PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE Nouvelle série, tome 80(94) (2006), 259–272 DOI:10.2298/PIM0694259S

AN EQUATION WITH LEFT AND RIGHT FRACTIONAL DERIVATIVES

B. Stanković

Abstract. We consider an equation with left and right fractional derivatives and with the boundary condition y(0) = lim_{x→0+} y(x) = 0, y(b) = lim_{x→b−} y(x) = 0

in the space L^1(0, b) and in the subspace of tempered distributions. The asymptotic behavior of solutions in the end points 0 and b have been specially analyzed by using Karamata’s regularly varying functions.

1. Introduction

In the last years differential equations of fractional orders have been used in many branches of mechanics and physics. Many results have been published with concrete problems solved in classical spaces of functions and in the spaces of generalized functions. We cite only some of them, recently published or with a new approach: [2]–[4], [7], [8], [13], [15], [17], [19], [20], [22], [23] and with Karamata’s regularly varying functions: [11], [24]. In this paper we treat such an equation with the boundary condition y(0) = y(b) = 0 in the space L^1(0, b) and in a subspace of tempered distributions constructed for this problem. We specially discussed asymptotic behavior of solutions in the end points 0 and b using Karamata’s regularly varying functions and quasi-asymptotics in the space of tempered distributions.

As far as we are aware the equation treated in this paper has been solved only in [1] and [18] in some very special cases.

2. Preliminaries

2.1. Regular variation. A positive measurable function f, defined on a neighborhood (0, ε) is called regularly varying at zero of index r if f(1/x) is regularly varying at infinity of index −r; we write f ∈ R_r. A function f ∈ R_r if and only if f(x) = x^rℓ(x), x ∈ (0, ε), where ℓ is slowly varying at zero (cf. [5], [12]).

We need to measure the behavior of a function not only at the points zero and infinity but also at a point b ∈ R_+.

2000 Mathematics Subject Classification: Primary 26A33, 26A12.

Key words and phrases: Right and left Riemann–Liouville fractional derivative, fractional differential equation, regularly varying functions. 259

Definition 1. A function f such that f(b − t) ≡ g(t) ∈ R_r is called regularly varying at the point b ∈ R_+ of index r. (g(t) = t^rℓ(t), t ∈ (0, ε) and f(t) = (b − t)^rℓ(b − x), for an ε > 0).

Definition 2. [5, p. 436]. Let I be an interval in R. The class BV_{loc}I is the class of all right-continuous functions f : I → R that are locally of bounded variation on I, i.e., V (f; J) < ∞ for each compact set J ⊆ I.

Definition 3. [5, p. 104]. Let f ∈ BV_{loc}([0, ∞)) be positive; f is quasimonotone if for some δ > 0 x∫ 0 t^δ|df(t)| = O(x^δf(x)), x → ∞.

2.2. Fractional integrals and derivatives on the interval (0, b), 0 < b < ∞. Let φ ∈ L^1(0, b) and α ∈ (0, 1). The integrals

(I^αφ)(t) = 1 Γ(α) t∫ 0 φ(τ) (t − τ)^{1−α} dτ ,

(I_αφ)(t) = 1 Γ(α) b∫ t φ(τ) (τ − t)^{1−α} dτ ,

are called fractional integrals of order α (Riemann–Liouville fractional integrals).

The fractional derivatives of order α are defined as:

(D^αφ)(t) = 1 Γ(1 − α) d dt t∫ 0 φ(τ) (t − τ)^α dτ ,

(D_αφ)(t) = −1 Γ(1 − α) d dt b∫ t φ(τ) (τ − t)^α dτ .

For any function φ ∈ L^1(0, b) we have D^α ∘ I^αφ = φ and D_α ∘ I_α = φ. This follows from Theorem 2.4, p. 44 in [21] and the connection: (I^αφ)(b − t) = (I_αφ(b − τ))(t).

3. Behavior of fractional integrals at 0 and b 3.1. Elementary access. The asymptotic expansions of the fractional integrals I^αφ as x → 0 or x → ∞ are known only in the case the expansions involved the power, logarithmic and exponential terms (cf. [21]).

In [11] the following is proved.

Theorem A. Let f : R → R be a continuous and bounded function with lim_{x→0} f(x) = f(0) ≠ 0 and let 0 < α < 1. Then lim_{x→0}(I^αf)(λx)/(I^αf)(x) = λ^α.

We use here the asymptotic behavior not only of I^αφ, but also of I_αφ and not only at x = 0 but also at x = b > 0. Also, the Karamata regularly varying functions contribute to the preciseness of the asymptotic behavior found.

Proposition 1. Let α ∈ (0, 1). 1) If g ∈ L^1(0, b), then I_αg ∈ L^1(0, b).

2) If g ∈ L^1(0, b), g ∈ R_γ and g(t) = t^γ ℓ_1(t), t ∈ (0, ε), ε > 0, γ + α > 0, then

lim_{t→0+}(I_αg)(t) = 1 Γ(α) b∫ 0 g(τ) τ^{1−α} dτ .

3) If g ∈ L^1(0, b), g is regularly varying at b and g(b − t) = t^β ℓ_2(t), t ∈ (0, ε), β > −1, where ℓ_2(1/t) is slowly varying quasi-monotone at infinity, then (I_αg)(t) is regularly varying at b,

(I_αg)(b − t) = t^{α+β}

Γ(1 + β) Γ(α + β + 1) ℓ_2(t), t ∈ (0, ε/2) .

Proof. 1) follows from the property that the set {I_αg, α > 0} is a semigroup (cf. [21], p. 48).

2) Let t ∈ (0, ε/2). Then: (1) b∫ t g(τ) (τ − t)^{1−α} dτ = ε∫ t + b∫ ε g(τ) (τ − t)^{1−α} dτ .

For the first integral, where ε is fixed so that g(t) = t^γ ℓ_1(t) we have: | | | ε∫ t g(τ) (τ − t)^{1−α} dτ | | | = | | | ε∫ t τ^γ ℓ_1(τ) (τ − t)^{1−α} | | | � ε∫ t τ^{γ−η} (τ − t)^{1−α} dτ

� ε^{γ−η} ε∫ t dτ (τ − t)^{1−α}

� ε^{γ−η}

(τ − t)^α α | |^ε t � ε^{γ+α−η} α , 0 � t � ε/2, (2) where η is a positive number such that α + γ − η > 0.

For the second integral in (1) the following properties hold: (3) | | g(τ) (τ − t)^{1−α} | | � |g(τ) (τ − ε/2)^{1−α}

, ε � τ � b, t ∈ (0, ε/2) and (4) lim_{t→0+} g(τ) (τ − t)^{1−α} = g(τ) τ^{1−α}

, ε � τ � b .

With the properties (3) and (4) we can use Lebesgue’s theorem:

lim_{t→0+} b∫ ε g(τ) (τ − t)^{1−α} dτ = b∫ ε g(τ) τ^{1−α} .

Hence for every ε > 0 we have: b∫ ε g(τ) (τ − t)^{1−α} dτ = b∫ ε g(τ) τ^{1−α} dτ + O(ε^{γ+α−η}), t → 0^+ .

Since by (2) | | | ε∫ 0 g(τ) τ^{1−α} dτ | | | = O(ε^{α+γ−η}) .

we have:_b ∫ ε g(τ) (τ − y)^{1−α} dτ = b∫ 0 g(τ) τ^{1−α} dτ + O(ε^{α+γ−η}), ε → 0 ,

which proves assertion 2).

3) Let us consider now (I_αg)(b − t).

(I_αg)(b − t) = 1 Γ(α) b∫ b−t g(τ) (τ − b + t)^{1−α} dτ = 1 Γ(α) b∫ b−t (b − τ)^β ℓ_2(b − τ) (τ − b + t)^{1−α} dτ

= 1 Γ(α) t∫ 0 x^β ℓ_2(x) (t − x)^{1−α} dx, t ∈ (0, ε/2).

Hence

(I_αg) ( b − 1 y ) = 1 Γ(α)

1/y∫ 0 x^β ℓ_2(x) (1/y − x)^{1−α} dx, 1 y ∈ (0, ε/2)

= y^{1−α} Γ(α) ∞∫ y u^{−1−(β+α)ℓ2(1/u)} (u − y)^{1−α} du = y^{−(β+α)}

Γ(α) ∞∫ 1 v^{−1−(β+α)}ℓ_2(1/vy) (v − 1)^{1−α} dv .

It only remains to apply Theorem 4.1.5 in [5] (cf. also [6]), which gives

(I_αg) ( b − 1 y ) = y^{−(β+α)}

Γ(1 + β) Γ(α + β + 1) ℓ_2 ( 1 y ) , 1 y ∈ (0, ε/2) , or (I_αg)(b − t) = t^{α+β}

Γ(1 + β) Γ(α + β + 1) ℓ_2(t), t ∈ (0, ε/2) .

This proves assertion 3). □

Proposition 2. Let α ∈ (0, 1). 1) If h ∈ L^1(0, b), then I^αh ∈ L^1(0, b).

2) If h ∈ L^1(0, b) and h is regularly varying at b, h(b − t) = t^γ ℓ_1(t), t ∈ (0, ε), ε > 0, then lim_{t→0+}(I^αh)(b − t) = (I^αh)(b) .

3) If h ∈ L^1(0, b) and h ∈ R_β , h(t) = t^β ℓ_2(t), t ∈ (0, ε), β > −1, where ℓ_2(1/t) is quasi-monotone regularly varying, then

(I^αh)(t) = t^{α+β}

Γ(β + 1) Γ(α + β + 1) ℓ_2(t) .

4) If h ∈ L^1(0, b) and additionally lim_{t→0+} h(t) = A, then

(I^αh)(t) = A Γ(α + 1) t^α + o(1), t → 0.

Proof. The proof for 1) is the same as the proof for 1) in Proposition 1. 2) We have

(I^αh)(b − t) = 1 Γ(α) b−t∫ 0 h(τ) (b − t − τ)^{1−α} dτ = 1 Γ(α) b∫ t h(b − x) (x − t)^{1−α} dx .

We denote by g(t) = h(b − t). Then g satisfies condition 2) in Proposition 1. Therefore

lim_{t→0+}(I^αh)(b − t) = 1 Γ(α) b∫ 0 h(b − x)

x^{1−α} dx = 1 Γ(α) b∫ 0 h(τ) (b − τ)^{1−α} dτ = (I^αh)(b),

which proves 2).

3) Let t ∈ (0, ε/2). Then

(I^αh)(t) = 1 Γ(α) t∫ 0 τ^β ℓ_2(τ) (t − τ)^{1−α} dτ .

Introducing t = 1/y, we have:

(I^αh) ( 1 y ) = y^{1−α} Γ(α)

1/y∫ 0 τ^β ℓ_2(τ) (1 − yτ)^{1−α} dτ = y^{−α−β} Γ(α) 1∫ 0 x^β ℓ_2(x/y) (1 − x)^{1−α} dx .

Hence, by Theorem 4.1.5 in [5] and by [6]

I^α(h) ( 1 y ) = 1 Γ(α) y^{−α−β} ℓ_2 ( 1 y )^1∫ 0 x^β (1 − x)^{1−α} dx = y^{−α−β}

Γ(β + 1) Γ(α + β + 1) ℓ_2 ( 1 y ) .

Thus

(I^αh)(t) = t^{α+β}

Γ(β + 1) Γ(α + β + 1) ℓ_2(t) .

It only remains to prove 4). For t ∈ (0, ε/2), h(t) = A + r(t), r(t) → 0, t → 0. Then | |(I^αh)(t) − A Γ(α + 1) t^α | |

= | | 1 Γ(α) t∫ 0 A + r(τ) (t − τ)^{1−α} dτ − 1 Γ(α) t∫ 0 A (t − τ)^{1−α} | | = | | 1 Γ(α) t∫ 0 r(τ) (t − τ)^{1−α} dτ | | . We fix ε in such a way that |r(t)| < δ, t ∈ (0, ε/2), then for any δ > 0 there is ε > 0 such that | |(I^αh)(t) − A t^α Γ(α + 1) | | � 1 Γ(α + 1) δ(ε/2)^α, 0 < t < ε/2 .

This concludes the proof of Proposition 2. □

Remark. The quoted Theorem A is a consequence of Proposition 2.4).

3.2. Application of Abel–Tauberian type theorems. We point at the possibility to use Abel–Tauberian type theorems to find asymptotic behavior of fractional integrals.

If the function g ∈ L^1(0, b), then it can be always extended by a function g ∈ L^1(0, ∞), g(x) = g(x), x ∈ (0, b). Then the Laplace transform of g exists and of I^αg, too. Let L denote the Laplace transform; then

(LI^αg)(s) = 1 s^α

(Lg)(s) .

If we suppose: 1) g(t) ∼ t^γ ℓ_1(t), t → 0, then by Karamata’s Tauberian theorem (cf. [5, p. 233])

(Lg)(s) ∼

Γ(γ + 1)

s^{γ+1} ℓ_1 ( 1 s ) , s → ∞ (s real).

Consequently

(5) (LI^αg)(s) = 1 s^α

(Lg)(s) ∼

Γ(γ + 1) s^{α+γ+1} ℓ_1 ( 1 s ) s → ∞.

If in addition we suppose: 2) for some σ ∈ (−1, γ) t^{−σ}g(t) is bounded on every [a, ∞) and g(t)/t^γ ℓ(t) is slowly decreasing, then from (5) if follows that g(t) ∼ t^γ ℓ_1(t), t → 0 .

Using Tauberian type theorem we introduce an additional Tauberian condition. However this approach can be useful if we look for conditions on the function f to make sure the existence of a solution to equation (I^αg)(t) = f(t), t ∈ [0, ∞) .

As it is shown above, if f has it Laplace transform (Lf)(s), s > s_0 � 0, g can belong to the class of functions which have g(t) ∼ t^γ ℓ_1(t), t → 0 only if

(Lf)(s) ∼

Γ(γ + 1) s^{α+γ+1} ℓ_1(s), s → ∞.

Conversely, if (Lf)(s) ∼

Γ(γ + 1) s^{α+γ+1} ℓ_1(t) and g satisfies the additional condition 2), then g(t) ∼ t^γ ℓ_1(t), t → 0.

4. Behavior of solutions to equation (D_αD^αy)(t) = g(t), 0 < t < b Theorem 1. Let α ∈ (0, 1) and g ∈ L^1(0, b), then the family of functions (6) f(t) = (I^αI_αg)(t) + C_1(I^α(b − τ)^{α−1})(t) + C_2t^{α−1}, t ∈ (0, b) satisfies the equation (7) (D_αD^αf)(t) = g(t), t ∈ (0, b) , and belongs to L^1(0, b).

If in addition α ∈ (1/2, 1) and the function g has the properties: 1) g(t) = t^γ ℓ_1(t), t ∈ (0, ε), ε > 0, 2) g(b − t) = t^β ℓ_2(t), t ∈ (0, ε), β > −1, where ℓ_2(1/y) is quasi-monotone slowly varying at infinity, then there exists f_0(t) belonging to the family f(t), given by (6) which satisfies boundary condition (8) f_0(0) = f_0(b) = 0 and with the properties

1) f_0(t) ∈ L^1(0, b),

2) f_0(t) = Bt^α + o(1), t → 0^+; B = 1 Γ(α) b∫ 0 g(τ) τ^{1−α} dτ + b^{α−1} Γ(α + 1) , 3) lim_{t→0+} f_0(b − t) = (I^αI_αg)(b) + b^{2α−1} Γ(α)Γ(2α − 1) def= f_0(b),

4) f_0(t) = (I^αI_αg)(t) + C_1(I^α(b − τ)^{α−1})(t), where C_1 =

(I^αI_αg)(b) (I^α(b − τ)^{α−1})(b) . Proof. By the properties of D_α, D^α, I_α and I^α, we cited in the Preliminaries, it is easily seen that f ∈ L^1(0, b) and: D_αD^α(I^αI_αg) = D_α(D^αI^α)I_αg = D_αI_αg = g .

It is well known (cf. [21, p. 36]) that (D^αh)(t) = 0 if and only if h(t) = Ct^{α−1} and (D_αh)(t) = 0 if and only if h(t) = C(b − t)^{α−1}. Hence, it follows that the family f, given by (6) is a solution to (7).

We can take that f_0(t) has the analytical form

f_0(t) = (I^αI_αg)(t) + C_1(I^α(b − τ)^{α−1})(t), t ∈ (0, b).

We took that C_2 = 0 in f(t) because of the boundary condition (8). Since f ∈ L^1(0, b) (cf. Propositions 1 and 2), then f_0 ∈ L^1(0, b), as well. This proves the property 1) of f_0.

With the supposed properties of g, by Proposition 1 we have

lim_{t→0+}(I_αg)(t) = 1 Γ(α) b∫ 0 g(τ) τ^{1−α} dτ

(9) (I_αg)(b − t) = t^{α+β} Γ(α + β + 1) ℓ_2(t), t ∈ (0, ε/2) .

If we apply Proposition 2 to h = I_αg, then we obtain from (9)

(10) (I^αI_αg)(t) = A t^α Γ(α + 1)

+ o(1), t → 0 ,

where A = 1 Γ(α) b∫ 0 g(τ) τ^{1−α} dτ and (11) lim_{t→0+}(I^αI_αg)(b − t) = (I^αI_αg)(b) = 1 Γ^2(α) b∫ 0 dτ (b − τ)^{1−α} b∫ τ g(u) (u − τ)^{1−α} . With regard to the function (I^α(b − τ)^{α−1})(t) which appears in f_0(t), we have by Proposition 2:

(12) (I^α(b − τ)^{α−1})(t) = b^{α−1} Γ(α + 1) t^α + o(1), t → 0. and (13) (I^α(b−τ)^{α−1})(b) = 1 Γ(α) b∫ 0 dτ (b − τ)^{2(1−α)} = −1 Γ(α) b^{2α−1} 2α − 1 | | | b 0 = b^{2α−1} Γ(α)(2α − 1) . From (10)–(13) it follows 2) and 3) in Theorem 1. Now it is easy to satisfy the boundary condition taking that C_1 = (I^αI_αg)(b)/(I^α(b − τ)^{α−1})(b).

The proof of Theorem 1 is complete. □

5. Equation (7) in the subspace of tempered distributions D^′_b 5.1. Preliminaries. We use the following notation: S^′ = S^′(R) for the space of tempered distributions, S^′_+ = {T ∈ S^′, supp T ⊂ [0, ∞)}.

The following class of distributions {f_β ; β ∈ R}:

(14) f_β (t) = { H(t)t^{β−1}/Γ(β), β > 0, f^{(m)}_{β+m}(t), β � 0, β + m > 0, m ∈ N , belonging to S^′_+, has an important role in definition of the asymptotic behavior of distributions; f^{(m)} is the m-th derivative in the distributional sense and H is Heaviside’s function. By f^{(−β)} for f ∈ S^′_+ we denote f_β ∗ f, where ∗ is the sign for the convolution and β ∈ R. If β > 0, f^{(−β)} is called the operator of fractional integral of order β, but if β < 0, f^{(−β)} is operator of fractional derivative of order −β (cf. [26, p. 36]).

The class {f_β ; β ∈ R} with the operation convolution form an Abelian group: f_{β1} ∗ f_{β2} = f_{β1+β2} , f_0 = δ (cf. [26, p. 36]).

If T ∈ S^′_+ is regular distribution defined by the function f, then we write T = [f].

To measure the asymptotic behavior in S^′_+ we use the quasi-asymptotics. (cf. [9], [10], [16]).

Definition 4. Let f ∈ S^′_+ and c(x), x ∈ (0, a), a > 0, be a measurable positive function. It is said that f has the quasi-asymptotics at 0^+ related to c(1/k) if there is a g ∈ S^′_+, g ≠ 0 such that

lim_{k→∞}

⟨ f(x/k)

c(1/k)

, φ(x) ⟩ = ⟨ g(x), φ(x) ⟩ , φ ∈ S .

We write for short f^q∼ g at 0^+ related to c(1/k).

It has been proved (cf. [9], [16]) that c(x) = x^β ℓ(x), x ∈ (0, ε), ε > 0, β ∈ R, ℓ is slowly varying at zero and g = Cf_{β+1}.

Let f(b−x) denote the distribution which is obtained after exchange of variables in f ∈ S^′. If

lim_{k→∞}

⟨ f(b − x/k)

(1/k)^β ℓ(1/k)

, φ(x) ⟩ = ⟨ g(x), φ(x) ⟩ , β ∈ R, ϕ ∈ S ,

we say that f has quasi-asymptotics at b related to (1/k)^β ℓ(1/k) and write for short f(b − t)^q∼ g at b related to (1/k)^β ℓ(1/k).

The quasi-asymptotics at b describes the distribution f in a neighborhood of the point b.

If β = 0, ℓ = 1 and:

a) f(b − t)^q∼ C < ∞, C � 0, at b we say that the distribution f has C as its value at the point b. In this sense we write f(b) = C;

b) f ∈ S^′_+, f(t)^q∼ C < ∞, C � 0, at 0^+, we write f(0) = C (cf. [14]). The quasi-asymptotics at 0^+ is a local property.

Lemma 1. Let f ∈ S^′_+. Then f^q∼ Cf_{α+1} at 0^+ related to c(1/k) = (1/k)^αℓ(1/k) if and only if there exists γ ∈ R such that f_γ ∗ f^q∼ Cf_{α+γ+1} at 0^+ related to (1/k)^γ c(1/k).

For the proof cf. [9], [26]. For the applications of the quasi-asymptotics it is important to know:

Lemma 2. Let f ∈ S^′_+ be regular distribution defined by the function f(x) which is locally integrable on [0, b), 0 < b, β > −1.

1) If f(t) ∼ Ct^β ℓ(t), t → 0, then f^q∼ Ct^β at 0^+ related to t^β ℓ(t). 2) If f(t)^q∼ Ct^β at 0^+ related to (1/k)^β ℓ(1/k) and t^mf(t) is monotone for some m ∈ N on (0, ε), ε > 0, then f(t) ∼ t^β ℓ(t), t → 0.

For the proof cf. [9].

We need a special space of generalized functions and we are going to construct it. Let A be the subspace of S^′_+:

A = {T ∈ S^′_+; supp T ⊂ [b, ∞)}.

In S^′_+ we define the following equivalence relation: f ∼ g ⇔ f − g ∈ A. Let B denote the quotient space B = S^′_+/A. An element of B is a class defined by a T ∈ S^′_+.

Definition 5. By D^′_b we denote the space: D^′_b = {T_b ∈ D^′([0, b)); ∃ T ∈ S^′_+, T |_{(−∞,b)} = T_b}.

(T |_{(−∞,b)} is the restriction of T on (−∞, b)).

Lemma 3. D^′_b is algebraically isomorphic to B.

Proof. Let T_b ∈ D^′_b; then there exists T ∈ S^′_+ such that T |_{(−∞,b)} = T_b. The distribution T defines the class cℓ(T ) ∈ B. Then to T_b ∈ D^′_b it corresponds cℓ(T ) ∈ B. Conversely, to the class cℓ(T ) ∈ B there corresponds T_b = T |_{(−∞,b)}, T_b ∈ D^′_b. Both correspondences are unique. □

In D^′_b we can define convolution. Let T_b and S_b belong to D^′_b and let cℓ(T ) and cℓ(S) be the elements from B corresponding to T_b and S_b respectively. Then by definition T_b ∗ S_b = (T ∗ S)|_{(−∞,b)} , where T ∈ cℓ(T ) and S ∈ cℓ(S). It is easily seen that this convolution does not depend on the elements we choose from cℓ(T ) and cℓ(S). Let T_1 = T_b + A_1 ∈ cℓ(T ) and T_2 = T_b +A_2 ∈ cℓ(T ). Also, let S_1 = S_b +A_3 ∈ cℓ(S) and S_2 = S_b +A_4 ∈ cℓ(S), A_1, A_2, A_3 and A_4 belong to A. Then T_1 ∗ S_1 − T_2 ∗ S_2 = T_1 ∗ S_1 − T_1 ∗ S_2 + T_1 ∗ S_2 − T_2 ∗ S_2 = T_1 ∗ (S_1 − S_2) + (T_1 − T_2) ∗ S_2 = T_1 ∗ (A_3 − A_4) + (A_1 − A_2) ∗ S_2 ∈ A,

by the properties of convolution in S^′_+. Hence, (T_1 ∗ S_1)|_{(−∞,b)} = (T_2 ∗ S_2)|_{(−∞,b)}.

We introduce another operator denoted by Q.

Definition 6. Let T_b ∈ D^′_b such that there exists T_b(b) or T_b is regular distribution T_b = [f], f ∈ L^1(0, b). Then QT_b(t) = T_b(b − t) (T_b(b − t) is obtained by change of variable in T_b).

Now we can extend the operators D^β and D_β into D^′_b, β > 0.

Definition 7. Let T_b ∈ D^′_b for which there exists T_b(b) or T_b = [f], f ∈ L^1(0, b). Then

(15) D^β T_b = (f_{−β} ∗ T )|_{(−∞,b)}, β > 0 , where cℓ(T ) ∈ B and T corresponds to T_b;

(16) D_β T_b = Q(f_{−β} ∗ QT_b)|_{(−∞,b)}), β > 0.

Remark. If T_b = [f], and if D^β f and D_β f exist, then D^β T_b = D^β [f] = [D^β f] and D_β T_b = D_β [f] = [D_β f], which means that with Definition 7 we extended the operators D^β and D_β on D^′_b.

By Lemma 2 it is easy to obtain the quasi-asymptotic behavior of D^β T_b if we know the quasi-asymptotic behavior of T_b. The same is with the fractional integral.

Also we can use Abel–Tauberian-type theorems in the space S^′_+ (cf. [26, p. 132]) or in the space of Modified Fourier Hyperfunctions (cf. [25]) to find the quasiasymptotic behavior of f if we know the quasi-asymptotic behavior of f^{(−β)} for β > 0 and β < 0.

5.2. The solution to equation (7) in D^′_b with the initial condition f(0) = 0. To equation (7) there corresponds in D^′_b the following equation (cf. (15) and (16)):

(17) Q(f_{−α} ∗ Q((f_{−α} ∗ f)|_{(−∞,b)}))|_{(−∞,b)} = g, g ∈ D^′_b and cℓ(f) ∈ B. If for g ∈ D^′_b there exists G ∈ S^′_+, G|_{(−∞,b)} = g such that there is G(b), then g(b) = G(b).

Theorem 2. Suppose: 1) g ∈ D^′_b, 2) there exists g(b), and 3) 0 < α < 1. The general solution to equation (17) in D^′_b is the restriction of f on (−∞, b), where (18) f = f_α ∗ (Q(f_α ∗ (Qg))|_{(−∞,b)}) + C_1f_α ∗ (Qf_α) + C_2f_α . If: 1) Q(f_α ∗ (Qg))^q∼ Cf_{β+1} at 0 related to (1/k)^β ℓ(1/k), 2) β + α > 0, C_2 = 0 and γ = min(β + α, α), then f has the quasi-asymptotics at zero related to (1/k)^γ ℓ(1/k) and f(0) = 0. (For the meaning of f(0) see 5.1).

3) If in addition^1_2 < α < 1 and the first summand in the sum which defines f has its value in b, then C_1 can be found in such a way that f(b) = 0.

Proof. Since {f_β , β ∈ R} form an Abelian group with δ as the unit element, it is easy to construct a solution to (17) applying one after the other the inverse operators to those appearing in (17). In such a way we find as a solution to (17): (19) f_1 = (f_α ∗ (Q(f_α ∗ (Qg))_{(−∞,b)}))|_{(−∞,b)} .

To find a solution f_2 of the homogeneous part of (17) we start with (20) Q((f_{−α} ∗ f_2)|_{(−∞,b)}) = 0, or (f_{−α} ∗ f_2)|_{(−∞,b)} = 0 which is equivalent to (f_{1−α} ∗ f_2)^{(1)}|_{(−∞,b)} = 0, or f_{1−α} ∗ f_2|_{(−∞,b)} = C_2 .

This gives the solution f_2 to the homogeneous part of (17): (21) f_2 = f_{α−1} ∗ C_2|_{(−∞,b)} = C_2f_α|_{(−∞,b)} .

But if for f_3:

(f_{−α} ∗ Q(f_{−α} ∗ f_3)|_{(−∞,b)})|_{(−∞,b)} = 0, then by (20) f_{−α} ∗ f_3|_{(−∞,b)} = C_1Qf_α|_{(−∞,b)} and f_3 is the restriction on (−∞, b) of the distribution: (22)

C_1f_α∗Qf_α = C_1f_α∗ [ H(b−x)H(x)

(b − x)^{α−1} Γ(α) ] = C_1 [ H(x) 1 Γ^2(α) x∫ 0 (b − t)^{α−1} (x − t)^{1−α} dt ] f_3 is another solution to the homogeneous part of (17).

The general solution f to (17) is f = f_1 + f_2 + f_3, where f_1, f_2 and f_3 are given by (19), (20) and (22) respectively.

It remains to prove that f satisfies the boundary conditions f(0) = f(b) = 0. The first summand f_1 in the sum which determined f, because of Lemma 1 and suppositions 1) and 2), has the quasi-asymptotics at zero related to (1/k)^{α+β} ℓ(1/k).

Since Qf_α = [H(x)H(b − x)f_α(b − x)], then (Qf_α)(0) = f_α(b). By Lemma 1, the second summand f_3 of the mentioned sum has the quasi-asymptotics at zero related to (1/k)^α. Now, it is easily seen that f has the quasi-asymptotics at zero related to (1/k)^γ ℓ(1/k) and consequently f(0) = 0.

We have only to prove that f(b) = 0. Let us consider first the summand f_3 in the sum which defines f. It is easily seen that

Q((f_α ∗ [Qf])|_{(−∞,b)}) = [ H(x)H(b − x) 1 Γ^2(α) b−t∫ 0 (b − τ)^{α−1} (b − t − τ)^{1−α} dτ ] . Since

lim_{t→0+} b−t∫ 0 (b − τ)^{α−1} (b − t − τ)^{1−α} dτ = b^{2α−1} 2α − 1 , 1 2 < α < 1,

there exists (f_α ∗ Qf_α)(b) = b^{2α−1} (2α − 1)Γ^2(α)

. Now by supposition 3) we can find C_1 in such a way that f(b) = 0. This completes the proof of Theorem 2. □

Example. Let g(x) = δ(x − h), 0 < h < b. Then by the property of δdistribution: δ(−x) = δ(x) we have (Qδ(x − h)) = δ(b − x − h) = δ(x − (b − h)) and f_α ∗ (Qδ(x − h)) = f_α ∗ δ(x − (b − h)) = f_α(x − (b − h)).

Hence

(f_α ∗ (Qδ(x − h)))|_{(−∞,b)} = [H(b − x)H(x − (b − h))f_α(x − (b − h))], Q(f_α ∗ (Qδ(x − h)))|_{(−∞,b)} = [H(x)H(b − x − (b − h))f_α(b − x − (b − h))] = [H(x)H(h − x)f_α(h − x)] .

f_α ∗ (Qf_α ∗ (Qδ(x − h)))|_{(−∞,b)} = f_α ∗ H(x)H(h − x)f_α(h − x) = H(x) Γ^2(α) x∫ 0 H(h − t)(h − t)^{α−1} (x − t)^{1−α} dt .

(23)

Hence, f_1 is the regular distribution defined by the function (23).

For f_3 we have

(24) C_1f_α ∗ Qf = C_1f_α ∗ H(x)H(b − x)f_α(b − x) = C_1

H(x) Γ^2(α) x∫ 0 (b − t)^{α−1} (x − t)^{1−α} dt .

Consequently, f_3 is also the regular distribution defined by the function (24). By (23) and (24) f is the regular distribution defined by the function

(25)

H(x) Γ^2(α) x∫ 0 H(h − t)(h − t)^{α−1} (x − t)^{1−α} dt + C_1

H(x) Γ^2(α) x∫ 0 (b − t)^{α−1} (x − t)^{1−α} dt. To find the asymptotic behavior of such an f at the end points, we analyze first

x/k∫ 0 (b − t)^{α−1} (x/k − t)^{1−α} dt = k^{1−α} x/k∫ 0 (b − t)^{α−1} (x − kt)^{1−α} dt = k^{−α} x∫ 0 (b − u/k)^{α−1} (x − u)^{1−α} du

→ k^{−α}b^{α−1} x^α α , k → ∞.

This says that

f_3^q∼ C_1 b^{α−1} Γ(α)Γ(α + 1) at 0 related to (1/k)^α.

Since the quasi-asymptotics is a local property, we have that

f_1^q∼ b^{α−1} Γ(α)Γ(α + 1) f_{α+1} at zero related to (1/k)^α.

Consequently,

f^q∼ b^{α−1} Γ(α)Γ(α + 1)

(1 + C_1)f_{α+1} at 0 related to (1/k)^α.

Finally f(b) satisfies the condition f(b) = 0 if C_1 is defined by h∫ 0 (h − t)^{α−1} (b − t)^{1−α} dt + C_1 b^{2α−1} (2α − 1)

= 0 .

References

[1] O. P. Agrawal, Formulation of Euler-Lagrange equations for fractional variational problems, J. Math. Anal. Appl. 272 (2002), 368–379.

[2] T. M. Atanacković and B. Stanković, Dynamics of a viscoelastic rod of fractional derivative type, Z. Angew, Math. Mech. 82, (2002), 377–386.

[3] T. M. Atanacković, B. Stanković, Stability of an elastic rod on a fractional derivative type of a foundation, J. Sound Vibration 277 (2004), 149–161.

[4] T. M. Atanacković, B. Stanković, On a system of differential equations with fractional derivatives arising in rod theory, J. Phys. A: Math. Gen. 37 (2004), 1241–1250.

[5] N. H. Binghman, C. M. Goldie and J. L. Teugels, Regular Variation, Cambridge University Press, Cambridge, 1989.

[6] R. Bojanić, J. Karamata, On Slowly Varying Functions and Asymptotic Relations, Math.

Research Center Tech. Report 432, Medison, Wisconsin, 1963.

[7] D. W. Dreisigmeyer and P. M. Young, Nonconservative Lagrangian mechanics: a generalized function approach, J. Phys. A: Math. Gen. 36 (2003), 8297–8310.

[8] R. Gorenflo,F. Mainaardi, Fractional Calculus, Integral and Differential Equations of Fractional Order, Chapter published in: A. Carpinteri and F. Mainardi, Fractals and Fractional Calculus in Continuum Mechanics, Springer-Verlag, Wien–New York, 1997.

272 STANKOVI^´C

[9] Yu. N. Drozhinov and B. I. Zavyalov, Quasiasymptotics of generalized functions and Tauberian theorems in the complex domain, Math. Sb. 102 (1977), 372–390 (In Russian). English transl.: Math. USSR Sb. 36 (1977).

[10] Yu. N. Drozhinov and B. I. Zavyalov, Asymptotic properties of some classes of generalized functions, Izv. Akad. Nauk. SSR, Ser. Mat. 49 (1985), 81–140, (In Russian).

[11] R. Hilfer, Fractional calculus and regular variation in thermodinamics, in: :Applications of Fractional Calculus in Physics, Editor R. Hilfer, World Scientific, Singapore, 2000, 429–463.

[12] J. Karamata, Sur un mode de croissance réguliére des functions, Mathematica (Cluj) 4 (1930), 38–53.

[13] M. Klimek, Fractional sequential mechanics—models with symmetric fractional derivative, Czechoslovak J. Phys. 51 (2001), 1348–1354.

[14] S. Lojasiewics, Sur la valeur et la limit d’une distribution dans un point, Studis Math. 16 (1957), 1–36.

[15] S. I. Muslih and D. Baleanu, Hamiltonian formulation of systems with linear velocities within Riemann–Liouville fractional derivatives, J. Math. Anal. Appl. 304 (2005), 599–606.

[16] S. Pilipović, B. Stanković, A.Takači, Asymptotic Behavior and Stieltjes Transformations of Distributions, Teubner Verlagsgesellschaft, Leipzig, 1990.

[17] I. Podlubny, Fractional Differential Equations, Academic Press, San Diego, 1999. [18] S.Sh. Rekhviashvili, The Langrange formalism with fractional derivatives in problems of mechanics, Technical Physics Letters 30 (2004), 33–37.

[19] F. Riewe, Nonconservative Lagrangian and Hamilton mechanics, Phys. Rev. E 53 (1996), 1890–1899.

[20] F. Riewe, Mechanics with fractional derivatives, Phys. Rev. E 55 (1997), 3582–3592. [21] S. G. Samko, A. A. Kilbas and O. I. Marichev, Fractional Integrals and Derivatives, Gordon and Breach, Amsterdam, 1993.

[22] B. Stanković and T. M. Atanacković, Dynamics of a rod made of generalized Kelvin–Voigt visco-elastic material, J. Math. Anal. Appl. 268 (2002), 555–563.

[23] B. Stanković and T. M. Atanacković, On a viscoelastic rod with constitutive equation containing fractional derivatives of two different orders, Mathematics and Mechanics of Solids 9 (2004), 629–656.

[24] B. Stanković, T. M. Atanacković, On the lateral vibration of an elastic rod with varying compressive force, Theor. Appl. Mech. 31:2 (2004), 135–151.

[25] B. Stanković, Abel–Tauberian type theorem for the Laplace transform of hyperfunctions, Integral Transforms Spec. Funct. 15:5 (2004), 455–466.

[26] V. S. Vladimirov, Yu. N. Drozhinov and B. I. Zavyalov, Tauberian Theorems for Generalized Functions, Kluwer, Dordrecht, 1988.

Department of Mathematics (Received 22 04 2006) University of Novi Sad (Revised 13 10 2006) 21000 Novi Sad Serbia