PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE Nouvelle série, tome 94 (108) (2013), 125–130 DOI: 10.2298/PIM1308125H

GEODESIC MAPPINGS ON COMPACT

RIEMANNIAN MANIFOLDS WITH CONDITIONS ON SECTIONAL CURVATURE

Irena Hinterleitner

Abstract. We found new criteria for sectional curvatures on compact Riemannian manifolds for which geodesic mappings are affine, and, moreover, homothetic.

1. Introduction

To the theory of geodesic mappings and their transformations have been devoted many papers, these results are formulated in a large number of research papers and monographs [2, 4–12, 16–19, 21–26, 30, 33], etc.

In 1953, Takeno and Ikeda [31] considered geodesic mappings of spherically symmetric spaces V_4, in 1954 Sinyukov [26, p. 88] studied the case of symmetric and recurrent spaces and, in 1976 Mikeš ( [13,16], [21, p. 206], [26, pp. 151–155]) proved that generalized recurrent (pseudo-) Riemannian spaces V_n with nonconstant curvature do not admit nontrivial geodesic mappings. In this topic Prvanović [23] and Sobchuk [20, 29] also have been interested. These results were obtained “locally" and they are contained in [14, 16, 21, 26].

Global results for geodesic mappings of compact Riemannian manifolds were obtained by Vrançeanu [33], Sinyukova [27, 28], Mikeš [15, 16], etc.

The above results are related to questions of projective rigidity of (pseudo-) Riemannian manifolds and also of manifolds with affine connections.

In [10] and [11] we proved that these mappings preserve the smoothness class of metrics of geodesically equivalent (pseudo-) Riemannian manifolds. In [10] it was sufficient to suppose the metrics to be of differentiability class C^2, and in [11] to be of class C^1.

We present new results on geodesic mappings of compact Riemannian manifolds with certain conditions on the sectional curvature of the Ricci directions.

2010 Mathematics Subject Classification: Primary 53C20; Secondary 53C21, 53C24. Key words and phrases: geodesic mapping, affine mapping, homothetic mapping, compact Riemannian manifold.

The paper was supported by the project FAST-S-13-2088 of the Brno University of Technology. 125

2. Geodesic mapping theory Let V_n = (M, g) and V̄_n = (M̄, ḡ) be n-dimensional (pseudo-) Riemannian manifolds with metrics g and ḡ, respectively.

Definition 2.1. A diffeomorphism f : V_n → V̄_n is called a geodesic mapping of V_n onto V̄_n if f maps any geodesic in V_n onto a geodesic in V̄_n.

We restricted ourselves to the study of a coordinate neighborhood (U, x) of the points x ∈ V_n and f(x) ∈ V̄_n. The points x and f(x) have the same coordinates x = (x^1, . . . , x^n). We assume that V_n, V̄_n ∈ C^1 (g, ḡ ∈ C^1) if their components g_{ij} (x), ḡ_{ij} (x) ∈ C^1 on (U, x), respectively.

It is known [12], see [6, pp. 131–133], [21, p. 167], that V_n admits a geodesic mapping onto V̄_n if and only if the following Levi-Civita equations (2.1) ∇_kḡ_{ij} = 2ψ_kḡ_{ij} + ψ_iḡ_{jk} + ψ_jḡ_{ik} hold, where ∇ is the Levi-Civita connection on V_n and ψ_i = ∂_iΨ, Ψ = 1 n + 1 ln � | det ḡ/ det g|, ∂_i = ∂/∂x^i.

Sinyukov [26, p. 121], see [21, p. 167], proved that the Levi-Civita equations (2.1) are equivalent to (2.2) ∇_ka_{ij} = λ_ig_{jk} + λ_j g_{ik}, where (2.3) (a) a_{ij} = e^{2Ψ} ḡ^{αβ} g_{iα}g_{jβ} ; (b) λ_i = −e^{2Ψ} ḡ^{αβ} ψ_αg_{iβ} , and, moreover, λ_i = ∂_iΛ, Λ =^1_2 a_{αβ} g^{αβ} . Here (ḡ^{ij} ) = (ḡ_{ij} )^{−1} and (g^{ij} ) = (g_{ij} )^{−1}.

On the other hand:

ḡ_{ij} = e^{2Ψ}ĝ_{ij} , Ψ = ln � | det ĝ/ det g|, (ĝ_{ij} ) = (a_{αβ} g^{iα}g^{jβ} )^{−1}.

Furthermore, we assume that V_n = (M, g) ∈ C^2 and V̄_n = (M, ḡ) ∈ C^2. In this case, the integrability conditions of the equations (2.2), due to the Ricci identity (2.4) ∇_l∇_ka_{ij} − ∇_k∇_la_{ij} = a_{iα}R^α_{jkl} + a_{jα}R^α_{ikl}, have the following form (2.5) a_{iα}R^α_{jkl} + a_{jα}R^α_{ikl} = g_{ik}∇_lλ_j + g_{jk}∇_lλ_i − g_{il}∇_kλ_j − g_{jl}∇_kλ_i, where R^h_{ijk} are components of the Riemannian tensor R on V_n, and after contraction with g^{ik} we get [26, p. 133] (2.6) n∇_lλ_j = μ g_{jl} − a_{jα}R^α_l − a_{αβ} R_j^{αβ}_l, where μ = ∇_αλ^α, R^α_i = g^{αβ} R_{βi} and R_{ij} = R^α_{iαj} are components of the Ricci tensor Ric on V_n.

3. Integral formula We introduce the vector field ξ on V_n ∈ C^2 in the following way (3.1) ξ^i = a^α_β ∇_αa^{iβ} − a^i_β ∇_αa^{αβ} , where a^l_i = g^{lα}a_{αi}, a^{ij} = a_{αβ} g^{iα}g^{jβ} . Using formula (3.1), the Ricci identity (2.4) and Sinyukov’s equations (2.2) we obtained that the divergence of the vector ξ has the following representation div ξ = Φ(a) − (n − 1)(n + 2) λ_αλ_β g^{αβ} , where Φ(a) = R_{ij} a^{ik}a^j_k − R_{ijkl} a^{ik}a^{jl}.

Suppose that the Riemannian manifold (M, g) is compact and without boundary, then on the basis of the Gauß theorem � M div ξ dν = 0 we obtain the integral formula (3.2) � M Φ(a) dν = (n − 1)(n + 2) � M λ_αλ_β g^{αβ}dν.

For applying the Gauss theorem it is necessary to require the orientability of M, if M is a non-orientable manifold, then we’ll look at the oriented double cover.

Let g(e_i, e_j ) = δ_{ij} and a(e_i, e_j ) = α_iδ_{ij} with the Kronecker symbol δ_{ij} , i.e., {e_1, . . . , e_n} is the orthonormal basis of eigenvectors to the eigenvalues α_1, . . . , α_n of the tensor a = (a_{ij} ) of T_xM at any point x ∈ M. As we can see from direct calculation, Φ(a) has the following form (see [3, p. 592]): (3.3) Φ(a) = � i<j K(e_i, e_j )(α_i − α_j )^2,

where K(e_i, e_j ) are sectional curvatures in the two-directions e_i ∧ e_j .

It is easy to see:

Φ(a) = R_{ij} a^{ik}a^j_k − R_{ijkl} a^{ik}a^{jl} = � i,j (α_i)^2R_{ijij} − � i,j α_iα_j R_{ijij} = � i<j ((α_i)^2 + (α_j )^2) · R_{ijij} − 2 � i<j α_iα_j R_{ijij} = � i<j (α_i − α_j )^2 · R_{ijij} = � i<j (α_i − α_j )^2 · K(e_i, e_j ),

where K(e_i, e_j ) =

R(e_i, e_j , e_i, e_j ) g(e_i, e_i) · g(e_j , e_j ) − (g(e_i, e_j ))^2

= R_{ijij} .

4. Principal orthonormal basis Eisenhart [6, pp. 113–114] introduced a principal direction in a Riemannian manifold (M, g), as an eigenvector of the Ricci tensor. He showed that at any point x ∈ M there exists the orthonormal basis {e_1, . . . , e_n} in which g_{ij} = δ_{ij} and R_{ij} = ρ_iδ_{ij} , i.e., e_1, . . . , e_n are the vectors of the principal directions and ρ_1, . . . , ρ_n are their eigenvalues. This basis is called the principal orthonormal basis.

This means that the existence of this basis is a property only of the Riemannian manifold (M, g), independent of the solution a_{ij} of equation (2.2). Generally the set of principal orthonormal bases is a proper subset of the set of orthonormal bases. Because the vector field λ_i is gradient-like, formula (2.6) implies [26, p. 138]

a_{iα}R^α_j = a_{jα}R^α_i .

So the tensors a_{ij} and R_{ij} commute and have common eigenvectors. From this fact it follows that there exist a principal orthonormal basis in which g_{ij} = δ_{ij} and a_{ij} = α_iδ_{ij} hold. This basis is called a joint principal orthonormal basis. Note that we do not restrict the signature of the Ricci tensor and the tensor a_{ij} . In the following we restrict ourselves to the study of formulas (3.2) and (3.3) on joint principal orthonormal bases.

5. Main Theorems

For the following we recall that a compact Riemannian manifold V_n admits a geodesic mapping onto a (pseudo-) Riemannian manifold V̄_n.

If we assume that at each point x ∈ M all sectional curvatures K(e_i, e_j ) are non-positive in the two-directions e_i ∧ e_j of the joint principal orthonormal basis {e_1, . . . , e_n} of vectors of the main directions of the Ricci tensor, then from integral formula (3.2) it follows

(5.1) (a) � M Φ(a) dν = 0 and (b) � M λ_αλ_β g^{αβ} dν = 0.

From integral (5.1b) follows λ_αλ_β g^{αβ} = 0 and this fact implies that λ_i is vanishing on M, i.e., λ_1 = · · · = λ_n = 0. In this case, the geodesic mapping is affine (see [21, p. 150]). We proved the following theorem:

Theorem 5.1. Assume a compact Riemannian manifold (M, g) without boundary of dimension n ⩾ 2. If at any point x ∈ M the sectional curvature K(e_i, e_j ) is non-positive for any two-direction e_i ∧ e_j from all the principal orthonormal basis {e_1, . . . , e_n} of vectors of the main direction of the Ricci tensor, then any geodesic mapping of (M, g) is affine.

Moreover, we suppose at each point x ∈ M the sectional curvature K(e_i, e_j ) is non-positive and that there is a certain point x_0 ∈ M where the sectional curvature K(e_i, e_j ) in any two-direction e_i ∧ e_j of the joint principal orthonormal basis {e_1, . . . , e_n} of vectors of the main directions of the Ricci tensor is negative. Then from integral (3.2) follows equation (5.1). On the basis of Theorem 5.1 it follows λ_1 = · · · = λ_n = 0 and the geodesic mapping is affine.

Further, from integral (5.1a) follows Φ(a) = 0 on M. Then from formula (3.3) at the point x_0 ∈ M we obtain α_1 = · · · = α_n = α. Hence a_{ij} = αδ_{ij} , i.e., a_{ij} (x_0) = αg_{ij} (x_0).

In this case, the affine mapping is homothetic, i.e., ḡ = α^′ g, where α^′ = const. This fact follows from the uniqueness of solutions of the fundamental equations of affine mappings V_n → V̄_n : ∇_kḡ_{ij} = 0 with initial values ḡ_{ij} (x_0) = α^′ g_{ij} (x_0). This is equivalent to a_{ij} (x_0) = αg_{ij} (x_0), this fact follows from equation (2.3).

We proved the following theorem:

Theorem 5.2. Assume a compact Riemannian manifold (M, g) without boundary of dimension n ⩾ 2. If at any point x ∈ M the sectional curvature K(e_i, e_j ) is non-positive and if there is a certain point x_0 ∈ M, where the sectional curvature K(e_i, e_j ) is negative in any two-direction e_i ∧ e_j of all the principal orthonormal basis {e_1, . . . , e_n} of vectors of the main directions of the Ricci tensor, then any geodesic mapping of (M, g) is homothetic.

These Theorems generalize the results of Mikeš [15] (see [16]), which were obtained by means of modifications of integral inequalities obtained by Švec [1, p. 10].

References

1. M. Afwat, A. Švec, Global differential geometry of hypersurfaces, Rozpr. Českoslov. Akad.

Věd Řada Mat. Přírod. Věd 88 (1978), 75 pp.

2. A. V. Aminova, Projective transformations of pseudo-Riemannian manifolds, J. Math. Sci., New York 113 (2003), 367-470.

3. A. L. Besse, Einstein manifolds. Vol. I, II, Reprint of the 1987 edition, Classics in Mathematics, Springer-Verlag, Berlin, 2008.

4. H. Chudá, J. Mikeš, Conformally geodesic mappings satisfying a certain initial condition, Arch. Math. (Brno) 47 (2011), 389–394.

5. M. S. Ćirić, M. Lj. Zlatanović, M. S. Stanković, Lj. S. Velimirović, On geodesic mappings of equidistant generalized Riemannian spaces, Appl. Math. Comput. 218 (2012), 6648–6655.

6. L. P. Eisenhart, Riemannian geometry, Princeton Univ. Press (1949). 7. , Non-Riemannian Geometry, Princeton Univ. Press. 1926; Am. Math. Soc. Colloq.

Publ. 8, 2000.

8. S. Formella, J. Mikeš, Geodesic mappings of Einstein spaces. Szczecińske rocz. naukove, Ann.

Sci. Stetinenses. 9 I. (1994) 31–40.

9. I. Hinterleiner, J. Mikeš, Fundamental equations of geodesic mappings and their generalizations, Geometry, Itogi Nauki Tekh. Ser. Sovrem. Mat. Prilozh. Temat. Obz., Vseross. Inst. Nauchn. i Tekhn. Inform. (VINITI), Moscow 124 (2010) 7–34,.

10. , Geodesic Mappings and Einstein Spaces; in: Geometric Methods in Physics, Birkhäuser Basel, 2013, pp. 331–336.

11. , Geodesic mappings of (pseudo-) Riemannian manifolds preserve the class of differentiability, Math. Notes Miskolc (to appear); arXiv:1306.6810 [math.DG].

12. T. Levi-Civita, Sulle transformationi delle equazioni dinamiche, Ann. Mat. Milano, 24 (1886), 255–300.

13. J. Mikeš, Geodesic mappings of semisymmetric Riemannian spaces, Odessk. Univ. Moscow:

Archives at VINITI, 11.11.76, No. 3924-76 (1976) 19p.

14. , On geodesic and holomorphic-projective mappings of generalized m-recurrent Riemannian spaces, Sib. Mat. Zh. 33 (1992), 215.

15. , Global geodesic mappings and their generalizations for compact Riemannian spaces, Opava: Open Education and Sci., Silesian Univ. Math. Publ. (Opava) 1 (1993) 143–149.

16. , Geodesic mappings of affine-connected and Riemannian spaces, J. Math. Sci., New York 78 (1996) 311-333.

17. J. Mikeš, H. Chudá, On geodesic mappings with certain initial conditions, Acta Math. Acad.

Paedagog. Nyházi. (N.S.) 26 (2010) 337–341.

18. J. Mikeš, I. Hinterleitner, On geodesic mappings of manifolds with affine connection, Acta Math. Acad. Paedagog. Nyházi. (N.S.) 26 (2010) 343–347.

19. J. Mikeš, M. Jukl, L. Juklová, Some results on traceless decomposition of tensors, J. Math.

Sci. 174 (2011) 627–640.

20. J. Mikeš, V. S. Sobchuk, Geodesic mappings of 3-symmetric Riemannian spaces, J. Math. Sci.

69 (1994) 885–887; transl. from Ukrain. Geom. Sb. 34 (1991) 80–83.

21. J. Mikeš, A. Vanžurová, I. Hinterleitner, Geodesic mappings and some generalizations, Palacky University Press, 2009.

22. A. Z. Petrov, New methods in the general theory of relativity, Moskva, Nauka, 1966. 23. M. Prvanović, Foundations of Geometry, Gradevinska knjiga, Beograd, 1980 (in Serbian). 24. M. Prvanovitch, Projective and conformal transformations in recurrent and Ricci-recurrent Riemannian spaces, Tensor (N.S.) 12 (1962) 219–226.

25. Zh. Radulovich, J. Mikeš, M. L. Gavril’chenko, Geodesic mappings and deformations of Riemannian spaces, Podgorica: CID. Odessa: OGU, 1997 (in Russian).

26. N. S. Sinyukov, Geodesic mappings of Riemannian spaces, Moskva, Nauka, 1979. 27. E. N. Sinyukova, Geodesic mappings of certain special Riemannian spaces, Math. Notes 30 (1982), 946–949; transl. from Mat. Zametki 30(1981) 889–894.

28. , On geodesic definiteness in a whole of certain classes of Riemannian spaces, Zb. Pr.

Inst. Mat. NAN Ukr. 6 (2009) 195–206.

29. V. S. Sobchuk, On the Ricci geodesic mapping of 4-symmetric Riemannian spaces, Sov. Math.

35 (1991) 68–69; transl. from Izv. Vyssh. Uchebn. Zaved. Mat. 1991, 347 (1991) 69–70. 30. M. S. Stanković, S. M. Mincić, Lj. S. Velimirović, M. Lj. Zlatanović, On equitorsion geodesic mappings of general affine connection spaces, Rend. Semin. Mat. Univ. Padova 124 (2010) 77–90.

31. H. Takeno, M. Ikeda, Theory of the spherically symmetric spaces-times. VII. Space-times with corresponding geodesics, J. Sci. Hiroshima Univ. A17 (1953) 75–81.

32. Y. Tashiro, Complete Riemannian manifolds and some vector fields, Trans. Amer. Math. Soc.

117 (1965) 251–275.

33. G. Vrancȩanu, Leçons de geometri différentielle, vol. I, II, Bucharest: Ed. Acad. Rep. Popul.

Roumaine, 1957.

Brno University of Technology Faculty of Civil Engineering Deptartment of Mathematics Brno, Czech Republic

hinterleitner.irena@seznam.cz