PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE Nouvelle série, tome 73(87) (2003), 129–137

HYERS–ULAM STABILITY OF A GENERAL QUADRATIC FUNCTIONAL EQUATION

Hark-Mahn Kim

Communicated by Stevan Pilipović

Abstract. We obtain a general solution and solve the Hyers–Ulam stability problem for the general quadratic functional equation f(x + y + z) + f(x − y) + f(x − z) = f(x − y − z) + f(x + y) + f(x + z).

1. Introduction

In 1940, Ulam [16] asked a question concerning the stability of group homomorphisms:

Let G_1 be a group and G_2 a metric group with the metric d(·, ·). Given ϵ > 0, does there exist a δ > 0 such that if a function h : G_1 → G_2 satisfies the inequality d(h(xy), h(x)h(y)) < δ for all x, y ∈ G_1, then there exists a homomorphism H : G_1 → G_2 with d(h(x), H(x)) < ϵ for all x ∈ G_1?

In other words, we are looking for situations when the homomorphisms are stable, i.e., if a mapping is almost a homomorphism, then there exists a true homomorphism near it.

It is easy to see that the quadratic function f(x) = cx^2 is a solution of each of the following functional equations: f(x + y) + f(x − y) = 2f(x) + 2f(y), (1.1)

f(x + y + z) + f(x) + f(y) + f(z) = f(x + y) + f(y + z) + f(z + x),

(1.2)

So, it is natural that each equation is called a quadratic functional equation. In particular, every solution of the quadratic equation (1.1) is said to be a quadratic function. It is well known that a function f between real vector spaces is quadratic if and only if there exists a unique symmetric biadditive function B such that f(x) = B(x, x) for all x (see [1], [11]). The functional equation (1.2) was solved by Pl. Kannappan. In fact, he proved that a functional on a real vector space is

2000 Mathematics Subject Classification. 39B22, 39B52, 39B72. Key words and phrases. Hyers–Ulam stability; quadratic functional equation. This work was supported by grant No. R01-2000-000-00005-0(2003) from the KOSEF. 129

a solution of the equation (1.2) if and only if there exist a symmetric biadditive function B and an additive function A such that f(x) = B(x, x) + A(x) for any x (see [11]).

A Hyers–Ulam stability theorem for the quadratic functional equation (1.1) was proved by Skof for the functions f : E_1 → E_2, where E_1 is a normed space and E_2 a Banach space (see [15]). In [3], Czerwik proved the Hyers–Ulam–Rassias stability of the quadratic functional equation (1.1). Grabiec [6] generalized the results above. Jun and Lee [9] proved the Hyers–Ulam–Rassias stability of the pexiderized quadratic equation (1.1). The stability problems of several functional equations have been extensively investigated by a number of authors [3, 8, 10, 13, 14].

Now we introduce the following quadratic functional equation, which is somewhat different from (1.1), (1.2),

(1.3) f(x + y + z) + f(x − y) + f(x − z) = f(x − y − z) + f(x + y) + f(x + z).

We will find out the general solution of the functional equation (1.3) and consider the stability problem of it in the sense of Hyers, Ulam, Rassias and Gǎvruta.

2. Main Results

In the following theorem, we find out the general solution of the functional equation (1.3).

Theorem 2.1. Let X and Y be real vector spaces. The function f : X → Y satisfies the functional equation (1.3) if and only if there exist a symmetric biadditive function B : X^2 → Y , an additive function A : X → Y and an element b ∈ Y such that f(x) = B(x, x) + A(x) + b for all x ∈ X.

Proof. We first assume that f is a solution of the functional equation (1.3). If we put g(x) = f(x) − f(0), then we get that g is also a solution of (1.3) and g(0) = 0. So we may assume, without loss of generality, that f is a solution of (1.3) and f(0) = 0. Let f_e(x) = (f(x) + f(−x))/2, f_o(x) = (f(x) − f(−x))/2 for all x ∈ X. Then f_e(0) = 0 = f_o(0), f_e is even and f_o is odd. Since f is a solution of (1.3), f_e and f_o also satisfy (1.3). Replacing z by −x and f by f_e in (1.3), we have

f_e(y) + f_e(x − y) + f_e(2x) = f_e(2x − y) + f_e(x + y).

Putting z = x and f by f_e in (1.3), we obtain

f_e(y) + f_e(x + y) + f_e(2x) = f_e(2x + y) + f_e(x − y).

Summing the above two relations, we get

f_e(2x + y) + f_e(2x − y) = 2f_e(2x) + 2f_e(y),

which shows that f_e(x) = B(x, x) for some symmetric biadditive function B : X^2 → Y . Replacing z by −x and f by f_o in (1.3), we have

f_o(y) + f_o(x − y) + f_o(2x) = f_o(2x − y) + f_o(x + y).

Putting z = x and f by f_o in (1.3), we obtain −f_o(y) + f_o(x + y) + f_o(2x) = f_o(2x + y) + f_o(x − y).

Summing the above two relations, we get f_o(2x + y) + f_o(2x − y) = 2f_o(2x), which implies that f_o is a Jensen function and thus f_o(x) = A(x) for some additive function A : X → Y . That is, f(x) = f_e(x) + f_o(x) = B(x, x) + A(x) for all x ∈ X.

Conversely, if there exist a symmetric biadditive function B : X^2 → Y , an additive function A : X → Y and an element b ∈ Y such that f(x) = B(x, x) + A(x) + b for all x ∈ X, we may easily check that f satisfies the equation (1.3). □

From now on, let X be a real vector space and Y a Banach space unless stated otherwise. Let ϕ : X^3 → R^+ , δ : X → R^+ be given functions and let the induced function Φ : X^2 → R^+ be defined by Φ(x, y) := ϕ(x/2, y, x/2) + ϕ(x/2, y, −x/2) + δ(y). In the following theorem, the Hyers–Ulam stability of (1.3) is proved under approximately even condition.

Theorem 2.2. Let ϕ : X^3 → R^+ be a function such that ∞∑ i=0 ϕ(2^ix, 2^iy, 2^iz)

4^i (_∞∑ i=1 4^iϕ ( x 2^i , y 2^i , z 2^i ) , respectively )

converges for all x, y, z ∈ X; let δ : X → R^+ be a function satisfying: ∞∑ i=0 δ(2^ix)

4^i (_∞∑ i=1 4^iδ ( x 2^i ))

converges for all x ∈ X. Suppose that a function f : X → Y satisfies ‖f(x + y + z) + f(x − y) + f(x − z) − f(x − y − z) − f(x + y) − f(x + z)‖ ⩽ ϕ(x, y, z), ‖f(x) − f(−x)‖ ⩽ δ(x) (2.1) for all x, y, z ∈ X − {0}. Then there exists a unique quadratic function Q : X → Y satisfying the equation (1.3) and the inequality ‖f(x) − f(0) − Q(x)‖ ⩽ 1 4 ∞∑ i=0 Φ(2^ix, 2^ix) 4^i

(2.2) ( ‖f(x) − f(0) − Q(x)‖ ⩽ 1 4 ∞∑ i=1 4^iΦ ( x 2^i , x 2^i ))

for all x ∈ X. The function Q is given by

(2.3) Q(x) = lim_{n→∞} f(2^nx)

4^n ( Q(x) = lim_{n→∞} 4^n[f(x/2^n) − f(0)] ) . Proof. Replacing x and z by x/2 in the first condition of (2.1), we get (2.4) ‖f(x + y) + f(x/2 − y) + f(0) − f(−y) − f(x/2 + y) − f(x)‖ ⩽ ϕ(x/2, y, x/2) for all x, y ∈ X − {0}. If we put x/2, −x/2 in (2.1) instead of x, z, respectively, we obtain (2.5) ‖f(y) + f(x/2 − y) + f(x) − f(x − y) − f(x/2 + y) − f(0)‖ ⩽ ϕ(x/2, y, −x/2) for all x, y ∈ X − {0}. By (2.4) and (2.5), we get the relation (2.6) ‖f(x+y)+f(x−y)+2f(0)−f(y)−f(−y)−2f(x)‖ ⩽ ϕ(x/2, y, x/2)+ϕ(x/2, y, −x/2) for all x, y ∈ X − {0}. It then follows from the second condition of (2.1) and (2.6) that the inequality

‖f(x + y) + f(x − y) + 2f(0) − 2f(x) − 2f(y)‖ ⩽ ‖f(x + y) + f(x − y) + 2f(0) − f(y) − f(−y) − 2f(x)‖ + ‖f(y) − f(−y)‖ ⩽ ϕ(x/2, y, x/2) + ϕ(x/2, y, −x/2) + δ(y) = Φ(x, y)

(2.7)

holds for all x, y ∈ X − {0}. We now define a function F : X → Y by F (x) = f(x) − f(0) for all x in X. Then from (2.7) we arrive at the following inequality ‖F (x + y) + F (x − y) − 2F (x) − 2F (y)‖ ⩽ Φ(x, y) for all x, y ∈ X. According to [6, Corollary 2], there exists a unique quadratic function Q : X → Y satisfying (2.2) and (2.3). To show that Q satisfies the equation (1.3), we replace x, y, and z by 2^nx, 2^ny and 2^nz, respectively, in (2.1) and divide by 4^n; then we get

4^{−n}‖f(2^n(x + y + z)) + f(2^n(x − y)) + f(2^n(x − z)) − f(2^n(x − y − z)) − f(2^n(x + y)) − f(2^n(x + z))‖ ⩽ 4^{−n}ϕ(2^nx, 2^ny, 2^nz).

Taking the limit as n → ∞, we find that Q satisfies (1.3) for all x, y, z ∈ X. This completes the proof of the theorem. □

From the main Theorem 2.2, we obtain the following corollary concerning the stability of the equation (1.3).

Corollary 2.1. Let X and Y be a real normed space and a Banach space, respectively, and let p, q (≠ 2) be real numbers. Let H : R^+ × R^+ × R^+ → R^+ be a function such that H(tu, tv, tw) ⩽ t^pH(u, v, w) for all t (≠ 0), u, v, w ∈ R^+ . And let E : R^+ → R^+ be a function satisfying E(tx) ⩽ t^qE(x) for all t (≠ 0), x ∈ R^+ . Suppose that a function f : X → Y satisfies ‖f(x + y + z) + f(x − y) + f(x − z) − f(x − y − z) − f(x + y) − f(x + z)‖ ⩽ H(‖x‖, ‖y‖, ‖z‖), ‖f(x) − f(−x)‖ ⩽ E(‖x‖) for all x, y, z ∈ X − {0}. Then there exists a unique quadratic function Q : X → Y satisfying the equation (1.3) and the inequality ‖f(x) − f(0) − Q(x)‖ ⩽ 2H(‖x‖/2, ‖x‖, ‖x‖/2) 4 − 2^p + E(‖x‖) 4 − 2^q if p, q < 2 ( ‖f(x) − f(0) − Q(x)‖ ⩽ 2H(‖x‖/2, ‖x‖, ‖x‖/2) 2^p − 4 + E(‖x‖) 2^q − 4 if p, q > 2 )

for all x ∈ X.

As a consequence of the above results, we have the following. Corollary 2.2. Let X and Y be a real normed space and a Banach space, respectively, and let ε, δ ⩾ 0, p, q (≠ 2) be real numbers. Suppose that a function f : X → Y satisfies ‖f(x + y + z) + f(x − y) + f(x − z) − f(x − y − z) − f(x + y) − f(x + z)‖ ⩽ ε(‖x‖^p + ‖y‖^p + ‖z‖^p), ‖f(x) − f(−x)‖ ⩽ δ‖x‖^q for all x, y, z ∈ X − {0}. Then there exists a unique quadratic function Q : X → Y which satisfies the equation (1.3) and the inequality ‖f(x) − f(0) − Q(x)‖ ⩽ 2ε(2 + 2^p) (4 − 2^p)2^p ‖x‖^p + δ‖x‖^q 4 − 2^q if p, q < 2 ( ‖f(x) − f(0) − Q(x)‖ ⩽ 2ε(2 + 2^p) (2^p − 4)2^p ‖x‖^p + δ‖x‖^q 2^q − 4 if p, q > 2 )

for all x ∈ X. The function Q is given by Q(x) = lim_{n→∞} f(2^nx)

4^n if p, q < 2 ( Q(x) = lim_{n→∞} 4^n[f(x/2^n) − f(0)] if p, q > 2 ) . Corollary 2.3. Let X and Y be a real normed space and a Banach space, respectively, and let ε, δ ⩾ 0 be real numbers. Suppose that a function f : X → Y satisfies ‖f(x + y + z) + f(x − y) + f(x − z) − f(x − y − z) − f(x + y) − f(x + z)‖ ⩽ ε, ‖f(x) − f(−x)‖ ⩽ δ for all x, y, z ∈ X − {0}. Then there exists a unique quadratic function Q : X → Y satisfying the equation (1.3) and the inequality ‖f(x) − f(0) − Q(x)‖ ⩽ 2ε + δ 2 for all x ∈ X.

In the following theorem, the Hyers–Ulam stability of (1.3) is proved under approximately odd condition.

Theorem 2.3. Let ϕ : X^3 → R^+ be a function such that: ∞∑ i=0 ϕ(2^ix, 2^iy, , 2^iz) 2^i (_∞∑ i=1 2^iϕ ( x 2^i , y 2^i , z 2^i ) , respectively )

converges for all x, y, z ∈ X, and let δ : X → R^+ be a function satisfying: ∞∑ i=0 δ(2^ix) 2^i (_∞∑ i=1 2^iδ ( x 2^i ))

converges for all x ∈ X. Suppose that a function f : X → Y satisfies ‖f(x + y + z) + f(x − y) + f(x − z) − f(x − y − z) − f(x + y) − f(x + z)‖ ⩽ ϕ(x, y, z), ‖f(x) + f(−x) − 2f(0)‖ ⩽ δ(x) (2.8) for all x, y, z ∈ X. Then there exists a unique additive function A : X → Y which satisfies the equation (1.3) and the inequality ‖f(x) − f(0) − A(x)‖ ⩽ 1 2 ∞∑ i=0 Φ(2^ix, 2^ix) 2^i

(2.9) ( ‖f(x) − f(0) − A(x)‖ ⩽ 1 2 ∞∑ i=1 2^iΦ ( x 2^i , x 2^i ))

for all x ∈ X. The function A is given by

(2.10) A(x) = lim_{n→∞} f(2^nx)

2^n ( A(x) = lim_{n→∞} 2^n[f(x/2^n) − f(0)] )

Proof. We now define a function F : X → Y by F (x) = f(x) − f(0) for all x in X. Replacing x and z by x/2 in the first condition of (2.3), we get (2.11) ‖F (x + y) + F (x/2 − y) − F (−y) − F (x/2 + y) − F (x)‖ ⩽ ϕ(x/2, y, x/2) for all x, y ∈ X. If we put x/2, −x/2 in (2.3) instead of x, z, respectively, we obtain (2.12) ‖F (y) + F (x/2 − y) + F (x) − F (x − y) − F (x/2 + y)‖ ⩽ ϕ(x/2, y, −x/2) for all x, y ∈ X. By (2.11) and (2.12), we get the relation (2.13) ‖F (x + y) + F (x − y) − F (y) − F (−y) − 2F (x)‖ ⩽ ϕ(x/2, y, x/2) + ϕ(x/2, y, −x/2) for all x, y ∈ X. It then follows from the second condition of (2.3) and (2.13) that the inequality ‖F (x + y) + F (x − y) − 2F (x)‖ ⩽ ‖F (x + y) + F (x − y) − F (y) − F (−y) − 2F (x)‖ + ‖F (y) + F (−y)‖ ⩽ ϕ(x/2, y, x/2) + ϕ(x/2, y, −x/2) + δ(y) = Φ(x, y) (2.14)

holds for all x, y ∈ X. The relation (2.14) for y = x yields ‖F (2x) − 2F (x)‖ ⩽ Φ(x, x), which implies ‖2^{−1}F (2x) − F (x)‖ ⩽ 2^{−1}Φ(x, x).

Applying an induction argument to n, we obtain that ‖2^{−n}F (2^nx) − F (x)‖ ⩽ 1 2 n−1∑ i=0 Φ(2^ix, 2^ix)

2^i ⩽ 1 2 ∞∑ i=0 Φ(2^ix, 2^ix) 2^i

(2.15) ( ‖2^nF ( x 2^n ) − F (x)‖ ⩽ 1 2 n∑ i=1 2^iΦ ( x 2^i , x 2^i ) ⩽ 1 2 ∞∑ i=1 2^iΦ ( x 2^i , x 2^i ))

for any positive integer n. We have the corresponding inequality in (2.15) under the condition expressed by parentheses in the theorem. Thus by the same way as that of Theorem [5] there exists a unique additive function A : X → Y , defined by A(x) = lim_{n→∞} F (2^nx) 2^n ( A(x) = lim_{n→∞} 2^nF (x/2^n) )

for all x ∈ X, satisfying (2.9) and (2.10). □

From the main Theorem 2.3, we obtain the following corollary concerning the stability of the equation (1.3).

Corollary 2.4. Let X and Y be a real normed space and a Banach space, respectively, and let p, q (≠ 1) be real numbers. Let H : R^+ × R^+ × R^+ → R^+ be a function such that H(tu, tv, tw) ⩽ t^pH(u, v, w) for all t(≠ 0), u, v, w ∈ R^+ . And let O : R^+ → R^+ be a function satisfying O(tx) ⩽ t^q O(x) for all t(≠ 0), x ∈ R^+ . Suppose that a function f : X → Y satisfies ‖f(x + y + z) + f(x − y) + f(x − z) − f(x − y − z) − f(x + y) − f(x + z)‖ ⩽ H(‖x‖, ‖y‖, ‖z‖), ‖f(x) + f(−x) − 2f(0)‖ ⩽ O(‖x‖) for all x, y, z ∈ X. Then there exists a unique additive function A : X → Y satisfying the equation (1.3) and the inequality ‖f(x) − f(0) − A(x)‖ ⩽ 2H(‖x‖/2, ‖x‖, ‖x‖/2) 2 − 2^p + O(‖x‖) 2 − 2^q if p, q < 1 ( ‖f(x) − f(0) − A(x)‖ ⩽ 2H(‖x‖/2, ‖x‖, ‖x‖/2) 2^p − 2 + O(‖x‖) 2^q − 2 if p, q > 1 )

for all x ∈ X.

As a consequence of the above results, we have the following. Corollary 2.5. Let X and Y be a real normed space and a Banach space, respectively, and let ε, δ ⩾ 0, p, q (≠ 1) be real numbers. Suppose that a function f : X → Y satisfies ‖f(x + y + z) + f(x − y) + f(x − z) − f(x − y − z) − f(x + y) − f(x + z)‖ ⩽ ε(‖x‖^p + ‖y‖^p + ‖z‖^p), ‖f(x) + f(−x) − 2f(0)‖ ⩽ δ‖x‖^q for all x, y, z ∈ X. Then there exists a unique additive function A : X → Y satisfying the equation (1.3) and the inequality ‖f(x) − f(0) − A(x)‖ ⩽ 2ε(2 + 2^p) (2 − 2^p)2^p ‖x‖^p + δ‖x‖^q 2 − 2^q if p, q < 1 ( ‖f(x) − f(0) − A(x)‖ ⩽ 2ε(2 + 2^p) (2^p − 2)2^p ‖x‖^p + δ‖x‖^q 2^q − 2 if p, q > 1 )

for all x ∈ X. The function A is given by A(x) = lim_{n→∞} f(2^nx) 2^n if p, q < 1 ( A(x) = lim_{n→∞} 2^n[f(x/2^n) − f(0)] if p, q > 1 ) . Corollary 2.6. Let X and Y be a real normed space and a Banach space, respectively, and let ε, δ ⩾ 0 be real numbers. Suppose that the function f : X → Y satisfies ‖f(x + y + z) + f(x − y) + f(x − z) − f(x − y − z) − f(x + y) − f(x + z)‖ ⩽ ε, ‖f(x) + f(−x) − 2f(0)‖ ⩽ δ for all x, y, z ∈ X. Then there exists a unique additive function A : X → Y satisfying the equation (1.3) and the inequality ‖f(x) − f(0) − A(x)‖ ⩽ 2ε + δ for all x ∈ X.

References

[1] J. Aczél and J. Dhombres, Functional Equations in Several Variables, Cambridge Univ. Press, 1989.

[2] P. W. Cholewa, Remarks on the stability of functional equations, Aequationes Math. 27 (1984), 76–86.

[3] S. Czerwik, On the stability of the quadratic mapping in normed spaces, Abh. Math. Sem.

Univ. Hamburg 62 (1992), 59–64.

[4] H. Drljević, On a functional which is quadratic on A-orthogonal vectors, Publ. Inst. Math.

(Beograd) (N.S.) 40 (1986), 63–71.

[5] P. Gǎvruta, A generalization of the Hyers–Ulam–Rassias Stability of approximately additive mappings, J. Math. Anal. Appl. 184 (1994), 431–436.

[6] A. Grabiec, The generalized Hyers–Ulam stability of a class of functional equations, Publ.

Math. Debrecen 48 (1996), 217–235.

[7] D. H. Hyers, On the stability of the linear functional equation, Proc. Natl. Acad. Sci. 27(1941), 222–224.

[8] D. H. Hyers and Th. M. Rassias, Approximate homomorphisms, Aequationes Math. 44 (1992), 125–153.

[9] K. W. Jun and Y. H. Lee, On the Hyers–Ulam–Rassias stability of a pexiderized quadratic inequality, Math. Ineq. Appl. 4(1) (2001), 93–118.

[10] S. M. Jung, On the Hyers–Ulam stability of the functional equations that have the quadratic property, J. Math. Anal. Appl. 222 (1998), 126–137.

[11] Pl. Kannappan, Quadratic functional equation and inner product spaces, Results Math. 27 (1995), 368–372.

[12] S. Kurepa, On the definition of a quadratic norm, Publ. Inst. Math. (Beograd) (N.S.) 42 (1987), 35–41.

[13] Th. M. Rassias, On the stability of the linear mapping in Banach spaces, Proc. Amer. Math.

Soc. 72 (1978), 297–300.

[14] , On the stability of functional equations in Banach spaces, J. Math. Anal. Appl. 251 (2000), 264–284.

[15] F. Skof, Proprietà locali e approssimazione di operatori, Rend. Sem. Mat. Fis. Milano 53 (1983), 113–129.

[16] S. M. Ulam, Problems in Modern Mathematics, Chap. VI, Science ed. Wiley, New York, 1964.

Department of Mathematics (Received 11 03 2002) Chungnam National University Daejeon 305-764 Korea

hmkim@@math.cnu.ac.kr