PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE Nouvelle série, tome 76(90) (2004), 73–79

REMARKS ON THE LINDELÖF HYPOTHESIS

Yuichi Kamiya

Communicated by Aleksandar Ivić

Abstract. We give two remarks on the Lindelöf hypothesis. The first remark is that the Lindelöf hypothesis can be reformulated in the setting of functional analysis. As the second remark we give an estimate for a function related to the Riemann zeta-function under the Lindelöf hypothesis.

1. Introduction

The purpose of this paper is to give two remarks on the Lindelöf hypothesis. The first remark is that the Lindelöf hypothesis can be reformulated in the setting of functional analysis. As the second remark we give an estimate for a function related to the Riemann zeta-function under the Lindelöf hypothesis.

We write the complex variable s as s = σ + it, where σ and t are real, and denote the Riemann zeta-function by ζ(s). The function ζ(s) is holomorphic for all s except s = 1, where there is a simple pole, and is expressed by the Dirichlet series

ζ(s) = ∞� n=1 1 n^s

for σ > 1. The Lindelöf hypothesis is that ζ(^1_2 + it) = O(|t|^ε) for every positive ε.

For σ > 1, let us consider the operator φ_ζ from L^1 to C defined by

(1) φ_ζ (f) = ∞� n=1 1 n^σ

^f(log n), f ∈ L^1,

where ^f means the Fourier transform of f. φ_ζ is obviously a bounded linear functional on L^1. We can identify this functional as the Riemann zeta-function in the following sense. It is well-known that the space L^∞, the set of essentially bounded

2000 Mathematics Subject Classification: 11M06, 47B48.

Key words and phrases: the Riemann zeta-function, Lindelöf hypothesis, Banach algebra, functional. 73

measurable functions on R, is identical to (L^1)^∗, the dual space of L^1, in the sense of mapping Φ ∈ L^∞ → φ ∈ (L^1)^∗ defined by

φ(f) =

�_∞ −∞ Φ(t)f(t) dt, f ∈ L^1.

Hence, since the t-variable function ζ(σ + it), σ > 1, belongs to L^∞, the Riemann zeta-function is identified as the functional

φ(f) =

�_∞ −∞ ζ(σ + it)f(t) dt, f ∈ L^1,

and the right-hand side is equal to φ_ζ (f) defined by (1).

We want to consider the t-variable function ζ(σ + it), σ < 1, as a bounded linear functional on some space which has a form similar to (1). Since the t-variable function ζ(σ + it), σ < 1, is not bounded on R (see Theorem 8.12. of [5]), we need to consider a larger space than L^∞ to treat this case, that is, consider a space of bounded linear functionals on a subspace contained in L^1.

In Helson [4] he has generalized the concept of Dirichlet series in terms of a Banach algebra A, which is a dense subalgebra of L^1 satisfying some axioms, and its dual A^∗ (for more details, see the original paper [4]). He called that φ ∈ A^∗ has the Dirichlet series

�_∞ n=1 a_n/n^{it} (a_n ∈ C), if

φ(f) = � a_n ^f(log n)

for every f in A_0, where A_0 is the set of all f in A whose Fourier transform ^f is compactly supported.

We want to regard ζ(s) as a Dirichlet series in the sense of Helson with respect to a Banach algebra; however, there is a difficulty because of the existence of a simple pole at s = 1. Hence, instead of ζ(s), we treat the function ζ_1(s) defined by ζ_1(s) = (1 − 2^{1−s})ζ(s), which is holomorphic for all s. It is easy to see that ζ_1(s) has the expression

(2) ζ_1(s) = ∞� n=1 (−1)^{n+1}

n^s

for σ > 0. The Lindelöf hypothesis is equivalent that ζ_1(1/2 + it) = O(|t|^ε).

We regard ζ_1(s) as a Dirichlet series with respect to the following Banach algebra introduced by Beurling [1]. For a non-negative real number α, define the weight function ρ_α by ρ_α(t) = (1 + |t|)^α. Let L^1_{ρα} be the space of measurable functions f on R for which the norm defined by

‖f‖_{ρα} =

�_∞ −∞ |f(t)|ρ_α(t) dt

is finite. It is known that L^1_{ρα} is a Banach algebra under addition and convolution which is dense in L^1. Moreover, it is known that L^1_{ρα} satisfies the conditions of the axioms in [4] (see Lemma in [4, p. 68]).

We will prove the following reformulation of the Lindelöf hypothesis.

Theorem 1. A necessary and sufficient condition for the Lindelöf hypothesis is that, for any positive integer k, there exists a functional φ_k belonging to (L^1_{ρ1/k} )^∗ such that φ_k has the Dirichlet series

�_∞ n=1(−1)^{n+1}/n^{1/2+it}.

In the last section we will consider to approximate the function ζ_1(s) by trigonometric polynomials in the norm of L^∞_{ρ1/k} under the Lindelöf hypothesis.

I would like to express my sincere gratitude to Professor Kohji Matsumoto for his advice and encouragement.

2. Preliminaries First of all, we recall the definition of Fourier transform ^f of f in L^1:

^f(λ) =

�_∞ −∞ f(t)e^{−iλt}dt,

where λ is real. Next, we mention some properties for L^1_{ρα} . Let L^∞_{ρα} be the space of measurable functions Φ on R for which the norm defined by

‖Φ‖_{ρα,∞} = ess sup_{t∈R}

|Φ(t)| ρ_α(t) is finite. Then the following result can be shown in a standard way.

Lemma 2.1. The space L^∞_{ρα} is the dual of L^1_{ρα} in the sense that each bounded linear functional φ on L^1_{ρα} has the form

φ(f) =

�_∞ −∞ Φ(t)f(t) dt, f ∈ L^1_{ρα} ,

where Φ is an element of L^∞_{ρα} , determined uniquely by φ, and sup 0≠f∈L^1_{ρα}

|φ(f)| ‖f‖_{ρα}

= ‖Φ‖_{ρα,∞}.

Let (L^1_{ρα} )_0 be the set of all f in L^1_{ρα} whose Fourier transform ^f is compactly supported. It is known that, for any real λ_0 and any positive ε, there exists an f in (L^1_{ρα} )_0 such that ^f(λ_0) ≠ 0 and ^f(λ) = 0 for all λ /∈ (λ_0 − ε, λ_0 + ε). It is also known that (L^1_{ρα} )_0 is dense in L^1_{ρα} . For the proof of these facts, see Lemmas 4 and 5 of Wermer [6] (see also Lemma in [4, p. 68]). The following result has been obtained in [4], but I present the proof here for the convenience of readers.

Lemma 2.2. Let φ ∈ (L^1_{ρα} )^∗ has the Dirichlet series

�_∞ n=1 a_n/n^{it} and ψ ∈ (L^1_{ρα} )^∗ has the Dirichlet series

�_∞

n=1 b_n/n^{it}. Then φ = ψ if and only if a_n = b_n for all n.

Proof. Let us define the operator T_φ from L^1_{ρα} to C by

T_φ(f) = � a_n ^f(log n) whose domain is (L^1_{ρα} )_0. Noting that T_φ(f) = φ(f) for every f in (L^1_{ρα} )_0, we see that T_φ is linear and bounded. Since the domain (L^1_{ρα} )_0 is dense in L^1_{ρα} , T_φ is uniquely extended to a bounded linear operator on L^1_{ρα} , and this equals to φ.

Suppose a_n = b_n for all n. Then T_φ = T_ψ, and hence we have φ = ψ. Suppose φ = ψ. Then it follows that, for all f in (L^1_{ρα} )_0, � a_n ^f(log n) = � b_n ^f(log n).

For any n, choose an f in (L^1_{ρα} )_0 such that ^f(log n) ≠ 0 and ^f(log m) = 0 for all m ≠ n. Then we have a_n = b_n. □

3. A sufficient condition for the Lindelöf hypothesis

In this section we prove that the condition stated in Theorem 1 is sufficient for the Lindelöf hypothesis.

Let us assume that, for any positive integer k, there exists a functional φ_k belonging to (L^1_{ρ1/k} )^∗ such that φ_k has the Dirichlet series

�_∞

n=1(−1)^{n+1}/n^{1/2+it}, that is φ_k(f) =

� (−1)n+1

n^{1/2}

^f(log n)

for every f in (L^1_{ρ1/k} )_0. By Lemma 2.1, the left-hand side is uniquely expressed in the following form:

φ_k(f) =

�_∞ −∞ Z_k(t)f(t) dt, f ∈ L^1_{ρ1/k} ,

where Z_k is in L^∞_{ρ1/k} . We expect that Z_k(t) is equal to ζ_1(1/2 + it). In fact, the equality Z_k(t) = ζ_1(1/2+it) derives the statement that ζ_1(1/2+it) belongs to L^∞_{ρ1/k} and, consequently, the truth of the Lindelöf hypothesis. Thus, we shall concentrate on the proof of the equality Z_k(t) = ζ_1(1/2 + it) in the later part of this section.

Let N be a positive integer. Applying the partial summation formula to the expression (2), we get

ζ_1 � 1 2 + it � = N� n=1 (−1)^{n+1} n^{1/2+it} + � 1 2 + it

� � ∞ N � N<n⩽u

(−1)^{n+1} · u^{−3/2−it}du,

and hence (3) � � �ζ^1 � 1 2 + it � − N� n=1 (−1)^{n+1} n^{1/2+it} � � � � C^1

1 + |t| N^{1/2} , where C_1 is an absolute constant. From (3) it follows that ‖ζ_1(1/2 + it)‖_{ρ1,∞} < ∞. Hence we can define the bounded linear functional ψ on L^1_{ρ1} by

ψ(f) =

�_∞ −∞ ζ_1 � 1 2 + it � f(t) dt, f ∈ L^1_{ρ1} .

Lemma 3.1. ψ ∈ (L^1_{ρ1} )^∗ has the Dirichlet series^∞ � n=1 (−1)^{n+1} n^{1/2+it} .

This lemma can be easily proved by (3) and the Lebesgue convergence theorem. It is obvious that ‖f‖_{ρ1/k} � ‖f‖_{ρ1} for f in L^1_{ρ1} , and hence L^1_{ρ1} ⊂ L^1_{ρ1/k} . Let ψ_k be the restriction to L^1_{ρ1} of φ_k. Let us denote the norm of φ_k by M. Then we have |ψ_k(f)| � M‖f‖_{ρ1} , and hence ψ_k belongs to (L^1_{ρ1} )^∗. From the assumption that φ_k has the Dirichlet series

�_∞

n=1(−1)^{n+1}/n^{1/2+it} and the inclusion (L^1_{ρ1} )_0 ⊂ (L^1_{ρ1/k} )_0, it follows that ψ_k ∈ (L^1_{ρ1} )^∗ has the Dirichlet series of the same form. Hence, by Lemmas 2.2 and 3.1, we see that ψ_k equals to ψ, and hence Z_k(t) = ζ_1(1/2 + it) by Lemma 2.1. This completes the proof.

4. A necessary condition for the Lindelöf hypothesis In this section we prove that the condition stated in Theorem 1 is necessary for the Lindelöf hypothesis. I learned the following simple argument from Professor Shigeki Egami. I would like to express my thanks to Prof. Egami for telling me the argument.

Let us assume the Lindelöf hypothesis. Then, for every positive integer k, we can define the functional φ_k on L^1_{ρ1/k} by

(4) φ_k(f) =

�_∞ −∞ ζ_1 � 1 2 + it � f(t) dt, f ∈ L^1_{ρ1/k} .

From the assumption it follows that ζ_1(s) = O � |t|^{1/(2k)} � for σ � 1/2. By the functional equation of ζ(s), we see that, for σ < 0, ζ_1(s) is a function of polynomial order of |t| and, by the Phragmén–Lindelöf principle, there exists a positive constant c such that (5) ζ_1(s) = O � |t|^{1/k} � holds for s with σ � 1/2 − c/k. By Cauchy’s formula, we have

ζ^′_1(s) = 1 2πi � |w−s|=c/(2k)

ζ_1(w) (w − s)^2 dw. Hence we have by (5)

(6) ζ^′_1(s) ≪ max_{|w−s|=c/(2k)} |ζ_1(w)| ≪ � 1 + |t|

�_{1/k}

for s with σ � 1 2 − c 2k . It is obvious that, for Re w > 1, (7) �_∞ −∞ ζ_1(w + it)f(t) dt =

� (−1)n+1

n^w

^f(log n)

holds for every f in (L^1_{ρ1/k} )_0. The right-hand side of (7) is holomorphic for all w, because ^f has compact support. The left-hand side of (7) is holomorphic for w with Re w � 1/2 by (6) and the integral condition of f. Hence (7) is valid for w with Re w � 1/2. Therefore the functional φ_k ∈ (L^1_{ρ1/k} )^∗ defined by (4) has the Dirichlet series � (−1)^{n+1}/n^{1/2+it}. This completes the proof.

5. An approximation for ζ_1(s) In the previous section we have seen under the Lindelöf hypothesis that, for any positive integer k and any σ with 1/2 � σ � 1, there exists a functional φ_{k,σ} on L^1_{ρ1/k} which has the Dirichlet series � (−1)^{n+1}/n^{σ+it}. By Theorem 2 of Helson [4] the set of functionals on L^1_{ρ1/k} which have the Dirichlet series

�_∞ n=1 a_ne^{−i(log n)t}, a_n ∈ C, is identical to the weak* closure of span of {ψ_n}^∞_{n=1} in (L^1_{ρ1/k} )^∗, where ψ_n is defined by ψ_n(f) = ^f(log n), f ∈ L^1_{ρ1/k} . Hence φ_{k,σ} is in the weak* closure of span of {ψ_n}^∞_{n=1} in (L^1_{ρ1/k} )^∗. The main result of Helson [4] (Theorem 5 of [4]) which is proved by means of functional analysis is applicable to say that, for σ > 1/2, φ_{k,σ} actually belongs to the norm closure of span of {ψ_n}^∞_{n=1}. In this final section we remark that this fact is also derived by a function theoretic method.

It has been proved in Hardy and Littlewood [3] that a necessary and sufficient condition for the Lindelöf hypothesis is that (8) 1 T �_T 1 � ζ(σ + it)

�_{2k}

dt ∼ ∞� n=1 d_k(n)^2 n^{2σ}

, T → ∞

holds for every positive integer k and every σ with σ > 1/2, where d_k(n) denotes the number of expressing n as a product of k factors. We prove the following by using this fact and modifying the method in Carlson [2].

Theorem 2. Let us assume the Lindelöf hypothesis. Fix a b with b > 1/2, and let s be in the half plane σ > b. Then, for any positive ε, we have � �ζ_1(s) − N� n=1 (−1)^{n+1} n^s � 1 − � n N �_{2(σ−b)}� � ≪ � 1 + |t|

�_ε

N^{σ−b} . Proof. Put δ = σ − b. The following equality is a special case of that in (7) of [2]:

ζ_1(s) − N� n=1 (−1)^{n+1} n^s � 1 − � n N �_{2δ}� = − δ πi �_{b+i∞}

b−i∞

ζ_1(w)N^{w−s} (w − s)(w − s + 2δ) dw. Replacing w by b + i(v + t) on the right-hand side of the above, we have

ζ_1(s) − N� n=1 (−1)^{n+1} n^s � 1 − � n N �_{2δ}� = δ πN^δ

�_∞ −∞ ζ_1(b + i(v + t))N^{iv} δ^2 + v^2 dv = δ πN^δ

(I_1 + I_2),

where I_1 means the quantity integrated over the interval (−1 − 2|t| − t, 1 + 2|t| − t) and I_2 means the quantity integrated outside that interval.

To estimate I_2 we use the inequality

(9) |ζ(b + it)| � C_2 (|t|/2)^{1/4} for |t| � 1, where C_2 is a constant depending only on b. This is well-known as a consequence of the functional equation for ζ(s) and the Phragmén-Lindelöf principle. From (9) it follows that

|I_2| < 3C_2

�_{−1−2|t|−t} −∞ + �_∞

1+2|t|−t � (|v + t|/2)^{1/4} δ^2 + v^2 dv. For v with v � −1 − 2|t| − t or v � 1 + 2|t| − t the inequality |v| > |t| holds, and hence |v + t|/2 < |v|. Therefore we have

|I_2| < 3C_2

�_∞

1+2|t|+t + �_∞

1+2|t|−t � v^{1/4} δ^2 + v^2 dv < 6C_2

�_∞

1+|t|

v^{−7/4}dv

(10) = 8C_2 (1 + |t|)^{3/4} . Next, we estimate I_1 by using (8). From (8) it follows that

(11) sup_{T ⩾1} � 1 2T �_T −T � ζ_1(b + it)

�_{2k} dx �_{1/(2k)}

< ∞.

By using Hölder’s inequality and (11), we have

|I_1| �

�_{1+2|t|−t}

−1−2|t|−t dv δ^2 + v^2

�_{1−1/(2k)}�_{1+2|t|−t}

−1−2|t|−t

|ζ_1(b + i(v + t))|^{2k} δ^2 + v^2 dv �_{1/(2k)} (12)

< δ^{−1/k}

�_∞ −∞ dv δ^2 + v^2

�_{1−1/(2k)}�_{1+2|t|}

−1−2|t|

|ζ_1(b + iv)|^{2k}dv

�_{1/(2k)}

� C_3(1 + |t|)^{1/(2k)}, where C_3 is a positive constant depending only on k, b, and σ.

Therefore, by (10) and (12), we obtain the inequality in the statement of this theorem. □

References

[1] A. Beurling, Sur les intégrales de Fourier absolument convergentes et leur application à une transformation fonctionnelle, Ninth Scandinavian Mathematical Congress, 345–366, 1938.

[2] F. Carlson, Contributions à la théorie des séries de Dirichlet. I, Ark. Mat. Ast. Fys. 16 (1922), 1–19.

[3] G. H. Hardy and J. E. Littlewood, On Lindelöf’s hypothesis concerning the Riemann zetafunction, Proc. Royal Soc. (A) 103 (1923), 403–412.

[4] H. Helson, Foundations of the theory of Dirichlet series, Acta Math. 118 (1967), 61–77. [5] E. C. Titchmarsh, The Theory of the Riemann Zeta-function, 2nd ed., Clarendon Press, Oxford, 1986.

[6] J. Wermer, On a class of normed rings, Ark. Mat. 2 (1953), 537–551.

19-4 Nishinobo Daiwa-cho (Received 24 12 2003) Okazaki-city Aichi 444-0931 (Revised 16 05 2004) Japan

kamiya-9@m3.catvmics.ne.jp