PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE Nouvelle série, tome 88(102) (2010), 111–121 DOI: 10.2298/PIM1002111S

2-NORMED ALGEBRAS-I

Neeraj Srivastava, S. Bhattacharya, and S. N. Lal

Communicated by Stevan Pilipović

Abstract. The class of 2-normed real algebras, defined in [33], as shown in [29] is either void or contains only trivial algebras. In this paper, a new definition of real or complex 2-normed algebras and 2-Banach algebras are proposed. Several examples of such algebras are given.

1. Introduction

Following the introductory notion of Banach algebra by Nagumo in 1936 [34], Gelfand et al. put forward a number of fundamental results related to the theory of Banach algebras [21, 22]. This has created an impetus to the study of algebras having manifold applications in the theory of dynamical systems, particle physics etc. Later on important contributions were made by Dunford [12, 13, 14], Yoshida [42], Kaplansky [26, 27], Raubenheimer et al. [35], Burlando [6] and others [2, 4, 5, 10, 11, 36, 37, 38] leading to the development of various Banach algebra techniques which have produced many new results and simplified the theories related to matrices, integral equations and operators.

The spectral radius formula established by Gelfand gives an excellent illustration of interplay between the algebraic structure and the metric structure on the class B(X) of all continuous linear transformations from a complex Banach space X into X (dim X � 2).

Extensive investigations have been made for the concepts of 2-metric and 2- normed linear spaces with different point of views [1, 3, 7, 8, 9, 15, 16, 17, 18, 19, 20, 23, 24, 25, 28, 30, 31, 32, 39, 40, 41].

Considering the concept of 2-normed algebras put forward by Noor Mohammad and Siddiuqe [33], Lal et al. have shown that the class of 2-normed algebras with unity as defined in [33] is either void or contains only trivial algebras [29].

A new definition of 2-normed algebras and an example satisfying this definition is given in Section 5. In a subsequent work we are trying to show that there exist 2-normed algebras (with or without unity) which are not normable and a 2-Banach

2010 Mathematics Subject Classification: 46A, 46H. 111

algebra need not be a 2-Banach space. Spectrum will be defined and some results for spectral radius in case of 2-Banach algebras shall be given establishing that the spectral radius formula relates the algebraic and analytical concepts. We also intend to give the 2-norm version of the Gelfand–Mazur theorem. 2. We recall the definition of 2-normed space [19, 30].

Definition 2.1. Let E be a linear space of dimension greater than one over the field K, where K is the field of real or complex numbers. The real valued function ‖., .‖ on E × E is said to be a 2-norm if it satisfies the following axioms:

(i) ‖x, y‖ = 0, if and only if x and y are linearly dependent in E; (ii) ‖x, y‖ = ‖y, x‖ for all x, y in E;

(iii) ‖αx, y‖ = |α| ‖x, y‖ for all α ∈ K and for all x, y ∈ E; (iv) ‖x + y, z‖ � ‖x, z‖ + ‖y, z‖ for all x, y, z ∈ E.

The pair (E, ‖., .‖) is said to be a 2-normed linear space over the field K.

In [30] several examples of 2-normed complex linear spaces over K have been given.

We note here that in a 2-normed linear space (E, ‖., .‖), the 2-norm induces a topology which makes E a locally convex Hausdorff topological vector space. To get this topology, define for each x in E a semi-norm ρ_x on E by ρ_x(y) = ‖x, y‖, y in E. As dimension E � 2, for each y (≠ 0) in E there exists an x in E such that x, y are linearly independent and hence, ρ_x(y) = ‖x, y‖ ≠ 0. Thus the class {ρ_x : x ∈ E} forms a family of semi-norms which separates points in E and the topology formed by this family of semi-norms gives the required topology on E. A typical neighborhood of origin is of the form

�_n

1=i{y ∈ E : ρ_{xi} (y) < ε}, where ε > 0 and {x_1, x_2, . . . , x_n} is an arbitrary finite subset on E.

We also note here the following elementary but useful proposition [30] :

Proposition 2.1. Let (E, ‖., .‖) be a 2-normed space over K. Then (i) ‖x + y, x‖ = ‖x, y‖ for all x, y in E, and (ii) if for two linearly independent x and y in E, ‖z, x‖ = ‖z, y‖ = 0 for z ∈ E, then z = 0. 3. The following definition of a 2-normed algebra was given [33] in 1987.

Definition 3.1. Let E be a real algebra of dim � 2 with the 2-norm ‖., .‖. E is said to be a 2-normed algebra if there is some k > 0 such that

‖xy, z‖ � k‖x, z‖ ‖y, z‖ for all x, y, z ∈ E.

The following theorem [29] establishes that such a class of algebras either does not exist or is trivial.

Theorem 3.1. Let (E, ‖., .‖) be a 2-normed algebra according to Definition 3.1. Then

(a) the class of such algebra with unity is void and, (b) the class of such algebra without unity is trivial i.e., for all x, y ∈ E, xy = 0.

Proof. For a proof see [29]. □

Here we propose the following definition for 2-normed algebras. Let E be subalgebra of dimension � 2 of an algebra B, ‖., .‖ be a 2-norm in B and a_1, a_2 ∈ B be linearly independent, non-invertible and be such that for all x, y ∈ E, ‖xy, a_i‖ � ‖x, a_i‖ ‖y, a_i‖, i = 1, 2. Then E is called a 2-normed algebra with respect to a_1, a_2.

Let E be a 2-normed algebra with respect to a_1, a_2. If a sequence {x_n} in E satisfying lim_{m,n→∞} ‖x_n − x_m, a_i‖ = 0, i = 1, 2 is such that there exists an x in E for which lim_{n→∞} ‖x_n − x, a_i‖ = 0, i = 1, 2; then E is a 2-Banach algebra with respect to a_1, a_2.

Remark. Let E be a 2-normed algebra with respect to a_1, a_2. Then ‖xa_i, a_i‖ � ‖x, a_i‖ ‖a_i, a_i‖ = 0 for i = 1, 2 implying that, ‖xa_i, a_i‖ = 0 for i = 1, 2 and so xa_i and a_i are linearly dependent. As a_1, a_2 are linearly independent, a_i ≠ 0, i = 1, 2 and so, for all x ∈ E, there exists α_i(x) ∈ K, i = 1, 2 such that xa_i = α_i(x)a_i.

Similarly, for all x ∈ E, there exists β_i(x) ∈ K such that a_ix = β_i(x)a_i, i = 1, 2.

Now, for i = 1, 2 we have for all x ∈ E,

a_ixa_i = (a_ix)a_i = β_i(x)a^2_i = a_i(xa_i) = a_iα_i(x)a_i = α_i(x)a^2_i

and so, (α_i(x) − β_i(x))a^2_i = 0.

Now, if a^2_i ≠ 0 for any of i = 1, 2, then for this i, α_i(x) = β_i(x) and we have a_ix = xa_i = α_i(x)a_i for all x ∈ E, for this i. If for any of i = 1, 2 a_i is invertible, then for all x ∈ E, xa_i = α_i(x)a_i and E will be of dimension 1. But E being a 2-normed space, we have the trivial 2-norm on E, that is, ‖x, y‖ = 0 for all x, y ∈ E. To avoid this and the other trivial case E = {0}, we took a_1 and a_2 non-invertible. The linear independence of a_1 and a_2 is also needed to get a richer structure for 2-normed algebras, as we will see later on. Also note that α_i and β_i, i = 1, 2 are homomorphisms. For (xy)a_i = x(ya_i) = xα_i(y)a_i = α_i(x)α_i(y)a_i = α_i(xy)a_i and so, α_i(xy) = α_i(x) α_i(y).

Again, for x, y ∈ E, α, β ∈ K

(αx + βy)a_i = α_i(αx + βy)a_i = (αα_i(x) + βα_i(x))a_i

and so, α_i(αx + βy) = (αα_i(x) + βα_i(x)).

Thus α_i, and similarly β_i, are homomorphisms on E, i = 1, 2. We sum up the above discussions in the following theorem.

Theorem 3.2. Let E be a 2-normed algebra with respect to a_1, a_2. Then there exist four homomorphisms α_i, β_i on E, i = 1, 2, such that for all x ∈ E, xa_i = α_i(x)a_i, a_ix = β_i(x)a_i and if any of a_i, i = 1, 2 be such that a^2_i ≠ 0, then we have α_i = β_i, and xa_i = a_ix = α_i(x)a_i.

4. Augmentation of unity

Let E be a subalgebra of an algebra B, a_1, a_2 ∈ B, ‖., .‖ be a 2-norm on B and (E, ‖., .‖) be a 2-normed algebra (or a 2-Banach algebra) with respect to a_1, a_2 and E be without unity. Our purpose in this section is to augment unity with E (as in the case of 1-normed algebras).

Consider the space B^′ = B × K, in which for (x, α), (y, β) ∈ B^′. Define (x, α) + (y, β) = (x + y, α + β), γ(x, α) = (γx, γα) for γ ∈ K and (x, α)(y, β) = (xy + αy + βx, αβ). Then B^′ is an algebra with unity e = (0, 1).

Define ‖., .‖^′ in B^′ by [for (x, α), (y, β) ∈ B^′], ‖(x, α), (y, β)‖^′ = ‖x, y‖ + ‖βx − αy, a_1‖ + ‖βx − αy, a_2‖. Then ‖., .‖ is a 2-norm on B^′.

Note that for (x, α), (y, β) ∈ B^′, ‖(x, α), (y, β)‖^′ = 0 iff ‖x, y‖ = 0 and ‖βx − αy, a_i‖ = 0, i = 1, 2 iff x and y are linearly dependent and βx − αy are also linearly dependent to a_1, a_2. But as a_1, a_2 are linearly independent, βx = αy. If (x, α), (y, β) are linearly dependent in B^′, then for (y, β) = (0, 0), ‖(x, α), (y, β)‖ = 0 and if (y, β) ≠ 0, we have for some γ ∈ K such that (x, α) = γ(y, β) that is, x = γy and α = γβ and so, x, y are linearly dependent giving αy = (γβ)y = β(γy) = βx and so ‖(x, α), (y, β)‖^′ = 0. Conversely, if ‖(x, α), (y, β)‖ = 0, we have x, y linearly dependent and βx = αy. Now, if y = 0 either x = 0 or β = 0. If β = 0, then (y, β) = (0, 0) and (x, α) and (y, β) are linearly dependent. If β ≠ 0 but x = 0, for α = 0, (x, α) and (y, β) are linearly dependent and for α ≠ 0 for some γ ∈ K, α = γβ and we have, (x, α) = γ(y, β) and (x, α) and (y, β) are linearly dependent. If y ≠ 0, then as x, y are linearly dependent there exists γ ∈ K such that x = γy. We assume that γ ≠ 0, that is, x ≠ 0 as if x = 0, the augment above will imply that (x, α), (y, β) are linearly dependent. x = γy and βx = αy imply that β(γy) = αy and as y ≠ 0, α = γβ and so (x, α) = γ(y, β) that is (x, α) and (y, β) are linearly dependent.

It is easy to show that ‖., .‖^′ satisfies the other 2-norm axioms and consequently (B^′, ‖., .‖^′) is a 2-normed space.

We claim that E^′ = E × K is a 2-normed algebra with respect to b_1 = (ka_1, 0), b_2 = (ka_2, 0) ∈ B^′ with 2-norm ‖., .‖^′, for some suitable k > 0 if (E^′, ‖., .‖) is a 2-normed algebra. To see this, let (x, α), (y, β) ∈ E^′. Then

‖(x, α)(y, β), b_i‖^′ = ‖(xy + αy + βx, αβ), (ka_i , 0)‖^′ = ‖xy + αy + βx, ka_i‖ + ‖0(xy + αy + βx) − αβka_i, a_1‖ + ‖0(xy + αy + βx) − αβka_i, a_2‖ � k‖x, a_i‖ ‖y, a_i‖ + k|α| ‖y, a_i‖ + k|β| ‖x, a_i‖ + k|αβ| [‖a_i, a_1‖ + ‖a_i, a_2‖] and ‖(x, α), b_i‖^′ = ‖(x, α), (ka_i, 0)‖^′ = k‖x, a_i‖ + ‖0x − αka_i, a_1‖ + ‖0x − αka_i, a_2‖ = k‖x, a_i‖ + k|α| [‖a_i, a_1‖ + ‖a_i, a_2‖], ‖(y, β), b_i‖^′ = k‖y, a_1‖ + |β|k [‖a_i, a_1‖ + ‖a_i, a_2‖].

For i = 1,

‖(x, α), b_i‖^′ ‖(y, β), b_i‖^′ = [k‖x, a_1‖ + |α|k‖a_1, a_2‖] [k‖y, a_1‖ + |β|k‖a_1, a_2‖]

= k^2‖x, a_1‖ ‖y, a_1‖ + k^2|α| ‖a_1, a_2‖ ‖y, a_1‖

+ k^2|β| ‖a_1, a_2‖ ‖x, a_1‖ + k^2|αβ| ‖a_1, a_2‖^2.

Now, if ‖a_1, a_2‖ � 1, we take k = 1 and if ‖a_1, a_2‖ < 1, take k =^1_{‖a1 ,a2‖} (‖a_1, a_2‖ ≠ 0 as a_1, a_2 are linearly independent) and we see that ‖(x, α)(y, β), b_1‖^′ � ‖(x, α), b_1‖^′ ‖(y, β), b_1‖^′.

Similarly, ‖(x, α)(y, β), b_2‖^′ � ‖(x, α), b_2‖^′ ‖(y, β), b_2‖^′ and we see that (E^′, ‖., .‖^′) is a 2-normed algebra with unity e = (0, 1) with respect to b_i, i = 1, 2.

That (E^′, ‖., .‖^′) is a 2-Banach algebra with respect to b_i, i = 1, 2 if (E^′, ‖., .‖) is a 2-Banach algebra as is also easy to see.

Let {(x_n, α_n)} be a sequence in E^′ such that lim_{n,m} ‖(x_n, α_n)−(x_m, α_m), b_i‖^′ = 0 for i = 1, 2. Then lim_{n,m}{k‖x_n −x_m, a_i‖+k|α_n −α_m| [‖a_i, a_1‖+‖a_i, a_2‖]} = 0 for i = 1, 2; which implies that lim_{n,m} ‖x_n−x_m, a_i‖ = 0, i = 1, 2 and lim_{n,m} |α_n−α_m| = 0. But then there exists an x ∈ E such that lim_n ‖x_n − x, a_i‖ = 0, i = 1, 2 (as (E, ‖., .‖) is a 2-Banach algebra with respect to a_i, i = 1, 2) and as {α_n} is Cauchy, there exists α ∈ K such that lim_n |α_n − α| = 0 and hence lim_n{k‖x_n − x, a_i‖ + k|α_n − α| [‖a_i, a_1‖ + ‖a_i, a_2‖]} = 0 and so lim_n ‖(x_n, α_n) − (x, α), b_i‖^′ = 0. This shows that (E^′, ‖., .‖^′) is a 2-Banach algebra with respect to b_i, i = 1, 2.

5. Examples

In this section we give examples of 2-normed algebras and 2-Banach algebras. It is well known that a finite dimensional algebra over K is an 1-normed (and hence 1-Banach) algebra for a suitably defined 1-norm. Our first example shows that a finite dimensional algebra with dim � 2 also becomes a 2-normed (and 2-Banach) algebra with respect to a_1, a_2 (suitably chosen) with suitably defined 2-norm.

Example 5.1. Let E be a finite dimensional (dim E = n � 2) algebra over K and let {e_1, . . . , e_n} be a basis for E. Let a, b be two symbols (not in E) and define B = {x + αa + βb : x ∈ E, α, β ∈ K}, with the agreement that x + αa + βb = 0, if and only if x = 0, α = β = 0, for x ∈ E, α, β ∈ K.

For y_i = x_i + α_ia + β_ib ∈ B, i = 1, 2, α ∈ K, define y_1 + y_2 = (x_1 + x_2) + (α_1 + α_2)a + (β_1 + β_2)b and αy_1 = αx_1 + (αα_1)a + (αβ_1)b, y_1y_2 = x_1x_2 + α_1α_2a + β_1β_2b. Then B is an algebra over K and if E has unit e, then ẽ = e + a + b is the unit of B. For x =

�_n i=1 α_ie_i + s_1a + s_2b, y =

�_n

i=1 β_ie_i + t_1a + t_2b ∈ B define ‖x, y‖ by

‖x, y‖^2 =

�_n� i=1 |α_i|^2 +|s_1|^2 +|s_2|^2

�_n� i=1 |β_i|^2 +|t_1|^2 +|t_2|^2 � − � � � n� i=1 α_iβ_i +s_1t_1 +s_2t_2 � � � 2

Then ‖., .‖ defines a 2-norm in B (See [30]).

On E, define ‖.‖_1 by ‖x‖_1 = ‖x, a‖ for x ∈ E. Note that ‖.‖_1 is a 1-norm on E. Let ‖.‖ be a 1-norm on E so that (E, ‖.‖) is a 1-normed algebra. Then E being finite dimensional, both 1-norms, ‖.‖_1 and ‖.‖ on E are equivalent and hence there exist k_1, k_2 > 0 such that for every x ∈ E, ‖x‖_1 � k_1‖x‖ and ‖x‖ � k_2‖x‖_1.

For x, y ∈ E, we have

‖xy, a‖ = ‖xy‖_1 � k_1‖xy‖ � k_1‖x‖ ‖y‖ � k_1k_2‖x‖_1k_2‖y‖_1 = k_1k^2 ‖x, a‖ ‖y, a‖

and so for a_1 = k_1k^2 a, we have for all x, y ∈ E, ‖xy, a_1‖ � ‖x, a_1‖ ‖y, a_1‖.

Similarly, for suitably chosen k_3 > 0, we have for a_2 = k_3b, ‖xy, a_2‖ � ‖x, a_2‖ ‖y, a_2‖ for all x, y ∈ E and (E, ‖., .‖) becomes a 2-normed algebra over K with respect to a_1, a_2.

To see that (E, ‖., .‖) is a 2-Banach algebra with respect to a_1, a_2, let {x_n} be a sequence in E so that lim_{n,m→∞} ‖x_n−x_m, a_i‖ = 0, i = 1, 2. Then lim_{n,m} ‖x_n−x_m‖_1 = 0, and E being finite dimensional (E, ‖.‖_1) is a Banach space and hence there is an x ∈ E, such that lim_n ‖x_n − x‖_1 = 0 or equivalently lim_n ‖x_n − x, a_1‖ = 0. Now if we define for x ∈ E, ‖x‖_2 = ‖x, a_2‖, then (E, ‖.‖_2) also becomes a 1-normed space and the norms ‖.‖_1 and ‖.‖_2 on E being equivalent lim_n ‖x_n − x‖_2 = 0 or equivalently lim_n ‖x_n − x, a_2‖ = 0, and the proof that (E, ‖., .‖) is a 2-Banach algebra with respect to a_1, a_2 is complete.

Before we proceed further, we note the following: for x, y ∈ E, we say x ⊥_B y (that is x is orthogonal to y in Birkhoff’s sense) if ‖x‖ � ‖x + αy‖ for all α ∈ K.

Lemma 5.1. There exists, for an 0 ≠ x ∈ E, a ϕ ∈ E^∗ such that ‖ϕ‖ = 1 and ϕ(x) = ‖x‖.

Lemma 5.2. [25] Let x, y ∈ E, x ≠ 0. Then x ⊥_B y if and only if there exists a ϕ ∈ E^∗ such that ‖ϕ‖ = 1, ϕ(x) = ‖x‖ and ϕ(y) = 0.

Lemma 5.3. For x, y ∈ E, both nonzero, there exists an α ∈ K such that x ⊥_B (αx + y).

Proof. From Lemma 5.1, there exists a ϕ ∈ E^∗ such that ‖ϕ‖ = 1 and ϕ(x) = ‖x‖. Now, let α = −ϕ(y)/ϕ(x). Then ϕ(αx + y) = 0 and the lemma follows by Lemma 5.2. □

Lemma 5.4. [28] Let (E, ‖.‖) be a 1-normed linear space over K. For x, y ∈ E, define ‖x, y‖ by

‖x, y‖ = sup

ϕ,Ψ∈E^∗‖ϕ‖=‖Ψ‖=1

|ϕ(x)Ψ(y) − ϕ(y)Ψ(x)|.

Then (E, ‖., .‖) is a 2-normed linear space over K.

The above lemma leads us to the following: let (E, ‖., .‖) be a 1-normed linear space over K. The 2-norm defined above is called the induced 2-norm.

We also note the following:

Lemma 5.5. [28] Let (E, ‖.‖) be a 1-normed linear space over K and let (E, ‖., .‖) be the corresponding induced 2-normed linear space. Then for all x, y ∈ E, ‖x, y‖ � 2‖x‖ ‖y‖. If further x ⊥_B y or y ⊥_B x, then ‖x‖ ‖y‖ � ‖x, y‖.

Let E be an algebra over K, ϕ : E → K be such that ϕ is linear and for all x, y ∈ E, ϕ(xy) = ϕ(x)ϕ(y), we say ϕ is a K-homomorphism on E.

Before we give our next example as the following theorem, we note that from Theorem 3.2 it is obvious that not all 1-normed algebras (or 1-Banach algebras) can be made into a 2-normed algebra (or 2-Banach algebra) respectively as the existence of K-homomorphism on a 1-normed algebra is not guaranteed though Theorem 3.2 states that K-homomorphism on a 2-normed algebra (or 2-Banach algebra) (E, ‖., .‖) with respect to a_1, a_2 is guaranteed.

Theorem 5.1. Let (E, ‖.‖) (dim E � 2) be a 1-normed algebra (or 1-Banach algebra) over K with or without unity, over which a nontrivial K-homomorphism θ exists. Then there exist an algebra A over K of which E is a subalgebra and a 2-norm ‖., .‖ on A, a_1, a_2 ∈ A such that (E, ‖., .‖) becomes a 2-normed algebra (or a 2-Banach algebra respectively) with respect to a_1, a_2.

Proof. We prove the theorem for the case of 1-normed algebras. In the course of the proof, we will see that the case of 1-Banach algebras is also proved.

Let (E, ‖ . ‖) be a 1-normed algebra over K. If E is without unity, we augment the unity in the usual way and extend θ over the extended 1-normed algebra E ×K. For (x, α), (y, β) ∈ E × K, we define (x, α) + (y, β) = (x + y, α + β), (x, α)(y, β) = xy + αy + β and ‖(x, α)‖ = ‖x‖ + |α|.

Unit of E × K is given by e = (0, 1) and θ(x, α) = θ(x) + α over E × K becomes a K-homomorphism. We can now without any loss of generality assume that 1- normed algebra (E, ‖.‖) is with unity. Let Ẽ be the completion of E. Now, let a ∈ E be such that ‖a‖ < 1 and |θ(a)| � 1. Then θ(e − α^{−1}a) = 0 where α = θ(a). Write b = e − α^{−1}a. Then θ(b) = 0 and as ‖α^{−1}a‖ < 1, b is invertible in Ẽ and hence is invertible in E itself. But θ being a nontrivial K-homomorphism, θ(b) ≠ 0. Hence |θ(a)| < 1 and we conclude that θ is continuous over E and hence θ can be extended continuously to θ̃ over Ẽ and θ̃ is a nontrivial K-homomorphism over Ẽ with ‖θ̃‖ = ‖θ‖ = 1. Therefore (Ẽ, ‖.‖) is a 1-Banach algebra, with unity e and θ̃ is a nontrivial K-homomorphism over Ẽ. Then Ẽ is isometrically isomorphic to a closed subalgebra M of B(X), the 1-Banach algebra of all bounded linear operators on a 1-Banach-space (X, ‖.‖_x) over K. Now, let a, b be two symbols (not in X) and consider the space X_1 = {x + αa + βb : x ∈ X, α, β ∈ K}, with the agreement that x + αa + βb = 0 if and only if x = 0, α = β = 0. For, y_i = x_i + α_ia + β_ib ∈ X_1, i = 1, 2 define y_1 + y_2 = (x_1 + x_2) + (α_1 + α_2)a + (β_1 + β_2)b ∈ X_1 and αy_1 = (αx_1) + (αα_1)a + (αβ_1)b ∈ X_1, for α ∈ K.

X_1 is a linear space over K. In X_1 define ‖.‖_{x1} by ‖x + αa + βb‖_{x1} = ‖x‖_x + |α|+|β| for x+αa+βb ∈ X_1. ‖.‖_{x1} defines a 1-norm in X_1 with ‖a‖_{x1} = ‖b‖_{x1} = 1, and ‖x‖_{x1} = ‖x‖_x for x ∈ X.

Let {x_n + α_na + β_nb} be a Cauchy sequence in X_1. Then {x_n} is Cauchy in X and {α_n}, {β_n} are also Cauchy in K and so {x_n}, {α_n}, {β_n} converge to x ∈ X and α, β ∈ K respectively and {x_n + α_na + β_nb} to x + αa + βb in X_1 and so, (X_1, ‖x‖_{x1} ) is a 1-Banach space.

For T ∈ M, let T̃ be defined on X_1 by

T̃ (x + αa + βb) = T (x) + θ̃_1(T )[αa + βb] for all x + αa + βb in X_1, where θ̃_1 is the K-homomorphism over M corresponding to θ̃ over Ẽ. For x+αa+βb ∈ X_1, T ∈ M, we have

‖T̃ (x + αa + βb)‖_{x1} = ‖T (x)‖_x + |θ̃_1(T )| (|α| + |β|) � ‖T ‖_x‖x‖_x + ‖T ‖_x(|α| + |β|) = ‖T ‖_x‖(x + αa + βb)‖_{x1} for all x + αa + βb ∈ X_1

and so, T̃ ∈ B(X_1) and as ‖T̃ ‖_{x1} � ‖T ‖_x we have ‖T̃ ‖_{x1} = ‖T ‖_x.

Let M̃ = {T̃ ∈ B(X_1) : T̃ as defined above for T ∈ M}. Then M̃ is a 1-Banach algebra with unity, a closed subalgebra of B(X_1).

Let T_a, T_b ∈ B(X_1) be defined as T_a(x+αa+βb) = αa and T_b(x+αa+βb) = βb, for x+αa+βb ∈ X_1. Then, ‖T_a‖_{x1} = ‖T_b‖_{x1} = 1. For T̃ ∈ M̃, and x+αa+βb ∈ X_1, we have T̃ T_a(x + αa + βb) = T̃ (αa) = θ̃_1(T )αa = θ̃_1(T )T_a(x + αa + βb) = T_aT̃ (x + αa + βb)

and so T̃ T_a = T_aT̃ = θ̃_1(T )T_a. Similarly T̃ T_b = T_bT̃ = θ̃_1(T )T_b and T^2_a = T_a, T^2_b = T_b.

Now, if we identify B(X_1) with the 1-Banach algebra B of which Ẽ is a closed 1-normed subalgebra, (writing ‖.‖_B for the norm in B) and T_a, T_b be identified with a, b respectively in B, then we have, for each x ∈ Ẽ, xa = ax = θ̃(x)a and xb = bx = θ̃(x)b, and a^2 = a, b^2 = b, ‖a‖_B = ‖b‖_B = 1.

Let us equip B with the induced 2-norm. We claim that (Ẽ, ‖., .‖), ‖., .‖ is the induced 2-norm on B, is a 2-Banach algebra with respect to 2a, 2b. To prove the claim, we first prove that (Ẽ, ‖., .‖) is a 2-normed algebra with respect to 2a, 2b. We begin by showing that for every x, y ∈ Ẽ, ‖xy, a‖ � 2‖x, a‖ ‖y, a‖.

Let x, y ∈ Ẽ, x ≠ 0 ≠ y. Then by Lemma 5.3 there exist α_1, α_2 ∈ K such that a ⊥_B (α_1a + x) and a ⊥_B (α_2a + y) and let x_1 = α_1a + x, x_2 = α_2a + y, then x_1x_2 = α_1α_2a^2 + α_1ay + α_2xa + xy = α_1α_2a + α_1θ̃(y)a + α_2θ̃(x)a + xy and we have, by Proposition 2.1, ‖x_1x_2, a‖ = ‖xy, a‖. Now

‖xy, a‖ = ‖x_1x_2, a‖ � 2‖x_1x_2‖_B‖a‖_B (by Lemma 5.5) � 2‖x_1‖_B ‖x_2‖_B.1 (as (B, ‖.‖_B ) is a 1-normed algebra) � 2‖x_1, a‖ ‖x_2, a‖ (by Lemma 5.5 as a ⊥_B x_1, a ⊥_B x_2) = 2‖x, a‖ ‖y, a‖ (again by Proposition 2.1).

If either of x or y in Ẽ is zero, then ‖xy, a‖ = 0 = ‖x, a‖ ‖y, a‖, and we have, for every x, y ∈ Ẽ, ‖xy, a‖ � 2‖x, a‖ ‖y, a‖. This proves that ‖xy, 2a‖ � ‖x, 2a‖ ‖y, 2a‖, and similarly it can be shown that ‖xy, 2b‖ � ‖x, 2b‖ ‖y, 2b‖.

Now to complete the proof of the claim, which proves the theorem also, it remains to be shown that (Ẽ, ‖., .‖) is a 2-Banach algebra with respect to 2a, 2b. To prove this let {x_n} be a sequence in Ẽ satisfying lim_{m,n→∞} ‖x_m − x_n, 2a‖ = lim_{m,n→∞} ‖x_m −x_n, 2b‖ = 0. By Lemma 5.1, there exists a ϕ ∈ B^∗ such that ‖ϕ‖ = 1 and ϕ(a) = ‖a‖_B = 1. We define a sequence {x^n} in B by, x^n = x_n − ϕ(x_n)a. Then ϕ(x^n) = ϕ(x_n) − ϕ(x_n)ϕ(a) = 0, for each n ∈ N, and so, for each m, n ∈ N, ϕ(x^m − x^n) = 0 and so a ⊥_B (x^m − x^n) using Lemma 5.2.

Now, by Lemma 5.5, and Proposition 2.1, we have for each m, n ∈ N,

‖x^m − x^n‖_B = ‖x^m − x^n‖_B‖a‖_B � ‖x_m − x_n, a‖ → 0 as m, n → ∞

which implies that {x^n} is a Cauchy sequence in (B, ‖.‖_B). □

Now we consider the following cases:

Case 1. Let the sequence {ϕ(x_n)} be bounded. There is a subsequence of {ϕ(x_n)} which is convergent in K, to say s. Then the corresponding subsequence of {x^n} in B converges to some x_0 − sa in B. But {x^n} being Cauchy in B, it converges to x_0 − sa in B, and as the subsequence of {ϕ(x_n)} converges to s, it follows that {x_n} converges to x_0 in B. Since {x_n} is in Ẽ and Ẽ closed in B, we conclude that {x_n} converges to x_0 in Ẽ in ‖.‖_B norm. Using Lemma 5.5, we now have ‖x_n − x_0, 2a‖ � 2‖x_n − x_0‖_B ‖2a‖_B → 0 as n → ∞ and we have an x_0 ∈ Ẽ such that lim_{n→∞} ‖x_n − x_0, 2a‖ = 0.

Similarly it can be shown that lim_{n→∞} ‖x_n − x_0, 2b‖ = 0, and our claim is proved in this case.

Case 2. Let the sequence {ϕ(x_n)} be unbounded and for infinitely many n’s say for n_1 < n_2 < . . . , ϕ(x_{ni} ) = 0. In this case x^{ni} = x_{ni} and as we have observed in the Case 1, {x^{ni} } = {x_{ni} } is a Cauchy sequence in B and hence converges to some x_0 ∈ B. But Ẽ is closed in B and {x_{ni} } is in Ẽ and hence {x_{ni} } converges to x_0 in Ẽ. Again as observed above, {x_n} is Cauchy in B. Hence, {x_n} converges to x_0 ∈ Ẽ. Then we conclude that, as in the Case 1, lim_{n→∞} ‖x_n − x_0, 2a‖ = lim_{n→∞} ‖x_n − x_0, 2b‖ = 0 and the claim is proved in this case also.

Case 3. Let the sequence {ϕ(x_n)} be unbounded and ϕ(x_n) = 0 for finitely many n’s only. We shed x_n’s for which ϕ(x_n) = 0 and writing the remaining sequence by {x_n} again, we have {x_n} in Ẽ such that ϕ(x_n) ≠ 0 for all n ∈ N.

Now, as {ϕ(x_n)} is unbounded, {1/ϕ(x_n)} is bounded. Let s_n = 1/ϕ(x_n), y^n = s_nx_n − a, for all n ∈ N. Then ϕ(y^n) = s_nϕ(x_n) − ϕ(a) = 1 − 1 = 0 and so, for all m, n ∈ N, ϕ(y^m − y^n) = 0, and we have by Lemmas 5.2, 5.5 and Proposition 2.1,

‖y^m − y^n‖_B = ‖a‖_B‖y^m − y^n‖_B � ‖y^m − y^n, a‖ � ‖s_nx_n − s_nx_m, a‖ + ‖(s_n − s_m)x_m, a‖ � |s_n| ‖x_n − x_m, a‖ + |s_n − s_m| ‖x_m, a‖

Note that lim_{m,n→∞} ‖x_m − x_n, a‖ = 0 implies that {‖x_n, a‖} is bounded, for there exists N such that ‖x_m − x_n, a‖ < 1, for all m, n � N and this implies that ‖x_m −x_N , a‖ < 1, for all m � N. Consequently ‖x_m, a‖−‖x_N , a‖ � ‖x_m −x_N , a‖ < 1 for all m � N and we get ‖x_m, a‖ < 1 + ‖x_N , a‖ for all m � N and this proves that ‖x_m, a‖ is bounded.

Again {s_n} being bounded, there is a subsequence of s_n, say {s_{ni} }, converging to some s ∈ K. Then, as lim_{m,n→∞} ‖x_m − x_n, a‖ = 0, the above inequality shows that the sequence {y^{ni} } is a Cauchy sequence in B and hence, converges in (B, ‖.‖_B). But as for all m, n ∈ N, ‖s_mx_m − s_nx_n‖_B = ‖y^m − y^n‖_B and {y^{ni} } is Cauchy in B, {s_{ni} x_{ni} } converges in B and as {s_{ni} x_{ni} } is in Ẽ and Ẽ is closed, {s_{ni} x_{ni} } converges to say sy in Ẽ.

120 SRIVASTAVA, BHATTACHARYA, AND LAL

Now, for x ∈ Ẽ, define ‖x‖_1 = max{‖x, a‖, ‖x, b‖}. Observe that for x ∈ Ẽ, ‖x‖_1 = 0 if and only if x is linearly dependent on both a and b, that is if and only if x = 0 as both a, b /∈ Ẽ. Thus ‖.‖_1 defines a 1-norm in Ẽ.

Let (Ẽ, ‖.‖_1) be the completion of (Ẽ, ‖.‖). Since for j = 1, 2, a_1 = 2a, a_2 = 2b, we have lim_{m,n→∞} ‖x_m−x_n, a_j ‖ = 0, and therefore, lim_{m,n→∞} ‖x_m−x_n‖_1 = 0, that is, {x_n} is Cauchy in (Ẽ, ‖.‖_1). Hence, there is an x_0 ∈ Ẽ such that lim_{n→∞} ‖x_n − x_0‖_1 = 0, and as {s_{ni} } converges to s in K, lim_{n→∞} ‖s_{ni} x_{ni} − sx_0‖_1 = 0. But by Lemma 5.5, we have for j = 1, 2 ‖s_{ni} x_{ni} − sy, a_j ‖ � 2‖s_{ni} x_{ni} − sy‖_B‖a_j ‖_B → 0 as n_i → ∞. As {s_{ni} x_{xi} } converges to sy in B, it follows that lim_{ni→∞} ‖s_{ni} x_{ni} −sy‖_1 = 0, which implies that x_0 = y ∈ Ẽ, and we conclude that, there exists an x_0 ∈ Ẽ, s ∈ K, such that for j = 1, 2 lim_{ni→∞} ‖s_{ni} x_{ni} − sx_0, a_j ‖ = 0.

Now observe that ‖s_{ni} x_{ni} − sx_0, a_j ‖ � |s_{ni} | ‖x_{ni} − x_0, a_j ‖ − |s_{ni} − s| ‖x_0, a_j ‖ and therefore as n_i → ∞ we have |s| lim_{ni→∞} ‖x_{ni} − x_0, a_j ‖ � 0 which implies that lim_{ni→∞} ‖x_{ni} − x_0, a_j ‖ = 0 for j = 1, 2. Now lim_{m,n} ‖x_m − x_n, a_j ‖ = 0 and lim_{ni→∞} ‖x_{ni} − x_0, a_j ‖ = 0 imply that for ε > 0 there exists N such that ‖x_{n+p} − x_n, a_j ‖ < ε for all n � N, p � 0, and ‖x_{ni} − x_0, a_j ‖ < ε for all n_i � N.

For all n > N, let n_i > N and then ‖x_n −x_0, a_j ‖ � ‖x_n −x_{ni} , a_j ‖+‖x_{ni} −x_0, a_j ‖ < ε + ε, and so, lim_{n→∞} ‖x_n − x_0, a_j ‖ = 0 for j = 1, 2. This establishes our claim and the theorem is completely established.

References

1. A. Alexiewicz, The two-norm convergence, Studia Math. 14 (1953), 49–56. 2. W. Ambrose, Structure theorems for a special class of Banach algebras, Trans. Amer. Math.

Soc. 57 (1945), 364–386.

3. E. Z. Andalafte, R. W. Freese, Existence of 2-segments in 2-metric spaces, Fund. Math. 60 (1967), 201–208.

4. S. J. Bhatt, H. V. Dedania, Uniqueness of the uniform norm and adjoining identity in Banach algebras, Proc. Indian Acad. Sci. Math. Sci. 105(4) (1995), 405–409.

5. M. Bresar, P. Semrl, Spectral characterizations of central elements in Banach algebras, Studia Math. 120(1) (1996), 47–52.

6. L. Burlando, Continuity of spectrum and spectral radius in Banach algebras, Functional Analysis and Operator Theory, Banach Center Publications, PWN Warsaw 30 (1994), 53–100.

7. B. A. Cassens, P. Cassens, R. W. Freese, 2-metric axioms for plane euclidean geometry, Math.

Ann. 206 (1973), 285–294.

8. Y. J. Cho, R. W. Freese, Existence of 2-segments in linear 2-normed spaces, Glas. Mat. Ser.

III 28(48) (1993), 67–74.

9. C. Diminnie, S. Gähler, A. White, Remarks on generlizations of 2-inner products, Math.

Nachr. 74 (1976), 363–372.

10. P. G. Dixon, Unbounded approximate identities in normed algebras, Glasgow Math. J. 34(2) (1992), 189–192.

11. R. G. Douglas, Banach Algebra Techniques; in: Operator Theory, Academic Press, New York, 1972.

12. N. Dunford, Spectral theory, Bull. Amer. Math. Soc. 49 (1943), 637–651. 13. N. Dunford, Spectral theory I. Convergence to projections, Trans. Amer. Math. Soc. 54 (1943), 185–217.

14. N. Dunford, J. Schwartz, Linear Operators, Part I, Inter Science, New York, 1958. 15. R. Ehret, Linear 2-normed spaces, Ph.D. thesis, Saint Louis University, 1969. 16. I. Franić, An extension theorem for a bounded linear 2-functionals and applications, Math.

Jap. 40(1) (1994), 79–85.

17. R. W. Freese, Y. J. Cho, Characterization of linear 2-normed spaces, Math. Japon. 40(1) (1994), 115–122.

18. A. Froda, Espaces p-metriques et leur topologie, C. R. Acad. Sci. Paris 247 (1958), 849–852. 19. S. Gähler, Lineare 2-normierte Räume, Math. Nachr. 28 (1965), 1–43. 20. S. Gähler, Über die uniformisierbarkeit in 2-metrischer Räume, Math. Nachr. 28 (1965), 235–244.

21. I. M. Gelfand, Normierte ringe, Mat. Sbornik N.S. 9(51) (1941), 3–21. 22. I. M. Gelfand, M. A. Neumark, On the imbedding of normed rings into the ring of operators in Hilbert space, Mat. Sbornik N.S. 12(54) (1943), 197–213.

23. H. Gunawan, On finite dimensional 2-normed spaces, Soochow J. Math. 27(3) (2001), 321– 329.

24. K. Iseki, Mathematics in 2-normed spaces, Math. Semin. Notes, Kobe Univ. 6 (1976), 161–176. 25. R. C. James, Ortghogonality and linear functionals in normed linear spaces, Trans. Amer.

Math. Soc. 61 (1947), 265–292.

26. I. Kaplansky, Topological rings, Amer. J. Math. 69 (1947), 153–183. 27. I. Kaplansky, Normed algebras, Duke Math. J. 16 (1949), 399–418.

28. S. N. Lal, S. Bhattacharya, D. Ram, Extension of linear 2-functionals, Prog. of Maths. 36(1,2) (2002), 187–198.

29. S. N. Lal, S. Bhattacharya, E. K. Reddi, 2-norm on an algebra, Prog. Math., Varanasi 35 (2001), 27–31.

30. S. N. Lal, S. Bhattacharya, C. Sreedhar, Complex 2-normed linear spaces and extension of linear 2-functionals, J. Anal. Appl. 20(1) (2001), 35–53.

31. S. N. Lal, A. K. Singh, An analogue of Banach’s contraction principle for 2-metric spaces, Bull. Austral. Math. Soc. 18 (1978), 137–143.

32. Z. Lewandowska, On 2-normed sets, Glasnik Mat. 38 (2003), 99–110. 33. N. Mohammad, A. H. Siddiqui, On 2-Banach algebras, Aligarh Bull. Math. 12 (1987–89), 51–60.

34. M. Nagumo, Eingie analytsche untersuchungen in linearen mertrischen ringen, Jap. J. Math.

13 (1936), 61–80.

35. H. Raubenheimer, T. J. D. Wilkins, On a spectral condition in Banach algebras, Bull. London Math. Soc. 28(3) (1996), 305–310.

36. C. E. Rickert, General Theory of Banach Algebras, Van Nostrand, Princetron, 1960. 37. W. Rudin, Functional Analysis, Tata, McGraw-Hill, New Delhi, 1973. 38. B. J. Tomink, B. Yood, Incomplete normed algebra norms on Banach algebras, Studia Math.

95(2) (1989), 119–132.

39. B. Vulich, On a generalised notion of convergence in a Banach space, Ann. of Math. 38 (1937), 156–174.

40. A. White, 2-Banach spaces, Math. Nachr. 42 (1969), 43–60.

41. A. White, Y. J. Cho, Linear mappings on linear 2-normed spaces, Bull. Korean Math. Soc.

21(1) (1984), 1–5.

42. K. Yoshida, Normed rings and spectral theorems, Proc. Imp. Acad. Tokyo 19 (1943), 356–359.

(Srivastava and Lal) National Academy for Scientific Development Education and Research “Shashi Villa”, Mahamanapuri Colony B.H.U. Post Office, Varanasi 221 005, India (Received 22 11 2008)

neeraj_bhuin@yahoo.co.in
snlmath@gmail.com

Department of Mathematics, Faculty of Science Banaras Hindu University, Varanasi 221 005, India

sbhatta@bhu.ac.in