.

122 TEMIR

Let Ψ( ∑ Z_2 × G) be the family of all finite subsets of ∑ Z_2 × G. Consider the transformation π : Ψ( ∑ Z_2 × G) → L^1_+(X_1 × X_2).

Definition 5. A family of functions {q_H ∈ L^1_+(X_1 × X_2) : H ∈ Ψ( ∑ Z_2 × G)} is called a subadditive process, if the following conditions hold:

If H = ⋃_n i=1 B_i.c_i, where B_i ∈ Ψ( ∑ Z_2 × G) and c_i ∈ ∑ Z_2 × G, i = 1, . . . , n, then for a.e. x ∈ X_1 × X_2, q_H (x) ⩽ ∑_n i=1 q_{Bi} (T^{ci} x).

2) For each g ∈ ∑ Z_2 × G and for a.e. x ∈ X_1 × X_2 q_{Hg} (x) = q_H (T_gx).

We have the following theorem.

Theorem 3. Let G be a countable amenable group. If {q_H ∈ L^1_+(X_1 × X_2) : H ∈ Ψ( ∑ Z_2 × G)} is a subadditive process, then for arbitrary Følner sequence F = {F̃_n}_{n⩾1}, F̃_n ∈ Ψ( ∑ Z_2 × G), there exists a measurable function q̃ such that q_H ∈ L^1_+(X_1 × X_2), q̃(T (x_1, x_2)) = q̃(x_1, x_2) for a.e. (x_1, x_2) ∈ X_1 × X_2; lim_{n→∞}^1_{|F̃n|} q_{F̃n} = q̃ a.e., and lim_{n→∞} 1 |F̃_n| ∫ X_1 ×X_2

q_{F̃n} d(μ_1 ×μ_2) = inf_n 1 |F̃_n| ∫ X_1×X_2

q_{F̃n} d(μ_1 ×μ_2) = ∫ X_1 ×X_2

q̃ d(μ_1 ×μ_2)

Proof. Easily follows from Theorem 1. □

Remark 1. Since ∑ Z_2 × G is a amenable, there is a Følner sequence F = {F̃_n}_{n⩾1}, F̃_n ∈ Ψ( ∑ Z_2 × G). However, it is difficult to construct a sequence such as mentioned above.

Remark 2. In the same way, it is possible to prove Theorem 3 for ( ∑ Z_2)^d ×G.

I would like to thank Professor Nasir Ganikhodjaev for helpful discussion and many valuable comments.

References

[1] J. F. Kingman, The ergodic theory of subadditive stochastic processes, J. Royal Statist. Soc.

B 30 (1968), 499–510.

[2] U. Krengel, Ergodic Theorems, Walter de Gruyter, Berlin, 1985.

[3] D. Ornstein and B. Weiss, Entropy and isomorphism theorems for actions of amenable groups, J. Anal. Math. 48 (1987), 1–141.

Harran University (Received 20 02 2002) Faculty of Arts and Sciences (Revised 30 10 2002) Department of Mathematics 63200 Sanliurfa Turkey

temirseyit@harran.edu.tr