PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE Nouvelle série, tome 73(87) (2003), 97–113

NON-METRIC RIM-METRIZABLE CONTINUA AND UNIQUE HYPERSPACE

Ivan Lončar

Communicated by Rade Živaljević

Abstract. A class Λ of continua is said to be C-determined provided that if X, Y ∈ Λ and C(X) ≈ C(Y ), then X ≈ Y . A continuum X has unique hyperspace provided that if Y is a continuum and C(X) ≈ C(Y ), then X ≈ Y . In the realm of metric continua the following classes of continua are known to have unique hyperspace: hereditarily indecomposable continua, smooth fans (in the class of fans) and indecomposable continua whose proper and nondegenerate subcontinua are arcs.

We prove that these classes have unique hyperspace in the realm of rimmetrizable non-metric continua.

1. Introduction

All spaces in this paper are compact Hausdorff spaces and all mappings are continuous mappings. If two spaces, X and Y , are homeomorphic, we write X ≈ Y . The weight of a space X is denoted by w(X). The cardinality of a set A is denoted by card(A). We shall use the notion of inverse system as in [6, pp. 135–142]. An inverse system by X = {X_a, p_{ab}, A} is denoted. For other details see Appendix.

Let X be a compact space. We denote by 2^X the set of all nonempty closed subsets of X, by C(X) the set of all nonempty closed connected subsets of X and by X(n), where n is a positive integer, the set of all nonempty subsets consisting of at most n points [11]. We consider C(X) and X(n) as a subset of 2^X . The topology on 2^X is the Vietoris topology and C(X), X(n) are subspaces of 2^X .

Let X and Y be compact spaces and let f : X → Y be a continuous map. Define 2^f : 2^X → 2^Y by 2^f (F ) = f(F ) for F ∈ 2^X . By [15, 5.10] 2^f is continuous and 2^f (C(X)) ⊂ C(Y ) and 2^f (X(n)) ⊂ Y (n). The restriction 2^f |C(X) is denoted by C(f).

Let X = {X_a, p_{ab}, A} be an inverse system of compact spaces with the natural projections p_a : lim X → X_a, a ∈ A. Then 2^X = {2^{Xa} , 2^{pab} , A}, C(X) =

2000 Mathematics Subject Classification. Primary 54B20; Secondary 54B35. Key words and phrases. hyperspace, continuum, inverse system. 97

{C(X_a), C(p_{ab}), A} and X(n) = {X_a(n), 2^{pab} |X_b(n), A} form inverse systems. For each F ∈ 2^{lim X}, i.e., for each closed F ⊆ lim X the set p_a(F ) ⊆ X_a is closed and compact. Thus, we have a mapping 2^{pa} : 2^{lim X} → 2^{Xa} induced by p_a for each a ∈ A. Define a mapping M : 2^{lim X} → lim 2^X by M(F ) = {p_a(F ) : a ∈ A} since {p_a(F ) : a ∈ A} is a thread of the system 2^X. The mapping M is continuous and 1-1. It is also an onto mapping since for each thread {F_a : a ∈ A} of the system 2^X the set F^′ = ⋂ {p^{−1}_a (F_a) : a ∈ A} is nonempty and p_a(F^′) = F_a. Thus, Mis a homeomorphism. If P_a : lim 2^X → 2^{Xa} , a ∈ A, are the projections, then P_aM = 2^{pa} . Identifying F by M(F ) we have P_a = 2^{pa} .

Lemma 1.1. [11, Lemma 2.]. Let X = lim X. Then 2^X = lim 2^X, C(X) = lim C(bX) and X(n) = lim X(n).

If F_a ∈ 2^{Xa} , then P^{−1}_a (F_a) = (2^{pa} )^{−1}(F_a) = {F : F is closed subset of lim X and p_a(F ) = F_a} ∈ 2^{lim X}. Similarly, for the natural projection Q_a of the system C(X) = {C(X_a), C(p_{ab}), A} we have Q_a = C(p_a). Moreover, if C_a ∈ C(X_a), then Q^{−1}_a (C_a) = (C(p_a))^{−1}(C_a) = {C : C is subcontinuum of lim X and p_a(C) = C_a} ∈ C(lim X).

A continuum X has unique hyperspace provided that if Y is a continuum and C(X) ≈ C(Y ), then X ≈ Y .

In the realm of metric continua the following classes of continua are known to have unique hyperspace: finite graphs different from an arc and a circle, hereditarily indecomposable continua, smooth fans and indecomposable continua whose proper and non-degenerate subcontinua are arcs.

A space X is said to be rim-metrizable if it has a basis B such that Bd(U)) is metrizable for each U ∈ B. Equivalently, a space X is rim-metrizable if and only if for each pair F, G of disjoint closed subsets of X there exists a metrizable closed subset of X which separates F and G.

Rim-metrizable spaces are generalization of metrizable spaces. Let us observe that every continuous image of ordered compact space is rim-metrizable. The properties of rim-metrizable spaces which are essential for the our purpose are established in Lemmas 3.4 and 3.5.

The main purpose of this paper is to prove that the above mentioned classes have unique hyperspace in the realm of rim-metrizable continua. This will be proved in Section Two. The main tool for the proofs of theorems in Section Two is the inverse systems and limits which are studied in Appendix.

2. Continua with unique hyperspace

A class Λ of continua is said to be C-determined [16, Definition (0.61), p. 33] provided that if X, Y ∈ Λ and C(X) ≈ C(Y ), then X ≈ Y . A continuum X has unique hyperspace [1] provided that if Y is a continuum and C(X) ≈ C(Y ), then X ≈ Y . Let G be a class of continua and let X ∈ G. Consider the class G_X of continua Y such that

(i) no two distinct members of G_X are homeomorphic, (ii) C(Y ) ≈ C(X) for each member Y of G_X ,

(iii) if Z ∈ G and C(Z) ≈ C(X), then Z ≈ Y for some Y ∈ G_X . We say that X has unique hyperspace in G provided that G_X = {X} [2]. If G is the class of all continua, then X has unique hyperspace in G if X has unique hyperspace. Let Λ be a class of continua. The class Λ are C-determined if and only if each element of Λ has unique hyperspace in Λ.

A continuum X is said to be hereditarily indecomposable provided that each of its subcontinuum is indecomposable [16, p. 17, (0.31)]. A continuum X is hereditarily indecomposable if and only if whenever A and B are subcontinua of X such that A ∩ B ≠ ∅, then A ⊂ B or B ⊂ A.

Theorem 2.1. [16, Theorem (0.60), p. 33]. If X and Y are hereditarily indecomposable metric continua such that C(X) ≈ C(Y ), then X ≈ Y . In fact, if h : C(X)^{onto}−−→C(Y ) is a homeomorphism, then h(X(1)) = Y (1).

Theorem 2.2. [16, Theorem (1.61), p. 111]. A metric continuum X is hereditarily indecomposable if and only if C(X) uniquely arcwise connected (i.e., given A, B ∈ C(X) with A ≠ B there exists one and only α ∈ C(X) such that α is an arc with endpoints A and B).

As an immediate consequence of Theorems 2.1 and 2.2 we have the following result.

Theorem 2.3. Hereditarily indecomposable metric continua have unique hyperspace.

It is naturally to ask the following question.

Question 1. Is Theorem 2.3 true if for non-metric hereditarily indecomposable continua?

The following theorem answers affirmatively if X is non-metric rim-metrizable hereditarily indecomposable continuum.

Theorem 2.4. Hereditarily indecomposable rim-metrizable continua have unique hyperspace, i.e., if X is hereditarily indecomposable non-metric rim-metrizable continuum and Y is continuum such that C(X) ≈ C(Y ), then X ≈ Y . In fact, if h : C(X)^{onto}−−→C(Y ) is a homeomorphism, then h(X(1)) = Y (1).

Proof. If X is a compact space, then w(2^X ) = w(X) [6, p. 306, 3.12.26(a)]. This means that w(C(X)) = w(X). From C(X) ≈ C(Y ) it follows that w(X) = w(Y ). By virtue of Theorems 3.4 and 3.7 there exist inverse σ-systems X = {X_a, p_{ab}, A} and Y = {Y_a, q_{ab}, A} (over the same set A since w(X) = w(Y )) such that the bonding mappings p_{ab} are monotone surjections, lim X = X and lim Y = Y . From Theorem 3.6 it follows that there exists a subset B, cofinal in A, such that q_{bc} are monotone for every b, c ∈ B. By Lemma 3.2 we may assume that B = A. It is clear that the spaces X_a and Y_a are hereditarily indecomposable since p_{ab} and q_{ab} are monotone surjections. By Lemma 1.1 C(X) is homeomorphic to the limit of C(X) = {C(X_a), C(p_{ab}), A} and C(Y ) is homeomorphic to the limit of C(Y) = {C(Y_a), C(q_{ab}), A}. If C(X) ≈ C(Y ), then from Theorem 3.5 it follows that there exists an a ∈ A such that for every b ⩾ a there exists a homeomorphism h_b : X_b → Y_b such that every diagram

(2.1) C(X_b)^{C(pbc )} ←−−−− C(X_c) hb hc C(Y_b)^{C(qb c)} ←−−−− C(Y_c) commutes if a ⩽ b ⩽ c. From h(X(1)) = Y (1) of Theorem 2.1 it follows that every diagram

(2.2) X_b^{pbc}←−−−− X_c h_b |X_b(1) hc^{|X}c^{(1)} Y_b^{qbc}←−−−− Y_c commutes. We infer that there exists a homeomorphism h : X → Y induced by the collection {h_b|X_b(1) : b ⩾ a} and h(X(1)) = Y (1). □

For indecomposable continua we have the following theorems. Theorem 2.5. [13, Theorem 3.] Let X and Y be indecomposable metric continua such that all of their nondegenerate proper subcontinua are arcs. If C(X) is homeomorphic to C(Y ), then X is homeomorphic to Y . Moreover, if h : C(X) → C(Y ) is a homeomorphism, then h(X(1)) = Y (1).

Theorem 2.6. [3, Theorem 2.3] Indecomposable metric continua such that all of their nondegenerate proper subcontinua are arcs have unique hyperspace.

Now we shall prove the following generalization of Theorem 2.6. Theorem 2.7. Indecomposable non-metric rim-metrizable continua such that all of their nondegenerate proper subcontinua are arcs have unique hyperspace.

Proof. As in the proof of Theorem 2.4 we infer that w(X) = w(Y ). By virtue of Theorem 3.7 there exist σ-complete inverse systems X = {X_a, p_{ab}, A} and Y = {Y_a, q_{ab}, A} (over the same set A since w(X) = w(Y )) such that the bonding mappings p_{ab} are monotone surjections, lim X = X and lim Y = Y and every X_a(Y_a) is a metric continuum. From Theorem 3.6 it follows that there exists a subset B, cofinal in A, such that q_{bc} are monotone for every b, c ∈ B. By Lemma 3.2 we may assume that B = A. It is clear that the spaces X_a and Y_a are indecomposable since p_{ab} and q_{ab} are monotone surjections. Let us prove that each nondegenerate proper subcontinuum Z_a of X_a is a generalized arc. Let Z = p^{−1}_a (Z_a). Then Z is continuum since p_a is monotone. Moreover, Z is a generalized arc with endpoints x and y since each nondegenerate proper subcontinuum of X is a generalized arc. Now, Z_a, as a continuous image of an arc is arcwise connected [19]. This means that the exists a generalized arc L_a with endpoints p_a(x) and p_a(y). If we suppose that Z_a is not an arc, then there exists a point x_a ∈ Z_a ∖ L_a. Moreover, p^{−1}_a (x_a) ⊂ Z and p^{−1}_a (x_a) ∩ p^{−1}_a (L_a) = ∅. On the other hand, p^{−1}_a (L_a) is a continuum containing x and y. Hence, p^{−1}_a (L_a) is an arc. We infer that p^{−1}_a (L_a) = Z. Finally, we have p^{−1}_a (x_a) ⊂ Z and p^{−1}_a (x_a) ∩ Z = ∅, a contradiction. Thus, each nondegenerate subcontinuum of X_a is an arc. Further, by Lemma 1.1

C(X) is homeomorphic to the limit of C(X) = {C(X_a), C(p_{ab}), A} and C(Y ) is homeomorphic to the limit of C(Y) = {C(Y_a), C(q_{ab}), A}. If C(X) ≈ C(Y ), then from Theorem 3.5 it follows that there exists ana ∈ A such that for every b ⩾ a there exists a homeomorphism h_b : X_b → Y_b such that every diagram

(2.3) C(X_b)^{C(pbc )} ←−−−− C(X_c) hb hc C(Y_b)^{C(qbc )} ←−−−− C(Y_c) commutes if a ⩽ b ⩽ c. From h(X(1)) = Y (1) of Theorem 2.6 it follows that every diagram

(2.4) X_b^{pbc}←−−−− X_c h_b |X_b(1) hc^{|X}c^{(1)} Y_b^{qbc}←−−−− Y_c commutes. We infer that there exists a homeomorphism h : X → Y induced by the collection {h_b|X_b(1) : b ⩾ a}. □

Question 2. Is Theorem 2.7 true for non-metric indecomposable continua such that all of their nondegenerate proper subcontinua are arcs?

A dendroid is a hereditarily unicoherent continuum which is arcwise connected. If X is a dendroid and x, y ∈ X, then there exists a unique arc [x, y] in X with endpoints x and y.

A point e of a dendroid X is said to be endpoint of X if there no exists an arc [a, b] in X such that x ∈ [a, b] ∖ {a, b}. The set of all endpoints of a dendroid X is denoted by E(X).

The dendroids in which every arc is a metric arc play an interesting role as shows the following theorem.

Theorem 2.8. Let X be a dendroid. There exists an inverse system X = {X_a, p_{ab}, A} such that each X_a is a dendroid with metrizable arcs, every p_{ab} is monotone and X is homeomorphic to lim X.

Proof. By Theorem 3.4 there exists an inverse system Y = {Y_a, q_{ab}, A} of metric continua Y_a such that X is homeomorphic to lim Y. Let q_a be the natural projection of X onto Y_a. Applying the monotone-light factorization [6, p. 451, Theorem 6.2.22] to q_a, we get the compact spaces X_a, monotone surjection m_α : X → X_a and the light surjection l_a : X_a → Y_a such that q_a = l_am_a. As in b) of the proof of Theorem 3.7 there exists a monotone surjections p_{ab} : X_b → X_a such that p_{ab}m_b = m_a, a ⩽ b. It follows that X = {X_a, p_{ab}, A} is an inverse system such that X is homeomorphic to lim X. Let us prove that X_a is a dendron. The space X_a is hereditarily unicoherent since m_a is monotone. Moreover, X_a is arcwise connected. Namely, if x_a, y_a are distinct points of X_a, then there exists a pair x, y of points of X such that x_a = m_a(x) and y_a = m_a(y). Let L be the arc with endpoints x and y. Now, m_a(L) is a continuous image of an arc and, consequently, arcwise connected

[19]. Hence, X_a is a dendroid. By Lemma 3.4 we infer that each arc L_a in X_a is metrizable since every map l_a|L_a is light. □

If X is rim-metrizable, then every X_a is rim-metrizable (Lemma 3.5) and metrizable since every map l_a is light. Hence, we have the following theorem.

Theorem 2.9. Let X be a rim-metrizable dendroid. There exists an inverse system X = {X_a, p_{ab}, A} such that each X_a is a metric dendroid, every p_{ab} is monotone and X is homeomorphic to lim X.

Theorem 2.10. Let X = {X_a, p_{ab}, A} be an inverse system of dendroids and monotone surjective bonding mappings p_{ab}. The X = lim X is a dendroid.

Proof. It is well known that X is hereditarily unicoherent [17, Theorem 3]. Let us prove that X is arcwise connected. Let x, y be a pair of distinct points in X. There exists an a ∈ A such that p_b(x) ≠ p_b(y) for every b ⩾ a. There exist a unique arc L_b which contains p_b(x) and p_b(y). Let us prove that p_{bc}(L_c) = L_b. Now, p_{bc}(L_b) is a non-metric image of an arc and, consequently, arcwise connected [19]. It follows that there exists an arc M_b with endpoints p_b(x) and p_b(y). We infer that M_b = L_b since X_b is hereditarily unicoherent. Moreover, p^{−1}_{bc} (M_b) = p^{−1}_{bc} (L_b) is a continuum containing L_c since X_c is hereditarily unicoherent. This means that p_{bc}(L_c) ⊂ L_b. Finally, p_{bc}(L_c) = L_b since L_b is the arc and p_{bc}(L_c) contains p_b(x) and p_b(y). We have an inverse system {L_b, p_{bc}|L_c, b ⩾ a} of the generalized arcs. The bonding mappings p_{bc}|L_c are monotone since X_c is hereditarily unicoherent. It is known that L = lim{L_b, p_{bc}|L_c, b ⩾ a} is a generalized arc which contains the points x and y. Hence, X is a dendroid. □

If a dendroid X has only one ramification t, it is called a fan with the top t. A fan X with the top t is denoted by (X, t). A fan X with the top t is said smooth provided that a net {a_n : n ∈ E} of points a_n of X tends to a limit point a, then the net of arcs {[ta_n] : n ∈ E} is convergent and Lim{[ta_n] : n ∈ E} = [ta] [5, p. 298].

Lemma 2.1. Let X be a fan with the top t_X and let f : X → Y be a monotone surjection. Then Y is a fan with the top t_Y = f(t_X ).

Proof. It is clear that Y is hereditarily unicoherent. Moreover, Y is arcwise connected. Let y_1, y_2 be a pair of points of Y . There exists a pair x_1, x_2 of points of X such that f(x_1) = y_1 and f(x_2) = y_2. There exists an arc L in X with endpoints x_1, x_2. Now, f(L) is arcwise connected [19]. Hence, Y is a dendroid. Let C be the union of three arcs L_1, L_2 and L_3 such t_y = L_1 ∩ L_2 ∩ L_3. Then f^{−1}(C) is a continuum in X which is not a subcontinuum of an arc. We infer that t_X ∈ f^{−1}(C). This is true for every choice of arcs L_1, L_2 and L_3. Thus, t_X ∈ f^{−1}(t_Y ) and f(t_X ) = t_Y . □

Theorem 2.11. Let X be a rim-metrizable fan. There exists an inverse system X = {X_a, p_{ab}, A} such that each X_a is a metric fan, every p_{ab} is monotone and X is homeomorphic to lim X.

Proof. From Theorem 2.9 it follows that there exists an inverse system X = {X_a, p_{ab}, A} such that each X_a is a metric dendroid, every p_{ab} is monotone and X is homeomorphic to lim X. Moreover, by Lemma 2.1 we infer that each X_a is a fan. □

Lemma 2.2. Let f : (X, t_X ) → (Y, t_Y ) be a monotone surjection between fans. If (X, t_X ) is smooth, then (Y, t_Y ) is smooth.

Proof. If X and Y are metric fans, then see [5, Theorem 9, Corollary 10.] or [4, Theorem 12]. For the sake of the completeness we give the proof which is a straightforward modification of this proof for non-metric case. From Lemma 2.1 it follows that Y is a fan and that t_Y = f(t_X ). Suppose that Y is not smooth. Then there exists a net {y_n : n ∈ E} in Y which converges to y_0 and such that there exists a point c ∈ (Ls[t_Y y_n]) ∖ [t_Y y_0]. Thus, there exists a subnet of arcs [t_Y y_{nm} ] and there are points c_m such that (2.5) c_m ∈ [t_Y y_{nm} ] and c = lim c_m.

Now, f^{−1}([t_Y y_0]) is connected since f is monotone, and

(2.6) f^{−1}(c) ∩ f^{−1}([t_Y y_0]) = 0.

Consider a net {x_{nm} } of points of X such that f(x_{nm} ) = y_{nm} . This net contains a convergent subnet {x_{nmk} } [10, p. 136, Theorem 2]. Put x_0 = lim{x_{nmk} }. It is clear that f(x_0) = y_0. This means that [t_X x_0] = Lim[t_X x_{nmk} ], (since X is smooth) and f([t_xx_0]) = f(Lim[t_X x_{nmk} ]) = f(Ls[t_X x_{nmk} ]). Further, we have f(Ls[t_X x_{nmk} ]) = Lsf([t_X x_{nmk} ]) (2.7) f([t_X x_{nmk} ]) ⊃ [t_Y y_{nmk} ]. (2.8)

We conclude that f([t_X x_0]) ⊃ Ls[t_Y y_{nmk} ]. It follows from (2.5) that c ∈ Ls[t_yy_{nmk} ]. This means that (2.8) implies c ∈ f([t_X x_0]), i.e., f^{−1}(c) ∩ [t_X x_0] ≠ ∅. On the other hand, f^{−1}([t_Y y_0]) is a continuum, and hence, a fan. Since t_X ∈ f^{−1}([t_Y y_0]) and x_0 ∈ f^{−1}([t_Y y_0]), we have [t_X x_0] ⊂ f^{−1}([t_Y y_0]). This means that

(2.9) f^{−1}(c) ∩ f^{−1}([t_Y y_0]) ≠ ∅.

On the other hand, from (2.6) f^{−1}(c) ∩ f^{−1}([t_Y y_0]) = 0, a contradiction. □

Theorem 2.12. For every rim-metrizable smooth fan X there exists an inverse system X = {X_a, p_{ab}, A} such that every X_a is a metrizable smooth fan, every p_{ab} is a monotone surjection and lim X is homeomorphic to X.

Proof. By Theorem 3.7 there exists an inverse system X = {X_a, p_{ab}, A} such that every X_a is a metrizable continuum, every p_{ab} is a monotone surjection and lim X is homeomorphic to X. From Lemmas 2.1 and 2.2 it follows that every X_a is a smooth fan. □

Let X be a smooth fan with top t. From the definition of smoothness it follows that the set N[C(X)] = {[tx] : x ∈ X} is a homeomorphic copy of X in C(X) (the homeomorphism H_X is the map x → tx [7, p. 282]). In the sequel we shall use the following lemma.

Lemma 2.3. [7, Corollary 3.3] If X_1 and X_2 are smooth metric fans with C(X_1) ∼= C(X_2), then X_1 ∼= X_2.

Remark 2.1. From the proof of Corollary 3.3 in [7] it follows that if h : C(X_1) → C(X_2) is a homeomorphism, then h(N[C(X_1)]) = N[C(X_2)].

Theorem 2.13. [2, Theorem 4.4] Smooth fans have a unique hyperspace in the class of fans.

Lemma 2.4. Let X and Y be the fans. If f : X → Y is a monotone surjection, then C(f)(N[C(X)]) = N[C(Y )], i.e., the diagram

(2.10) Y^f←−−−− X HY HX N[C(Y )]^{C(f )}←−−−− N[C(X)] commutes.

Proof. By the definition N[C(X)] = {[t_X x] : x ∈ X}. Let [tx] ∈ N[C(X)]. Then C(f)([tx]) = f([tx]). The restriction of f|[tx] is a monotone surjection. This means that f([tx]) = (f|[tx)]([tx]) is an arc in Y with the endpoints t_Y and y = f(x). Hence, f([tx]) = C(f)([tx]) is in N[C(Y )]. Conversely, if [t_Y y] is fixed in N[C(X)], then f^{−1}(y) is a subcontinuum of X such that t_X ∈ f^{−1}(y). Hence f^{−1}(y)is a subset of some arc [t_X e]. If x ∈ f^{−1}(y), then f([t_X x]) ⊇ [t_Y y]. Thus f^{−1}([t_Y y]) ⊂ [t_X x]. This is impossible since f^{−1}([t_Y y]) contains t_X and x. □

Now we will prove that Theorem 2.3 is true for non-metric fans.

Theorem 2.14. If X_1 and X_2 are smooth rim-metrizable non-metric fans with C(X_1) ≈ C(X_2), then X_1 ≈ X_2.

Proof. By Theorems 3.7 and 2.1 there exist σ-complete inverse systems X = {X_a, p_{ab}, A} and Y = {Y_a, q_{ab}, A} (over the same set A since w(X) = w(Y )) such that the bonding mappings p_{ab} and q_{ab} are monotone surjections, lim X = X and lim Y = Y , X_a and Y_a are metric fans since p_{ab} and q_{ab} are monotone surjections. Now, C(X) is homeomorphic to the limit of C(X) = {C(X_a), C(p_{ab}), A} and C(Y ) is homeomorphic to the limit of C(Y) = {C(Y_a), C(q_{ab}), A}. If C(X) ≈ C(Y ), then from Theorem 3.5 it follows that there exists an a ∈ A such that for every b ⩾ a there exists a homeomorphism h_b : X_b → Y_b such that every diagram

(2.11) C(X_b)^{C(pbc )} ←−−−− C(X_c) hb hc C(Y_b)^{C(qbc )} ←−−−− C(Y_c) commutes if a ⩽ b ⩽ c. From h(N[C(X_1)]) = N[C(X_2)] of Remark 2.1 it follows that every diagram

(2.12) N[C(X_b)]^{C(pbc )}←−−−− N[C(X_c)] h_b|N[C(X_b)] hc^{|N[C(X}c^{)]} N[C(Y_b)]^{C(qbc )}←−−−− N[C(Y_c)] commutes. From Lemma 2.4 it follows that if f : X → Y is a monotone surjection, then diagram

(2.13) Y^f←−−−− X HY HX N[C(Y )]^{C(f )}←−−−− N[C(X)] commutes. Now we have the following diagram

(2.14)

X_b^{pbc}←−−−− X_c H_{Xb} HXc N[C(X_b)]^{C(pbc)|N[C(Xc)]} ←−−−−−−−−−−− N[C(X_c)] h_b|N[C(X_b)] hb^{|N[C(X}b^{)]} N[C(Y_b)]^{C(qbc )|N[C(Yc)]} ←−−−−−−−−−− N[C(Y_c)] H^{−1}_{Yb} H^{−1}Y_c Y_b^{qbc}←−−−− Y_c We infer that there exists a homeomorphism H : X → Y induced by the collection {H^{−1}_{Yb} h_bH_{Xb} : b ⩾ a} of the homeomorphisms H^{−1}_{Yb} h_bH_{Xb} . □

Theorem 2.15. Rim-metrizable smooth fans have a unique hyperspace in the class of rim-metrizable fans.

Proof. Let X be a smooth rim-metrizable fan and let Y be a rim-metrizable fan. From Theorem 2.12 it follows that there exists an inverse system X = {X_a, p_{ab}, A} such that every X_a is a metrizable smooth fan, every p_{ab} is a monotone surjection and lim X is homeomorphic to X. Similarly, from Theorem 2.11 it follows that there exists an inverse system Y = {Y_a, q_{ab}, A} such that every Y_a is a metrizable smooth fan, every q_{ab} is a monotone surjection and lim Y is homeomorphic to Y . If C(X) ≈ C(Y ), then from Theorem 3.5 it follows that there exists an a ∈ A such that for every b ⩾ a there exists a homeomorphism h_b : C(X_b) → C(Y_b) such that every diagram

(2.15) C(X_b)^{C(pbc )} ←−−−− C(X_c) hb hc C(Y_b)^{C(qbc )} ←−−−− C(Y_c) commutes if a ⩽ b ⩽ c. By Theorem 2.13 we infer that there exists a homeomorphism H_b : X_b → Y_b. Moreover, from the proof of [2, Theorem 4.4] it follows that Y_b is smooth. Theorem 2.14 completes the proof. □

Question 3. Is it true that smooth fans have unique hyperspace in the class of all non-metric fans?

3. Appendix

Let X = {X_a, p_{ab}, A} be an inverse system; an element {x_a} of the Cartesian product ∏ {X_a : a ∈ A} is called a thread of X if p_{ab}(x_b) = x_a for any a, b ∈ A satisfying a ⩽ b. The subspace of ∏ {X_a : a ∈ A} consisting of all threads of X is called the limit of the inverse system X = {X_a, p_{ab}, A} and is denoted by lim X or by lim{X_a, p_{ab}, A} [6, p. 135].

In the sequel we shall use the following results.

Lemma 3.1. [6, Corollary 2.5.7]. Any closed subspace Y of the limit X of an inverse system X = {X_a, p_{ab}, A} is the limit of the inverse system X_Y = {Cl(p_a(Y )), p_{ab}|Cl(p_b(Y )), A}. Lemma 3.2. [6, Corollary 2.5.11]. Let X = {X_a, p_{ab}, A} be an inverse system and B a subset cofinal in A. The mapping consisting in restriction all threads from X = lim X to B is a homeomorphism of X onto the space lim{X_b, p_{bc}, B}.

3.1. Σ-complete inverse systems. We say that an inverse system X = {X_a, p_{ab}, A} is σ-directed if for each sequence a_1, a_2, . . . , a_k, . . . of the members of A there is an a ∈ A such that a ⩾ a_k for each k ∈ N.

Theorem 3.1. [12, Theorem 1.1] Let X = {X_a, p_{ab}, A} be a σ-directed inverse system of compact spaces with surjective bonding mappings and limit X. Let Y be a metric compact space. For each surjective mapping f : X → Y there exists an a ∈ A such that for each b ⩾ a there exists a mapping g_b : X_b → Y such that f = g_bp_b.

If the bonding mappings are not surjective, then we consider the inverse system {p_a(X), p_{ab}|p_b(X), A} which has surjective bonding mappings. Moreover, p_a(X) = ∩{p_{ab}(X_b) : b ⩾ a}. Applying Theorem 3.1 we obtain the following theorem.

Theorem 3.2. Let X = {X_a, p_{ab}, A} be a σ-directed inverse system of compact spaces with limit X. Let Y be a metric compact space. For each surjective mapping f : X → Y there exists an a ∈ A such that for each b ⩾ a there exists a mapping g_b : p_b(X) → Y such that f = g_bp_b.

Let τ be an infinite cardinal number. We say that a directed set A is τ-complete if for each chain a_1 ⩽ a_2 ⩽ · · · ⩽ a_α, · · · , α < τ, a_α ∈ A, there exists sup a_α ∈ A.

We say that a transfinite inverse sequence {X_a, p_{ab}, A} is continuous if for each limit ordinal γ, 0 < γ < w(X), the maps p_{αγ} : X_γ → X_α induce a homeomorphism of the spaces X_γ and lim{X_α, p_{αβ} , γ}. An inverse system X = {X_a, p_{ab}, A} is continuous if for each chain B ⊂ A with sup B = γ the maps p_{αγ} : X_γ → X_α induce a homeomorphism of the spaces X_γ and lim{X_a, p_{ab}, B}.

An inverse system {X_a, p_{ab}, A} is said to be inverse τ-complete if {X_a, p_{ab}, A} is continuous and A is τ-complete. An inverse system is said to be an inverse τsystem if it is τ-complete and w(X_a) ⩽ τ, a ∈ A [18, p. 9]. A directed set A is σ-complete if A is ℵ_0-complete. An inverse system is said to be an inverse σ-system if it is σ-complete and w(X_a) ⩽ ℵ_0, a ∈ A.

Theorem 3.3. For each Tychonoff cube I^m, m ⩾ ℵ_1, there exists an inverse σ-system I = {I^a, P_{ab}, A} of the Hilbert cubes I^a such that I^m is homeomorphic to lim I.

Proof. a) Let us recall that the Tychonoff cube I^m is the Cartesian product ∏ {I_s : s ∈ S}, card(S) = m, I_s = [0, 1] [6, p. 114]. If card(S) = ℵ_0, the Tychonoff cube I^m is called the Hilbert cube. Let A be the set of all countable subsets of S ordered by inclusion. If a ⊆ b, then we write a ⩽ b. It is clear that A is σ-directed. For each a ∈ A there exists the Hilbert cube I^a. If a, b ∈ A and a ⩽ b, then there exists the projection P_{ab} : I^b → I^a. Finally, we have the system I = {I^a, P_{ab}, A}.

b) Let us prove I = {I^a, P_{ab}, A} is an inverse σ-system. It is clear that A is σ-directed. Moreover, A is σ-complete. Namely, if a_1 ⩽ a_2 ⩽ · · · ⩽ a_n, · · · is a countable chain in A, then we have a countable chain a_1 ⊆ a_2 ⊆ · · · ⊆ a_n, · · · of countable subsets of S. It is clear that a = ⋃ {a_n : n ∈ N} is a countable subset of S and a = sup a_n. It remains to prove that I = {I^a, P_{ab}, A} is continuous. Let B = a_1 ⩽ a_2 ⩽ · · · ⩽ a_α, . . . , α < τ, a_α ∈ A, be a chain with sup a_α = γ ∈ A. We have transfinite inverse sequence {I^{aα} , P_{aαaβ} , B}. Let us prove that the mappings P_{aαγ} , α < τ induce a homeomorphism of the spaces I^γ and lim{I^{aα} , P_{aαaβ} , B}. Let x ∈ I^γ . It is clear that P_{aα γ} (x) = x_{aα} is a point of I^{aα} and that P_{aα aβ} (x_{aβ} ) = x_{aα} if a_α ⩽ a_β. This means that (x_{aα} ) is a thread in {I^{aα} , P_{aα aβ} , B}. Set H(x) = (x_{aα} ). We have the mapping H : I^γ → lim{I^{aα} , P_{aαaβ} , B}. It is clear that H is continuous, 1–1 and onto. Hence, H is a homeomorphism. Finally, I = {I^a, P_{ab}, A} is an inverse σ-system since w(I^a) ⩽ ℵ_0.

c) Let us prove that I^m is homeomorphic to lim I. Let x ∈ I^m. It is clear that P_{am}(x) = x_a is a point of I^a and that P_{ab}(x_b) = x_a if a ⩽ b. This means that (x_a) is a thread in I = {I^a, P_{ab}, A}. Set H(x) = (x_a). We have the mapping H : I^m → lim I. It is clear that H is continuous, 1–1 and onto. Hence, H is a homeomorphism. □

Theorem 3.4. Let X be compact Hausdorff space such that w(X) ⩾ ℵ_1. There exists an inverse σ-system X = {X_a, p_{ab}, A} such that X is homeomorphic to lim X.

Proof. By [6, Theorem 2.3.23.] the space X is embeddable in I^{w(X)}. From Theorem 3.3 it follows that I^{w(X)} is a limit of I = {I^a, P_{ab}, A}, where every I^a is the Hilbert cube. Now, X is a closed subspace of lim I. Let X_a = P_m(X), where P_m : I^m → I^a is a projection of the Tychonoff cube I^m onto the Hilbert cube I^a. Let p_{ab} be the restriction of P_{ab} onto X_b. We have the inverse system X = {X_a, p_{ab}, A} such that w(X_a) ⩽ ℵ_0. By virtue of Lemma 3.1 X is homeomorphic to lim X. Moreover, X is an inverse σ-system since I = {I^a, P_{ab}, A} is an inverse σ-system. □

An inverse system X = {X_a, p_{ab}, A} is said to be factorizable [18, p. 24] if for each continuous real-valued function f : limX → I = [0, 1] there exists an a ∈ A such that for b ⩾ a there exists a continuous function f_b : X_b → I such that f = f_bp_b.

By virtue of Theorem 3.1 we have the following lemma.

Lemma 3.3. If X = {X_a, p_{ab}, A} is a σ-directed inverse system of compact spaces with surjective bonding mappings, then X is factorizable.

Theorem 3.5. [18, Theorem 40.]. If X = {X_a, p_{ab}, A} and Y = {Y_a, q_{ab}, A} are factorizable inverse τ-systems, then for each mapping f : lim X → lim Y there exists a cofinal subset B(f) of A and the mappings f_b : X_b → Y_b, b ∈ B(f), such that each diagram

(3.1) X_b^{pbc}←−−−− X_c f_b f_c Y_b^{qbc}←−−−− Y_c commutes and the mapping f is induced by the collections {f_b : b ∈ B(f)}, i.e., each diagram

(3.2) X_b^{pb}←−−−− lim X fb f Y_b^{qb}←−−−− lim Y commutes. If f : lim X → lim Y is a homeomorphism, then each f_b is a homeomorphism.

Proof. For the sake of the completeness we give the proof. Let us prove that there exists a cofinal subset B(f) of A such that every diagram (3.1) commutes. Let a ∈ A be any member of A. Set a_0 = a. Suppose that a_i ∈ A is defined for each i ∈ N, i < k. We define a_k as follows. Consider the mapping fq_{ak−1} : lim X → Y_{ak−1} , where q_{ak−1} : lim Y → Y_{ak−1} is a natural projection. By Theorem 3.1 there exists a_k ∈ A, a_k ⩾ a_{k−1}, and a mapping f_{ak−1 b} : X_b → Y_{ak−1} such that every diagram commutes for each b ⩾ a_k. Hence, a_k is defined for every k ∈ N. We obtain an increasing sequence E = {a_0, a_1, . . . , a_k, . . . }. There exists b = sup a_k ∈ A since A is complete. By the definition of a_k there exists a mapping f_{ak b} : X_b → Y_{ak} for every k ∈ N. The collection {f_{ak b} : k ∈ N} induces the mapping f_b : X_b → lim{Y_{ak} , q_{ak al} , E}. From the continuity of X it follows that Y_b is homeomorphic to lim{Y_{ak} , q_{ak al} , E}. This means that f_b : X_b → Y_b. It is clear that b ⩾ a. Hence, the subset B(f) of A is cofinal in A and the mappings f_b : X_b → Y_b, b ∈ B(f), such that each diagram 3.1 commutes, induce the mapping f. If f is a homeomorphism h, then there exists the set B(h) for the mapping f and the set B(h^{−1}) for f^{−1}. Let B(h) = B(h) ∩ B(h^{−1}). From the commutative diagram

(3.3) X_b^{pb}←−−−− lim X g_b fb^{h−1} h Y_b^{qb}←−−−− lim Y it follows that g_bf_b and f_bg_b are the identity. Hence, f_b is a homeomorphism. □

The following theorem will be frequently used.

Theorem 3.6. Let X = {X_a, p_{ab}, A} an inverse σ-system of metric continua with monotone surjective bonding mappings p_{ab}. If Y = {Y_a, q_{ab}, A} is an inverse σ-system of metric continua with surjective bonding mappings q_{ab} and if C(lim X) ≈ C(lim Y), then there exists a cofinal subset B of A such that q_{bc} is monotone for every b, c ∈ B. Proof. By Lemma 1.1 we have that C(lim X) is homeomorphic to the limit of C(X) = {C(X_a), C(p_{ab}), A} and C(lim Y) is homeomorphic to the limit of C(Y) = {C(Y_a), C(q_{ab}), A}. Let us observe that C(p_{ab}) is monotone [8, Theorem 3.5]. This means that C(p_a) is monotone. For each a ∈ A consider Z_a = C(q_a)(lim C(Y )). From the surjectivity of q_{ab} it follows that X_a(1) ⊂ Z_a. By Theorem 3.2 there exists an a ∈ A such that the following diagram

(3.4) C(X_a)^{C(pab)} ←−−−− C(X_b) ha hb Z_a^{C(qab )} ←−−−− Z_b commutes, where h_a and h_b are homeomorphisms. We infer that for each {x} ∈ X_a(1) ⊂ Z_a the set h_b[C(p_{ab})]^{−1}h^{−1}_a ({x}) is connected since C(p_{ab}) is monotone [8, Theorem 3.5] (see also [9, pp. 381–387]). This means that [C(q_{ab})]^{−1}({x}) = h_b[C(p_{ab})]^{−1}h^{−1}_a ({x}) is connected. Hence, C(q_{ab}) is monotone. We infer that q_{ab} is monotone [8, Theorem 3.5]. □

3.2. Monotone-light factorization and inverse systems. The following two lemmas are known.

Lemma 3.4. [20, Theorem 1.2]. Let X be a nondegenerate rim-metrizable continuum and let Y be a continuous image of X under a light mapping f : X → Y . Then w(X) = w(Y ).

Lemma 3.5. [20, Theorem 3.2]. Let X be a rim-metrizable continuum and let f : X → Y be a monotone mapping onto Y . Then Y is rim-metrizable.

The main theorem of this section is the following theorem.

Theorem 3.7. Let X = {X_a, p_{ab}, A} be an inverse system of compact spaces and surjective bonding mappings p_{ab}. Then:

(1) There exists an inverse system M(X) = {M_a, m_{ab}, A} of compact spaces such that m_{ab} are monotone surjections and lim X = lim M(X), (2) If X is σ-directed, then M(X) is σ-directed, (3) If X is σ-complete, then M(X) is σ-complete, (4) If every X_a is a metric space and lim X is locally connected (a rimmetrizable continuum), then every M_a is metrizable.

Proof. The proof of (1) is broken into several steps.

(a) Let X = {X_a, p_{ab}, A} be an inverse system with limit X and the projections p_a : X → X_a, a ∈ A. For every mapping p_a : X → X_a there exists a monotonelight factorization p_a = ℓ_am_a, where m_a : X → M_a is monotone and ℓ_a : M_a → X_a is light [6, p. 451, Theorem 6.2.22]. We have a collection of spaces M_a, a ∈ A.

(b) For every bonding mapping p_{ab} : X_b → X_a, b ⩾ a, we define m_{ab} : M_b → M_a as follows. Let x be a point of M_b, x_b = ℓ_b(x) and x_a = p_{ab}(x_b). Then x is a component in p^{−1}_b (x_b). This means that there exists a unique component y of p^{−1}_a (x_a) containing x since p^{−1}_b (x_b) ⊂ p^{−1}_a (x_a). Set m_{ab}(x) = y ∈ M_a. The mapping m_{ab} : M_b → M_a is defined. From the definition of m_{ab} : M_b → M_a it follows that in the following diagram the rectangle and all triangles commute. X

X_a X_b p_{ab} p_a pb

m_a mb ℓ_a ℓ^b m_{ab} M_a M_b

This means that

p_a = ℓ_am_a, p_{ab}ℓ_b = ℓ_am_{ab}, (3.5) m_{ab}m_b = m_a. (3.6)

(c) Transitivity. Let as prove that m_{ac} = m_{ab}m_{bc}. X

X_a X_b p_{ab} p_a pb

m_a mb ℓ_a ℓ^b ℓ_c

m_{ab}

X_c p_{bc} p_{ac}

m_{bc} m_{ac}

Let x be any point of M_c. Set x_c = ℓ_c(x). This means that there exists a component C of p^{−1}_c (x_c) such that m_c(C) = x. Let x_b = p_{bc}(ℓ_c(x)). It is clear that C is contained in some component D of p^{−1}_b (x_b). Let x = p_{ab}(x_b). It follows that D is contained in some component E of p^{−1}_a (x_a). Hence,

(3.7) m_{bc}(x) = m_b(D).

This means that m_{ab}m_{bc}(x) = m_{ab}m_b(D) = m_a(D) = m_a(E) = m_c(C) since m_{ab}m_b = m_a and D ⊂ C. On the other hand m_{ac}(x) = m_a(C). Hence, for every x ∈ M_c we have

(3.8) m_{ac}(x) = m_{ab}m_{bc}(x).

The proof of the transitivity is completed.

(d) We infer that M(X) = {M_a, m_{ab}, A} is an inverse system. Let us prove that lim X and lim M(X) are homeomorphic. Let x be any point of lim M(X). From (3.6) it follows that the collection {m_a(x) : a ∈ A} is a point of lim M(X). This means that the collection {m_a : a ∈ A} induces a continuous mapping m : lim X → lim M(X) which assigns to the point x the point m(x) = {m_a(x) : a ∈ A} ∈ lim M(X). If x and y are distinct points of lim X, then there exists an a ∈ A such that p_a(x) ≠ p_a(y). It is clear that m_a(x) ≠ m_a(y). This means that the mapping m is 1–1. Similarly one can prove that m is a surjection. Hence m is a homeomorphism.

(2) Obvious.

(3) It suffices to prove the continuity of M(X). Let X = {X_a, p_{ab}, A} be continuous. Let a_1 ⩽ a_2 ⩽ · · · ⩽ a_α · · · , α < τ, be a transfinite sequence in A. We have a transfinite well-ordered inverse system {X_{aα} , p_{aαaβ} , α < τ} whose limit space is X_{aτ} ∈ X. We have also a well-ordered inverse system {M_{aα} , m_{aαaβ} , α < τ}. We must to prove that the inverse system {M_{aα} , m_{aαaβ} , α < τ} has the limit homeomorphic to M_{aτ} and that the homeomorphism is induced by the mappings m_{aαaτ} . Let Y be the limit of {M_{aα} , m_{aαaβ} , α < τ} and let n_{aα} : Y → M_{aα} be the natural projection, α < τ. For each point x ∈ M_{aτ} the collection {m_{aαaτ} (x) : α < τ} is a thread in {M_{aα} , m_{aαaβ} , α < τ}. Define H(x) = (m_{aαaτ} (x) : α < τ) ∈ Y . We have a continuous mapping H : M_{aτ} → Y indeced by mappings m_{aαaτ} such that Hm_{aαaτ} = n_{aα} , α < τ. Let us prove that H is a homeomorphism. It suffices to prove that H is onto and 1–1. If y ∈ Y , then y_{aα} = n_{aα} (y) and m_{aαaβ} (y_{aβ} ) = y_{aα} . Every m^{−1}_{aαaτ} (y_{aα} ) is nonempty and m^{−1}_{aαaτ} (y_{aα} ) ⊃ m^{−1}_{aβ aτ} (y_{aβ} ), α < β < τ, since m_{aαaτ} = m_{aαaβ} m_{aβ aτ} . We infer that ⋂ {m^{−1}_{aαaτ} (y_{aα} ) : α < τ} is nonempty subset of M_{aτ} . For each point x ∈ ⋂ {m^{−1}_{aαaτ} (y_{aα} ) : α < τ} we have H(x) = y. Thus, H is onto. Finally, let us prove that H is 1–1. Let x, y be a pair of distinct point of M_{aτ} . We consider two cases. First, let ℓ_{aτ} (x) ≠ ℓ_{aτ} (y). This means that there exists an α < τ such that p_{aαaτ} (ℓ_{aτ} (x)) ≠ p_{aαaτ} (ℓ_{aτ} (y)) since X_{aτ} is the limit of the system {X_{aα} , p_{aαaβ} , α < τ}. From (3.5) it follows that ℓ_{aα} m_{aαaτ} (x) = p_{aαaτ} (ℓ_{aτ} (x)) and ℓ_{aα} m_{aαaτ} (y) = p_{aαaτ} (ℓ_{aτ} (y)). Thus, ℓ_{aα} m_{aαaτ} (x) ≠ ℓ_{aα} m_{aαaτ} (y). It is clear that m_{aαaτ} (x) ≠ m_{aαaτ} (y). Because of the definition of H it follows that H(x) ≠ H(y). Consider the case ℓ_{aτ} (x) = ℓ_{aτ} (y). Set z = ℓ_{aτ} (x) = ℓ_{aτ} (y). From x ≠ y it follows that there exists two different components C, D of p^{−1}_{aτ} (z) such that m_{aτ} (C) = x and m_{aτ} (D) = y. For every α < τ we have the point z_{aα} = p_{aαaτ} (z) such that ⋂ {p^{−1}_{aαaτ} (z_{aα} ) : α < τ} = z since X_{aτ} is the limit of the system {X_{aα} , p_{aαaβ} , α < τ}.

It follows that ⋂ {p^{−1}_{aτ} p^{−1}_{aαaτ} (z_{aα} ) : α < τ} = p^{−1}_{aτ} (z) or ⋂ {p^{−1}_{aα} (z_{aα} ) : α < τ} = p^{−1}_{aτ} (z). We infer that every component of p^{−1}_{aτ} (z) is contained in some component of p^{−1}_{aα} (z_{aα} ). If we suppose that for every α < τ there exists a component K_{aα} of p^{−1}_{aα} (z_{aα} ) which contains both C and D, then we have the continuum ⋂ {K_{aα} : α < τ} [6, Corollary 6.1.19] containing C and D. This is impossible since C and D are components. Hence, there exists an α < τ such that C and D are in the different components of p^{−1}_{aα} (z_{aα} ). We infer that m_{aα} (C) ≠ m_{aα} (D). From (3.6) it follows that m_{aαaτ} m_{aτ} (C) = m_{aα} (C) and m_{aαaτ} m_{aτ} (D) = m_{aα} (D). This means that m_{aαaτ} m_{aτ} (C) ≠ m_{aαaτ} m_{aτ} (D) or m_{aαaτ} (x) ≠ m_{aαaτ} (y) since m_{aτ} (C) = x and m_{aτ} (D) = y. From the definition of H it follows that H(x) ≠ H(y). The continuity is proved.

(4) If X is rim-metrizable, then apply Theorems 3.4 and 3.5. If X is locally connected, then apply [14, Theorem 1]. □

Theorem 3.8. Let X = {X_a, p_{ab}, A} be a σ-directed inverse system of compact spaces and surjective bonding mappings p_{ab}. If lim X is a locally connected space (rim-metrizable continuum), then there exists an a ∈ A such that the projection p_b is monotone, for every b ⩾ a.

Proof. Let M(X) = {M_a, m_{ab}, A} be the inverse system of compact metric space M_a and monotone bonding mappings m_{ab} (Theorem 3.7) whose limit is homeomorphic to lim X. From Theorem 3.5 it follows that there exists an a ∈ A such that for every b ⩾ a there exists a homeomorphism h_b : X_b → M_b such that h_bp_b = m_b, where m_b : lim M(X) → M_b is a projection. Clearly, m_b is monotone. Hence, p_b is monotone since h_bp_b = m_b and h_b : X_b → M_b is a homeomorphism. □

References

[1] G. Acosta, Continua with unique hyperspace, Proceedings of the Continuum Theory Seesion (honoring S. B. Nadler, Jr.) of the Fourth Joint Meeting of AMS-SMM, Denton, TX, May 19–22, 1999, M. Dekker, New York and Basel, 2001 (to appear).

[2] G. Acosta, On smooth fans and unique hyperspace, (preprint). [3] G. Acosta, Continua with almost unique hyperspace, (preprint). [4] J. J. Charatonik, On fans, Dissertationes Mathematicae 54, Warszawa 1967. [5] J. J. Charatonik and C. Eberhart, On smooth dendroids, Fund. Math. 67 (1970), 297–322. [6] R. Engelking, General Topology, PWN, Warszawa, 1977.

[7] C. Eberhart and S. B. Nadler, Jr., Hyperspaces of cones and fans, Proc. Amer. Math. Soc.

77 (1979), 279–288.

[8] H. Hosokawa, Induced mappings between hyperspaces, II, Bull. Tokyo Gakugei Univ. 44 (1992), 1–7.

[9] A. Illanes and S. B. Nadler, Jr., Hyperspaces: Fundamentals and Recent Advances, Marcel Dekker, New York and Basel, 1999.

[10] J. L. Kelley, General Topology, Van Nostrand, New York, 1955.

[11] Y. Kodama, S. Spiez and T. Watanabe, On shape of hyperspaces, Fund. Math. 100 (1979), 59–67.

[12] I. Lončar, A note on hereditarily locally connected continua, Zbornik radova Fakulteta organizacije i informatike Varaždin 22 (1998), 29–40.

[13] S. Macias, On C-determined continua, Glasnik Mat. 32(52) (1997), 259–262. [14] S. Mardešić, Locally connected, ordered and chainable continua, Rad Jugoslav. Akad. Znan.

Umjet. Odjel Mat. Fiz. Tehn. Nauke 319 (1961), 147–166.

[15] E. Michael, Topologies on spaces of subsets, Trans. Amer. Math. Soc. 7 (1951), 152–182. [16] S. B. Nadler, Hyperspaces of Sets, Marcel Dekker, New York, 1978.

[17] S. B. Nadler, Multicoherence techniques applied to inverse limits, Trans. Amer. Math. Soc.

157 (1971), 227–234.

[18] V. E. Šćepin, Funktory i nesčetnye stepeni kompaktov, Uspehi matematičeskih nauk 36 (1981), 3–62.

[19] L. B. Treybig, Arcwise connectivity in continuous images of ordered compacta, Glasnik matematički 21(41) (1986), 201–211.

[20] H. M. Tuncali, Concerning continuous images of rim-metrizable continua, Proc. Amer. Math.

Soc. 113 (1991), 461–470.

Faculty of Organizations and Informatics (Received 23 01 2001) Varaždin (Revised 22 04 2003) Croatia

ivan.loncar1@vz.tel.hr