PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE Nouvelle série, tome 77(91) (2005), 1–6

THREE-SPACE-PROBLEM FOR INDUCTIVELY (SEMI)-REFLEXIVE LOCALLY CONVEX SPACES

Stojan Radenović and Zoran Kadelburg

Abstract. Three-space-stability of inductively (semi)-reflexive and some related classes of locally convex spaces is considered. It is shown that inductively (semi)-reflexive spaces behave more regularly than (semi)-reflexive spaces in that sense.

Let (E, t) be a Hausdorff locally convex space (l.c.s.) with the topological dual E^′; there exist several topologies on E^′ (the weak topology σ(E^′, E), the topology κ(E^′, E) of uniform convergence on compact and absolutely convex sets, Mackey topology τ(E^′, E), the strong topology b(E^′, E) and others). The so-called inductive topology T E^′ on E^′ was introduced in [3] and [5] as the inductive-limit topology of the Banach spaces E^′_V ∘ , where V runs through a zero-neighborhood basis of (E, t) formed by closed and absolutely convex sets. Here E^′_V ∘ = ⋃ n∈N nV^∘ is equipped with the norm having V^∘ as the unit ball. The zero-neighborhood basis of T E^′ is formed by all absolutely convex subsets of E^′ that absorb all t-equicontinuous subsets. This topology is the strongest locally convex topology on E^′ for which all t-equicontinuous subsets are bounded. Particularly, it is finer than the strong topology b(E^′, E).

Obviously, (E^′, T E^′) is an ultrabornological l.c.s. While the weak, Mackey and strong topologies depend only on the dual pair ⟨E, E^′⟩, topology T E^′ depends on the topology t. E.g., the topology corresponded in this way to the weak topology σ(E, E^′) is the strongest locally convex topology τ(E^′, E^{′∗}), i.e., T (E, σ(E, E^′))^′ = τ(E^′, E^{′∗}). It was defined in [3], resp. [5], resp. [1] that an l.c.s. (E, t) is inductively semi-reflexive (resp. b-reflexive, resp. with the property HC ) if the topology T E^′ is compatible with the duality ⟨E, E^′⟩, i.e., if T E^′ = τ(E^′, E); in other words if (E^′, T E^′)^′ = E (algebraically). If, moreover, T (T E^′)^′ = t, then (E, t) is called inductively reflexive.

2000 Mathematics Subject Classification: 46A03, 46A04.

Key words and phrases: Three-space-problem, inductively semi-reflexive spaces, inductively reflexive spaces, strongly distinguished spaces.

Supported by Ministry of Science, Technology and Development of Serbia, grant no. 1856. 1

By the previous remark, (E, σ(E, E^′)) is inductively semi-reflexive if and only if E is finite-dimensional.

W. Roelcke and S. Dierolf showed in [10, Ex. 1.5] that neither of the properties “being semi-reflexive” and “being reflexive” of l.c.s.’s is three-space-stable, i.e., there exists a non-semi-reflexive space E having a closed subspace F such that both F and E/F are reflexive. We shall prove here that inductively (semi)- reflexive spaces behave more regularly, i.e, that the properties “being inductively semi-reflexive” and “being inductively reflexive” are three-space-stable. This will also be a result better than the one obtained in [7, Prop. 3.2].

Terminology that is not defined here explicitly is taken from [9].

Theorem 1. If the outer terms F and E/F of the short exact sequence (1) 0 → F^i→ E^q→ E/F → 0 of l.c.s.’s are inductively semi-reflexive, then the middle term E is inductively semireflexive, too.

In order to prove the theorem we state two lemmas which may be of interest on their own.

Lemma 1. If F is a closed subspace of an l.c.s. (E, t), then the quotient topology T E^′/F^∘ of the topology T E^′ is equal to the topology T F^′, i.e., T E^′/F^∘ = T F^′.

Proof. First we prove that T F^′ ⩾ T E^′/F^∘. T F^′ is the strongest locally convex topology on F^′ such that all t|F -equicontinuous subsets of F^′ are bounded. So, it is enough to prove that all t|F -equicontinuous subsets of F^′ are T E^′/F^∘- bounded. Let A ⊂ F^′ be a t|F -equicontinuous subset, i.e., A = i^′(B), where B ⊂ E^′ is t-equicontinuous. Then, A is T E^′/F^∘-bounded since B is T E^′-bounded. So, T F^′ ⩾ T E^′/F^∘.

Conversely, let us prove that T F^′ ⩽ T E^′/F^∘. Let W be a T F^′-neighborhood of zero, so that W absorbs all t|F -equicontinuous subsets of F^′. Then (i^′)^{−1}(W ) absorbs all t-equicontinuous subsets of E^′, and so (i^′)^{−1}(W ) is a T E^′-neighborhood of zero. Hence, W is a T E^′/F^∘-neighborhood of zero and so T F^′ ⩽ T E^′/F^∘ is proved. □

Note that the strong topology b(E^′, E) does not possess the mentioned property of topology T E^′.

Lemma 2. If F is a closed subspace of an l.c.s. (E, t), then T E^′|F^∘ ⩽ T F^∘ on F^∘ ≃ (E/F )^′.

Proof. Let V be a T E^′|F^∘-neighborhood of zero. Then there exists a T E^′- neighborhood of zero U such that V ⊃ U ∩ F^∘. Since each t/F -equicontinuous subset of F^∘ is also a t-equicontinuous subset of E^′ (indeed, if A ⊂ F^∘ is t/F - equicontinuous, then A ⊂ (U + F )^∘ ⊂ U^∘ ∩ F^∘ ⊂ U^∘, for some t-neighborhood of zero U), we have that U ∩ F^∘ absorbs all t/F -equicontinuous subsets of F^∘. This means that V ∩ F^∘ absorbs all t/F -equicontinuous subsets of F^∘ and so it is a T F^∘-neighborhood of zero. Thus, T E^′|F^∘ ⩽ T F^∘ is proved. □

Note that there exist examples when T E^′|F^∘ < T F^∘. E.g., let (E, t) be an ultrabornological space and (F, t|F ) its subspace that is not ultrabornological (such examples exist). Then T E = t and T F > T E|F = t|F , where T E and T F are the associated utrabornological topologies on E, F , respectively.

Proof of Theorem 1. The following relations among topologies in the space E^′/F^∘ are valid: τ(E^′/F^∘, F ) = b(E^′/F^∘, F ) = T F^′ = T E^′/F^∘ ⩾ b(E^′, E)/F^∘ ⩾ b(E^′/F^∘, F ). The first and the second equality follow from the inductive semi-reflexivity of the subspace F ; the third follows from Lemma 1; the last two inequalities are obvious. In the subspace F^∘ we have: τ(F^∘, E/F ) = b(F^∘, E/F ) = T F^∘ ⩾ T E^′|F^∘ ⩾ σ(E^′, E)|F^∘ = σ(F^∘, E/F ) by inductive semi-reflexivity of the quotient E/F and Lemma 2. Hence the following sequence

0 → (F^∘, T E^′|F^∘)^{q′}→ (E^′, T E^′)^{i′}→ (F^′, T F^′ = T E^′/F^∘) → 0

is exact (both algebraically and topologically). Denote by E^{′′}_1 the topological dual of the space (E^′, T E^′). Then the sequence 0 → F → E^{′′}_1 → E/F → 0 is algebraically exact. It remains to prove the inclusion E^{′′}_1 ⊂ E.

Let x^{′′} ∈ E^{′′}_1 = (E^′, T E^′)^′. The restriction x^{′′}|F^∘ to the subspace F^∘ is T E^′|F^∘- continuous by Lemma 2, hence x^{′′}|F^∘ ∈ E/F (the space E/F is inductively semireflexive). So, there exists x_1 ∈ E such that

x^{′′}(x^′) = x^′(x_1) for each x^′ ∈ F^∘.

Hence, x^{′′} − x_1 is a continuous linear form on the space (E^′, T E^′) which vanishes on F^∘, and so x^{′′} − x_1 ∈ U^∘ for a T E^′-neighborhood of zero U. Further, this means that x^{′′} − x_1 is a bounded linear form on U + F^∘ (and so, by Lemma 1, on a T F^′- neighborhood of zero in the space (F^′, T F^′)). So, there exists x_2 ∈ F such that (x^{′′} − x_1)(x^′) = x_2(x^′) for each x^′ ∈ F^′, i.e., x^{′′} = x_1 + x_2 ∈ E + F ⊂ E + E = E, which finishes the proof. □

Following [3], we shall call an l.c.s. (E, t) strongly distinguished if each σ(·, E^′)- bounded subset A of (E^′, T E^′)^′ is contained in the σ(·, E^′)-closure of a t-bounded subset B of E (here, σ(·, E^′) stands for the weak topology in (E^′, T E^′)^′). Using the associated Schwartz topology, it was proved in [3, Prop. 3.2] that the space (E, t) is strongly distinguished if and only if b(E^′, E) = T E^′. We give a direct proof.

Proposition 1. An l.c.s. (E, t) is strongly distinguished if and only if b(E^′, E) = T E^′.

Proof. Since the dual space E^′ with the topology T E^′ is ultrabornological, and so barrelled, the equality b(E^′, E) = T E^′ implies that the space (E, t) is distinguished in the classical (Grothendieck) sense. Hence, the bidual E^{′′} of the space E is equal to the topological dual (E^′, T E^′)^′ of the space (E^′, T E^′) and so for each σ(E^{′′}, E^′)-bounded subset A of E^{′′} there exists a t-bounded subset B of E such that A is contained in the σ(E^{′′}, E^′)-closure of B. By the definition, it means that (E, t) is strongly distinguished.

Conversely, let (E, t) be a strongly distinguished space and let V be a closed and absolutely convex T E^′-neighborhood of zero. Then the polar V^∘ (corresponding to the duality ⟨E^′, (E^′, T E^′)^′ = E^{′′}_1 ⟩) is a σ(E^{′′}_1, E^′)-bounded, closed and absolutely convex subsets of E^{′′}_1 . By the assumption, there exists a t-bounded subset B of E such that A is contained in the weak closure B^{∘∘} of B. It follows that V = V^{∘∘} ⊃ B^∘. Hence, V is a neighborhood of zero in the space (E^′, T E^′), and so b(E^′, E) = T E^′. □ In the sequel we prove propositions on the three-space-stability of strongly distinguished and inductively reflexive spaces. First we state a dual property of inductively reflexive spaces.

Proposition 2. Let (E, t) be an l.c.s. and consider the following properties: (a) (E, t) is inductively reflexive (i.e., inductively semi-reflexive and ultrabornological);

(b) (E, τ(E, E^′)) is inductively reflexive; (c) (E^′, τ(E^′, E)) is inductively reflexive.

Then, (a) implies (b) and (b) is equivalent to (c).

Proof. Proof can be deduced from the following observations. If an l.c.s. (E, t) is inductively semi-reflexive (with σ(E, E^′) ⩽ t ⩽ τ(E, E^′)), then (E^′, τ(E^′, E)) is an ultrabornological space; conversely, if the space (E^′, τ(E^′, E)) is ultrabornological, then (E, τ(E, E^′)) is inductively semi-reflexive. Dually, if (E^′, t^′) is inductively semireflexive (with σ(E^′, E) ⩽ t^′ ⩽ τ(E^′, E)), then (E, τ(E, E^′)) is ultrabornological; conversely, if (E, τ(E, E^′)) is ultrabornological, then (E^′, τ(E^′, E)) is inductively semi-reflexive. □

Theorem 2. If the quotient map q : E → E/F lifts bounded sets with closure and if the closed subspace F and the corresponding quotient E/F are strongly distinguished, then the space E has the same property.

Proof. Recall that the mapping q is said to lift bounded sets with closure if for each bounded set B ⊂ E/F there exists a bounded set A ⊂ E such that B ⊂ q(A). We shall prove that under this assumption the topologies b(E^′, E) and T E^′ coincide both on the subspace F^∘ and on the quotient E/F ; according to [6, Lemma 1] it will follow that they coincide on E^′, i.e., that the space E is strongly distinguished.

On the space F^∘ we have that: b(F^∘, E/F ) = b(E^′, E)|F^∘ ⩽ T E^′|F^∘ ⩽ T F^∘ = b(F^∘, E/F ). The first equality follows from the assumption about lifting of bounded sets, and last one because the space E/F is strongly distinguished. The first inequality is obvious and the second follows from Lemma 2. Therefore, b(E^′, E)|F^∘ = T E^′|F^∘.

On the space F^′ we have that: b(F^′, F ) = T F^′ = T E^′/F^∘ ⩾ b(E^′, E)/F^∘ ⩾ b(F^′, F ), hence T E^′/F^∘ = b(E^′, E)/F^∘. The first equality follows since the space F is strongly distinguished, and the second from Lemma 1. The last two inequalities are clear. □ Since the notions of “distinguished” and “strongly distinguished” spaces coincide for Fréchet spaces, the example from [4] shows that the “lifting” condition cannot be omitted in the previous Theorem. In other words, without the lifting assumption the property of “being strongly distinguished” is not three-space-stable.

By an old result from [8], “being a reflexive space” is a three-space-stable property in the class of Banach spaces. This is no longer the case for arbitrary locally convex spaces as the mentioned example 1.5 from [10] shows. However, for inductively reflexive spaces we have

Theorem 3. If the outer terms F and E/F of the short exact sequence (1) of l.c.s.’s are inductively reflexive, then the middle term E is inductively reflexive, too.

Proof. According to Theorem 1, the space E is inductively semi-reflexive; it is also barrelled (barrelledness is three-space-stable by [10, Th. 2.6]). We have to prove that E is bornological, i.e. ultrabornological since it is complete [3, Th. 1.7].

Note that each topology ξ on the dual E^′ of an l.c.s. (E, t) satisfying κ(E^′, E) ⩽ ξ ⩽ τ(E^′, E) gives in E the same topology T E and this topology is not weaker than t. Particularly, the space (E, t) is ultrabornological if and only if t = T E.

On the other hand, by [9, Lemma 24.21], if (E, t) is a complete l.c.s., then κ(E^′, E) is the finest locally convex topology on E^′ which coincides with the weak topology σ(E^′, E) on t-equicontinuous subsets of E^′. Consequently, κ(E^′, E)|F^∘ = κ(F^∘, E/F ). Consider now the sequence (2) 0 → (F^∘, κ(E^′, E)|F^∘)^{q′}→ (E^′, κ(E^′, E))^{i′}→ (F^′, κ(E^′, E)/F^∘) → 0. By the previous remark, outer terms in the sequence (2) are strongly distinguished, and since the transposed mapping i^′ lifts bounded sets with closure (can be checked directly), according to Theorem 2 the middle term (E^′, κ(E^′, E)) is strongly distinguished, too. This means that T (E^′, κ(E^′, E))^′ = T E = b(E, E^′) and since the topology T E on E is ultrabornological, we obtain that the space E is inductively reflexive. □

Acknowledgement. We thank the referee for valuable suggestions.

References

[1] S. F. Bellenot, Prevarieties and intertwined completeness of locally convex spaces, Math. Ann.

217 (1975), 59–67.

[2] S. F. Bellenot, On nonstandard hulls of convex spaces, Can. J. Math. 28 (1976), 141–147. [3] Yu. A. Berezanskiĭ, Induktivno refleksivnye lokal’no vypuklye prostarnstva, Soviet Math.

Dokl. 9 (1968), 1080–1082.

6 RADENOVI^´C AND KADELBURG

[4] J. Bonet, S. Dierolf, C. Fernandez, On the three-space-problem for distinguished Fréchet spaces, Bull. Soc. Roy. Sci. Liége 59 (1990), 301–306.

[5] H. Buchwalter, Espaces ultrabornologique et b-réflexivité, Publ. Dept. Mat. Lyon 8 (1971), 91–106.

[6] S. Dierolf, U. Schwanengel, Examples of locally compact non-compact minimal topological groups, Pacific J. Math. 82 (1979), 349–355.

[7] Z. Kadelburg, S. Radenović, Three-space-problem for some classes of linear topological spaces, Comment. Math. Univ. Carolinae 37 (1996), 507–514.

[8] M. Krein, V. Šmulian, On regularly convex sets in the space conjugate to a Banach space, Ann. Math. 41 (1940), 556–583.

[9] R. Meise, D. Vogt, Introduction to Functional Analysis, Clarendon Press, Oxford, 1997. [10] W. Roelcke, S. Dierolf, On the three-space-problem for topological vector spaces, Collect.

Math. 32 (1981), 13–25.

Mašinski fakultet (Received 14-05-2004) 11000 Beograd (Revised 24-09-2004) Serbia

radens@beotel.yu

Matematički fakultet 11000 Beograd Serbia

kadelbur@matf.bg.ac.yu