PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE Nouvelle série, tome 95 (109) (2014), 87–99 DOI: 10.2298/PIM1308087J

UNKNOTTING NUMBERS OF ALTERNATING KNOT AND LINK FAMILIES

Slavik Jablan and Ljiljana Radović

Abstract. After proving a theorem about the general formulae for the signature of alternating knot and link families, we distinguished all families of knots obtained from generating alternating knots with at most 10 crossings and alternating links with at most 9 crossings, for which the unknotting (unlinking) number can be confirmed by using the general formulae for signatures.

1. Introduction

About the Conway notation of knots the reader can consult the seminal paper by Conway [1], where this notation is introduced, the paper by Caudron [2], and books [3, 4]. In particular, drawings of all knots up to n = 10 crossings according to the Conway notation, where every knot is represented by a single diagram, are given in Appendix C of the book “Knots and links" by Rolfsen [3]. For all computations we used the program “LinKnot" [4].

The question of unknotting and unlinking numbers, or Gordian numbers is one of the most difficult in knot theory [6, 7, 8, 9, 10]. General formulae for unknotting number are known only for some special classes of knots. For example, according to the famous Milnor conjecture [11] proved by Kronheimer and Mrowka [12, 13], the unknotting number of a torus knot [p, q] is u =^1_2 (p − 1)(q − 1).

Unknotting numbers computed according to the Bernhard–Jablan conjecture [3, 5] coincide with all unknotting numbers (n � 10) from the book A Survey of Knot Theory by Kawauchi (Appendix F) [8] and Kawauchi’s table updated with reference to recent unknotting number results from Table of Knot Invariants [14], if in all ambiguous cases (2 or 3) we take the number 3. The results obtained by Bernhard–Jablan conjecture (BJ-conjecture) are also confirmed for all two-component links whose unlinking numbers were computed by Kohn [9, 10]. The complete list of BJ-unknotting numbers for knots with n = 11 and n = 12 crossings computed using the program LinKnot, is included in the Table of Knot Invariants by Livingston and Cha [14]. The recent results by Owens [15] and Nakanishi [16] confirmed the unknotting number u = 3 for the knot 9_{35}, and the

2010 Mathematics Subject Classification: 57M25, 57M27. Partially supported by the the Serbian Ministry of Science, Project 174012.

unknotting number u = 2 for the knots 10_{83}, 10_{97}, 10_{105}, 10_{108}, 10_{109}, and 10_{121} computed according to the BJ-conjecture. Usually, unknotting numbers are confirmed for particular knots and links, but they here are for the first time confirmed for families of knots and links.

In Section 2 we prove a theorem on signature enabling computation of general formulae for the signature of alternating knot families given by their Conway symbols. These general formulae enabled us to recognize the families of knots obtained from alternating generating knots with at most n = 10 crossings for which unknotting numbers are determined by signatures computed in Section 3.

2. Signature and alternating knot families

Definition 2.1. Let S denote the set of numbers in the unreduced^1 Conway symbol C(L) of a link L. Given C(L) and an arbitrary (nonempty) subset S̃ = {a_1, a_2, . . . , a_m} of S, the family F_{S̃} (L) of knots or links derived from L is constructed by substituting each a_i ∈ S̃, a_i ≠ 1 in C(L) by sgn(a)(|a| + n), for n ∈ N^+.

For even integers n � 0 this construction preserves the number of components, i.e., we obtain (sub)families of links with the same number of components. If all parameters in a Conway symbol of a knot or link are 1,2, or 3, such a link is called generating.

Murasugi [18] defined signature σ_K of a knot K as the signature of the matrix S_K +S_K^T , where S_K^T is the transposed matrix of S_K , and S_K is the Seifert matrix of the knot K.

For alternating knots, the signature can be computed by using a combinatorial formula derived by Traczyk [19]. We will use this formula, proved by Przytycki, in the following form, taken from [20]*Theorem 7.8, Part (2):

Theorem 2.1. If D is a reduced alternating diagram of an oriented knot, then σ_D = −^1_2 w +^1_2 (W − B) = −^1_2 w +^1_2 (|D_{s+}| − |D_{s−}|),

where w is the writhe of D, W is the number of white regions in the checkerboard coloring of D, which is for alternating minimal diagrams equal to the number of cycles |D_{s+}| in the state s+, and B is the number of black regions in the checkerboard coloring of D equal to the number of the cycles |D_{s−}| in the state s−.

Introducing orientation of a knot, every n-twist (chain of digons) becomes parallel or anti-parallel. For signs of crossings and checkerboard coloring we use the conventions shown in Fig. 1.

Lemma 2.1. By replacing n-twist (n � 2) by (n + 2)-twist in the Conway symbol of an alternating knot K, the signature changes by −2 if the replacement is made in a parallel twist with positive crossings, the signature changes by +2 if the replacement is made in a parallel twist with negative crossings, and remains unchanged if the replacement is made in an anti-parallel twist.

1The Conway notation is called unreduced if 1’s denoting elementary tangles in vertices are

not omitted in symbols of polyhedral links.

Figure 1. (a) Positive crossing and negative crossing (b) parallel positive twist; (c) parallel negative twist; (d) antiparallel positive twist; (e) antiparallel negative twist.

Proof. According to the preceding theorem:

(1) by adding a full twist in a parallel positive n-twist the writhe changes by +2, the number of the white regions W remains unchanged, the number of black regions B increases by +2, and the signature changes by −2;

(2) by adding a full twist in a parallel negative n-twist the writhe changes by −2, the number of white regions W increases by 2, the number of black regions B remains unchanged, and the signature increases by 2;

(3) by adding a full twist in an anti-parallel positive n-twist the writhe changes by +2, the number of white regions W increases by 2, the number of black regions B remains unchanged, and the signature remains unchanged;

(4) by adding a full twist in an anti-parallel negative n-twist the writhe changes by −2, the number of white regions W remains unchanged, the number of black regions B increases by 2, and the signature remains unchanged. □

Theorem 2.2. The signature σ_K of an alternating knot K given by its Conway symbol is

σ_K = � P −2 �n_i 2 � c_i + 2c_0,

where the sum is taken over all parallel twists n_i, c_i ∈ {1, −1} is the sign of crossings belonging to a parallel twist n_i, and 2c_0 is an integer constant which can be computed from the signature of the generating knot.

The proof of this theorem follows directly from Lemma 2.1, claiming that only additions of twists in parallel twists in a Conway symbol result in the change of signature, and that by every such addition, the signature changes by −2c_i. Notice that the condition that we are making twist replacements in the standard Conway symbols, i.e., Conway symbols with the maximal twists, is essential for computation of general formulae for the signature of alternating knot families.

Figure 2. Knot family (2p_1 + 1) (2p_2), (2p_3) (2p_4), (2p_5 + 1) 1, (2p_6 + 1) beginning with knot 3 2, 2 2, 3 1, 3.

Figure 3. Knot family (2p_1 + 1) : (2p_2) : (2p_3) beginning with knot 3 : 2 : 2.

Example 2.1. For the family of Montesinos knots with the Conway symbol of the form (2p_1 + 1) (2p_2), (2p_3) (2p_4), (2p_5 + 1) 1, (2p_6 + 1) (Fig. 2), beginning with the generating knot 3 2, 2 2, 3 1, 3, the parallel twists with negative signs are 2p_2 and 2p_6 + 1, the parallel twist with positive signs is 2p_5 + 1, and the remaining twists are anti-parallel. Hence, the signature is σ = −2p_2 + 2p_5 − 2p_6 + 2c_0. Since the writhe of the generating knot G = 3 2, 2 2, 3 1, 3 is w = −4 and its checkerboard coloring has W = 9 white and B = 9 black regions, its signature is 2. Evaluating the formula σ = 2p_2 − 2p_52p_6 + 2c_0 for σ_G =, p_2 = 1, p_5 = 1, and p_6 = 1, we obtain c_0 = 0. Hence, the general formula for the signature of knots belonging to the family (2p_1 + 1) (2p_2), (2p_3) (2p_4), (2p_5 + 1) 1, (2p_6 + 1) is 2p_2 − 2p_5 + 2p_6.

Example 2.2. For the family of polyhedral knots with the Conway symbol of the form (2p_1 + 1) : (2p_2) : (2p_3) (p_1 � 1, p_2 � 1, p_3 � 1), beginning with the knot 3 : 2 : 2 (Fig. 3), all twists are parallel twists with positive crossings, and the

Figure 4. Pretzel knot p_1, p_2, . . . , p_n.

Figure 5. (a) Knot t_1, . . . t_n + t; (b) knot (t_1, . . . , t_m) (t^′_1, . . . , t^′_n).

formula for the signature is −2p_1 − 2p_2 − 2p_3 − 2, i.e., c_0 = 2. The constant c_0 is computed from the signature of the generating knot 3 : 2 : 2 which is equal to −4.

Example 2.3. Let us consider pretzel knots and links (Fig. 4) given by a Conway symbol p_1, . . . , p_n (n � 3). We obtain knots if all p_i (i = 1, . . . , n) are odd and n is an odd number, or if one twist is even, and all the others are odd. If all twists are odd and n is an odd number, all twists are anti-parallel, and the signature is σ_K = n − 1 for every such knot. If n = 3, for the pretzel knots of the form (2p_1 +1), (2p_2 +1), (2q), the twists 2p_1 +1 and 2p_2 +1 are parallel with positive crossings, the twist 2q is antiparallel, and the signature is σ_K = 2p_1 + 2p_2. For n � 4, for the pretzel knots consisting of an even number of odd twists and one even twist, 2p_1 + 1, . . . , 2p_{2k} + 1, 2q, all odd twists are parallel with positive crossings, the even twist 2q is anti-parallel, and the signature is σ_K = 2p_1 +2p_2 +· · ·+2p_{2k+1}. For n � 4, for pretzel knots consisting of an odd number of odd twists and one even twist, 2p_1 + 1, . . . , 2p_{2k+1} + 1, 2q, all twists are parallel with positive crossings, and the signature is σ_K = 2p_1 + 2p_2 + · · · + 2p_{2k+1} + 2q. Hence, for this class of pretzel knots we simply conclude that their unknotting number is given by the formula u_K = p_1 + p_2 + · · · + p_{2k+1} + q.

Example 2.4. Let us consider knots of the form t_1, . . . t_n + t (n � 3), where t_i and t are twists (Fig. 5a). If the twists of an odd length are denoted by p, and twists of an even length by q, we have six possible cases:

(1) if the tangle t_1, . . . , t_n consists of 2k odd twists p_1, . . . , p_{2k}, and the tangle t is an odd twist p, the signature is given by the formula 2k + 2

�_p 2 � (2) if the tangle t_1, . . . , t_n consists of 2k + 1 odd twists p_1, . . . , p_{2k}, and the tangle t is an even twist q, the signature is given by the formula 2k + q (3) if the tangle t_1, . . . , t_n consists of 2k + 1 odd twists p_1, . . . , p_{2k+1} and an even twist q_1, and the tangle t is an odd twist p, the signature is given by the formula

�_{2k+1} i=1 2

�_{pi} 2 � (4) if the tangle t_1, . . . , t_n consists of 2k + 1 odd twists p_1, . . . , p_{2k+1} and an even twist q_1, and the tangle t is an even twist q, the signature is given by the formula

�_{2k+1} i=1 2

�_{pi} 2 � + q_1 (5) if the tangle t_1, . . . , t_n consists of 2k odd twists p_1, . . . , p_{2k} and an even twist q_1, and the tangle t is an odd twist p, the signature is given by the formula

�_{2k} i=1 2

�_{pi} 2 � + q_1 (6) if the tangle t_1, . . . , t_n consists of 2k odd twists p_1, . . . , p_{2k} and an even twist q_1, and the tangle t is an even twist q, the signature is given by the formula

�_{2k} i=1 2

�_{pi} 2 � . Example 2.5. As a more complex example, we provide general formulae for the signature of knots of the type (t_1, . . . , t_m) (t^′_1, . . . , t_n) (m � 2, n � 2), where twists are denoted by t_i or t^′_i (Fig. 5b). If the twists of an odd length are denoted by p, and twists of an even length by q, we have seven possible cases:

(1) if the first tangle t_1, . . . , t_m consists of 2k odd twists p_1, . . . , p_{2k}, and the second tangle t^′_1, . . . , t^′_n consists of 2r + 1 odd twists p^′_1, . . . , p^′_{2r+1}, the signature is given by the formula

2r+1�

i=1 2 � p′_i 2 � + 2k

(2) if the first tangle t_1, . . . , t_m consists of 2k odd twists p_1, . . . , p_{2k}, and the second tangle t^′_1, . . . , t^′_n consists of 2r odd twists p^′_1, . . . , p^′_{2r}, the signature is given by the formula 2k� i=1 2 �p_i 2 � − 2r� i=1 2 �p′_i 2 �

(3) if the first tangle t_1, . . . , t_m consists of 2k odd twists p_1, . . . , p_{2k} and one even twist q_1, and the second tangle t^′_1, . . . , t^′_n consists of 2r +1 odd twists p^′_1, . . . , p^′_{2r+1}, the signature is given by the formula 2k� i=1 2 � p_i 2 � + q_1 + 2r

(4) if the first tangle t_1, . . . , t_m consists of 2k + 1 odd twists p_1, . . . , p_{2k+1} and one even twist q_1, and the second tangle t^′_1, . . . , t^′_n consists of 2r + 1 odd twists p^′_1, . . . , p^′_{2r+1}, the signature is given by the formula

2k+1�

i=1 2 � p_i 2 � + 2r

(5) if the first tangle t_1, . . . , t_m consists of 2k odd twists p_1, . . . , p_{2k} and one even twist q_1, and the second tangle t^′_1, . . . , t^′_n consists of 2r odd twists p^′_1, . . . , p^′_{2r} and one even twist q^′_1, the signature is given by the formula 2k� i=1 2 �p_i 2 � − 2r� i=1 2 �p′_i 2 �

(6) if the first tangle t_1, . . . , t_m consists of 2k odd twists p_1, . . . , p_{2k} and one even twist q_1, and the second tangle t^′_1, . . . , t^′_n consists of 2r +1 odd twists p^′_1, . . . , p^′_{2r+1} and one even twist q^′_1, the signature is given by the formula 2k� i=1 2 �p_i 2 � − 2r+1�

i=1 2 �p′_i 2 � − q^′_1

(7) if the first tangle t_1, . . . , t_m consists of 2k + 1 odd twists p_1, . . . , p_{2k+1} and one even twist q_1, and the second tangle t^′_1, . . . , t^′_n consists of 2r + 1 odd twists p^′_1, . . . , p^′_{2r+1} and one even twist q^′_1, the signature is given by the formula_{2k+1} � i=1 2 � p_i 2 � − 2r+1�

i=1 2 � p′_i 2 � + q_1 − q^′_1.

3. Unknotting numbers of knot families

Murasugi [18] proved the lower bound for the unknotting number of knots, u(K) �^1_2 |σ_K |. Using this criterion, for many (sub)families of knots we can confirm that their BJ-unknotting numbers, i.e., unknotting numbers computed according to the Bernhard–Jablan Conjecture [4, 5] represent the actual unknotting numbers of these (sub)families. In the following tables are given the lists of (sub)families with this property obtained from alternating knots with at most n = 10 crossings and alternating links with at most n = 9 crossings, where in the first column the first knot or link belonging to the family is given, in the second its Conway symbol, in the third the general Conway symbol, in the fourth the general formula for the signature, in the fifth the unknotting (unlinking) number confirmed by the signature, and in the sixth the conditions for this unknotting (unlinking) number^2.

2Conditions for unknotting numbers are determined from the experimental results obtained

for knots and links up to n = 20 crossings.

K Con F am σ u Cond 3_1 3 (2p_1 + 1) 2p_1 p_1 4_1 2 2 (2p_1) (2p_2) 0 5_2 3 2 (2p_1 + 1) (2p_2) 2p_2 p_2 6_2 3 1 2 (2p_1 + 1) 1 (2p_2 ) 2p_1 p_1 p_1 ⩾ p_2 6_3 2 1 1 2 (2p_1 ) 1 1 (2p_2 ) 2p_1 − 2p_2 |p_1 − p_2 | p_1 ≠ p_2 7_4 3 1 3 (2p_1 + 1) 1 (2p_2 + 1) 2 7_5 3 2 2 (2p_1 + 1) (2p_2 ) (2p_3 ) 2p_1 + 2p_3 p_1 + p_3 7_6 2 2 1 2 (2p_1 ) (2p_2 ) 1 (2p_3 ) 2p_3 p_3 p_2 ⩽ p_3 7_7 2 1 1 1 2 (2p_1 ) 1 1 1 (2p_2 ) 0 8_5 3, 3, 2 (2p_1 + 1), (2p_2 + 1), (2p_3 ) 2p_1 + 2p_2 p_1 + p_2 p_1 ⩾ p_3 or p_2 ⩾ p_3 8_6 3 3 2 (2p_1 + 1) (2p_2 + 1) (2p_3 ) 2p_1 8_8 2 3 1 2 (2p_1 ) (2p_2 + 1) 1 (2p_3 ) 2p_1 − 2p_3 p_3 − p_1 p_3 − p_1 > p_2 8_9 3 1 1 3 (2p_1 + 1) 1 1 (2p_2 + 1) 2p_1 − 2p_2 |p_1 − p_2 | p_1 ≠ p_2 8_{10} 3, 2 1, 2 (2p_1 + 1), (2p_2 ) 1, (2p_3 ) 2p_1 − 2p_2 + 2p_3 p_1 − p_2 + p_3 p_3 > p_2 8_{11} 3 2 1 2 (2p_1 + 1) 2p_2 ) 1 (2p_3) 2p_2 p_2 p_2 ⩾ p_3 8_{12} 2 2 2 2 (2p_1) (2p_2) (2p_3) (2p_4) 0 8_{13} 3 1 1 1 2 (2p_1 + 1) 1 1 1 (2p_2 ) 2p_2 − 2 p_2 − 1 p_2 − 1 > p_1 8_{14} 2 2 1 1 2 (2p_1) (2p_2) 1 1 (2p_3) 2p_1 p_1 p_2 ⩽ p_3 8_{15} 2 1, 2 1, 2 (2p_1 ) 1, (2p_2 ) 1, (2p_3 ) 2p_1 + 2p_2 p_1 + p_2 8_{16} .2.2 0 .(2p_1 ).(2p_2) 0 2p_1 + 2p_2 − 2 p_1 + p_2 − 1 8_{17} .2.2 .(2p_1).(2p_2) 2p_1 − 2p_2 |p_1 − p_2 | p_1 = 1, p_2 > 1 or p_2 = 1, p_1 > 1

K Con F am σ u Cond 9_{10} 3 3 3 (2p_1 + 1) (2p_2 + 1) (2p_3 + 1) 2p_2 + 2 9_{13} 3 2 1 3 (2p_1 ) (2p_2 ) 1 (2p_3 + 1) 2p_1 + 2 9_{15} 2 3 2 2 (2p_1 ) (2p_2 + 1) (2p_3 ) (2p_4 ) 2p_1 9_{16} 3, 3, 2+ (2p_1 + 1), (2p_2 + 1), (2p_3 )+ 2p_1 + 2p_2 + 2p_3 p_1 + p_2 + p_3 9_{17} 2 1 3 1 2 (2p_1 ) 1 (2p_2 + 1) 1 (2p_3 ) −2p_2 p_2 p_1 + p_3 ⩽ p_2 9_{18} 3 2 2 2 (2p_1 + 1) (2p_2 ) (2p_3 ) (2p_4 ) 2p_2 + 2p_4 p_2 + p_4 9_{19} 2 3 1 1 2 (2p_1 ) (2p_2 + 1) 1 1 (2p_3 ) 0 9_{20} 3 1 2 1 2 (2p_1 + 1) 1 (2p_2) 1 (2p_3 ) 2p_1 + 2p_3 p_1 + p_3 p_1 + p_3 ⩾ p_2 9_{21} 3 1 1 2 2 (2p_1 + 1) 1 1 (2p_2 ) (2p_3 ) 2 9_{22} 2 1 1, 3, 2 (2p_1 ) 1 1, (2p_2 + 1), (2p_3 ) −2p_2 p_2 p_1 + p_3 − 1 ⩽ p_2 9_{23} 2 2 1 2 2 (2p_1 ) (2p_2 ) 1 (2p_3 ) (2p_4 ) 2p_1 + 2p_4 p_1 + p_4 9_{24} 2 1, 3, 2+ (2p_1 ) 1, (2p_2 + 1), (2p_3 )+ 2p_1 − 2p_2 9_{25} 2 2, 2 1, 2 (2p_1 ) (2p_2 ), (2p_3 ) 1, (2p_4 ) −2p_3 9_{26} 3 1 1 1 1 2 (2p_1 + 1) 1 1 1 1 (2p_2 ) 2p_1 p_1 9_{27} 2 1 2 1 1 2 (2p_1 ) 1 (2p_2 ) 1 1 (2p_3 ) 2p_3 − 2p_2 p_3 − p_2 p_2 < p_3 9_{28} 2 1, 2 1, 2+ (2p_1 ) 1, (2p_2 ) 1, (2p_3 )+ 2p_1 + 2p_2 − 2p_3 p_1 + p_2 − p_3 p_3 ⩽ p_1 or p_3 ⩽ p_2 9_{29} .2.2 0.2 .(2p_1 ).(2p_2) 0.(2p_3 ) −2p_2 9_{30} 2 1 1, 2 1, 2 (2p_1 ) 1 1, (2p_2) 1, (2p_3 ) 2p_2 − 2p_3 p_3 − p_2 p_1 + p_2 ⩽ p_3 9_{31} 2 1 1 1 1 1 2 (2p_1 ) 1 1 1 1 1 (2p_2 ) 2p_1 − 2p_2 − 2 p_1 + p_2 − 1 p_1 + p_2 > 2 9_{32} .2 1.2 0 .(2p_1) 1.(2p_2 ) 0 2p_2 9_{33} .2 1.2 .(2p_1) 1.(2p_2) −2p_2 + 2 p_2 − 1 p_2 − p_1 ⩾ 2 9_{34} 8^∗2 0 8^8(2p_1 ) 0 0 9_{35} 3, 3, 3 (2p_1 + 1), (2p_2 + 1), (2p_3 + 1) 2 9_{36} 2 2, 3, 2 (2p_1 ) (2p_2 ), (2p_3 ) 1, (2p_4 ) 2p_3 + 2p_4 p_3 + p_4 p_2 ⩽ p_4 9_{37} 2 1, 2 1, 3 (2p_1 ) 1, (2p_2 ) 1, (2p_3 + 1) 0 9_{38} .2.2.2 .(2p_1 ).(2p_2).(2p_3) 2p_2 + 2 9_{39} 2 : 2 : 2 0 (2p_1 ) : (2p_2 ) : (2p_3) 0 2 9_{41} 2 0 : 2 0 : 2 0 (2p_1) 0 : (2p_2 ) 0 : (2p_3 ) 0 0

K Con F am σ u Cond 10_{22} 3 3 1 3 (2p_1 + 1) (2p_2 + 1) 1 (2p_1 + 1) 2p_1 − 2p_3 p_3 − p_1 p_3 − p_1 > p_2 10_{23} 3 3 1 1 2 (2p_1 + 1) (2p_2 + 1) 1 1, (2p_3 ) 2p_2 − 2p_3 + 2 p_2 − p_3 + 1 p_3 ⩽ p_2 10_{24} 3 2 3 2 (2p_1 + 1) (2p_2 ) (2p_3 + 1) (2p_4) 2p_2 10_{25} 3 2 2 1 2 (2p_1 + 1) (2p_2 ) (2p_3 ) 1 (2p_4) 2p_1 + 2p_3 p_1 + p_3 p_4 ⩽ p_3 10_{26} 3 2 1 1 3 (2p_1 + 1) (2p_2 ) 1 1 (2p_3 + 1) 2p_2 − 2p_3 |p_2 − p_3| p_3 − p_2 > p_1 or p_2 > p_3 10_{27} 3 2 1 1 1 2 (2p_1 + 1) (2p_2 ) 1 1 1(2p_3 ) 2p_1 − 2p_3 + 2 |p_1 − p_3 + 1| p_3 ⩽ p_1 , p_2 = 2 or p_3 − p_1 > p_2 + 1 10_{28} 3 1 3 1 2 (2p_1 + 1) 1 (2p_2 + 1) 1 (2p_3 ) −2p_3 + 2 p_3 − 1 p_1 + p_2 + 1 < p_3 10_{29} 3 1 2 2 2 (2p_1 + 1) 1 (2p_2) (2p_3) (2p_4) 2p_1 10_{30} 3 1 2 1 1 2 (2p_1 + 1) 1 (2p_2) 1 1 (2p_3) 2 10_{31} 3 1 1 3 2 (2p_1 + 1) 1 1 (2p_2 + 1) (2p_3 ) −2p_3 + 2 10_{32} 3 1 1 1 2 2 (2p_1 + 1) 1 1 1 (2p_2) (2p_3) 2p_1 − 2p_3 |p_1 − p_3| p_1 > p_2 + p_3 or p_2 = 2, p_3 > p_1 10_{33} 3 1 1 1 1 3 (2p_1 + 1) 1 1 1 1 (2p_2 + 1) 0 10_{37} 2 3 3 2 (2p_1 ) (2p_2 + 1) (2p_3 + 1) (2p_4) 2p_1 − 2p_4 10_{38} 2 3 1 2 2 (2p_1 ) (2p_2 + 1) 1 (2p_3) (2p_4) −2p_4 10_{39} 2 2 3 1 2 (2p_1 ) (2p_2 ) (2p_3 + 1) 1 (2p_4) 2p_1 + 2p_3 p_1 + p_3 p_1 + p_2 + p_3 ⩽ p_4 10_{40} 2 2 2 1 1 2 (2p_1 ) (2p_2 ) (2p_3 ) 1 1 (2p_4) 2p_1 + 2p_3 − 2p_4 |p_1 + p_3 − p_4| p_4 < p_3 or p_4 > p_1 + p_2 + p_3 10_{41} 2 2 1 2 1 2 (2p_1 ) (2p_2 ) 1 (2p_3 ) 1 (2p_4) 2p_3 p_3 p_2 + p_4 ⩽ p_3 10_{42} 2 2 1 1 1 1 2 (2p_1 ) (2p_2 ) 1 1 1 1 (2p_3) −2p_3 + 2 10_{43} 2 1 2 2 1 2 (2p_1 ) 1 (2p_2 ) (2p_3 ) 1 (2p_4) 2p_1 − 2p_4 10_{44} 2 1 2 1 1 1 2 (2p_1 ) 1 (2p_2 ) 1 1 1 (2p_3) 2p_1 p_1 p_2 + p_3 ⩽ p_1 + 1 10_{45} 2 1 1 1 1 1 1 2 (2p_1 ) 1 1 1 1 1 1 (2p_2) 0 10_{50} 3 2, 3, 2 (2p_1 + 1) (2p_2), (2p_3 + 1), (2p_4 ) 2p_2 + 2p_3 p_2 + p_3 p_4 ⩽ p_2 10_{51} 3 2, 2 1, 2 (2p_1 + 1) (2p_2), (2p_3 ) 1, (2p_4 ) 2p_2 + 2p_4 − 2p_3 10_{52} 3 1 1, 3, 2 (2p_1 + 1) 1 1, (2p_2 + 1), (2p_3 ) −2p_2 − 2p_3 + 2 p_2 + p_3 − 1 p_3 − p_1 ⩾ 2 10_{53} 3 1 1, 2 1, 2 (2p_1 + 1) 1 1, (2p_2 ) 1, (2p_3 ) 2p_2 + 2 10_{54} 2 3, 3, 2 (2p_1 ) (2p_2 + 1), (2p_3 + 1), (2p_4 ) 2p_1 − 2p_3 − 2p_4 p_3 + p_4 − p_1 p_4 > p_1 + p_2 10_{55} 2 3, 2 1, 2 (2p_1 ) (2p_2 + 1), (2p_3 ) 1, (2p_4 ) 2p_1 + 2p_3 p_1 + p_3 10_{56} 2 2 1, 3, 2 (2p_1 ) (2p_2 ) 1, (2p_3 + 1), (2p_4 ) 2p_1 + 2p_3 p_1 + p_3 p_4 ⩽ p_1 + p_2 10_{57} 2 2 1, 2 1, 2 (2p_1 ) (2p_2 ) 1, (2p_3 ) 1, (2p_4 ) 2p_1 + 2p_4 − 2p_3 p_1 + p_4 − p_3 p_3 < p_4 10_{58} 2 1 1, 2 1 1, 2 (2p_1 ) 1 1, (2p_2) 1 1, (2p_3 ) 0 10_{59} 2 2, 2 1 1, 2 (2p_1 ) (2p_2 ), (2p_3 ) 1 1, (2p_4 ) 2p_4 p_4 p_2 + p_3 − 1 ⩽ p_4 10_{60} 2 1 1, 2 1 1, 2 (2p_1 ) 1 1, (2p_2) 1 1, (2p_3 ) 0 10_{64} 3 1, 3, 3 (2p_1 + 1) 1, (2p_2 + 1), (2p_3 + 1) 2p_1 − 2p_2 − 2p_3 p_2 + p_3 − p_1 max(p_2, p_3) > p_1

K Con F am σ u Cond 10_{65} 3 1, 3, 2 1 (2p_1 + 1) 1, (2p_2 + 1), (2p_3) 1 2p_2 − 2p_3 + 2 10_{66} 3 1, 2 1, 2 1 (2p_1 + 1) 1, (2p_2) 1, (2p_3) 1 2p_1 + 2p_2 + 2p_3 p_1 + p_2 + p_3 10_{68} 2 1 1, 3, 3 (2p_1 ) 1 1, (2p_2 + 1), (2p_3 + 1) 2p_1 − 2 10_{67} 2 2, 3, 2 1 (2p_1 ) (2p_2 ), (2p_3 + 1), (2p_4) 1 2p_1 10_{69} 2 1 1, 2 1, 2 1 (2p_1 ) 1 1, (2p_2) 1, (2p_3 ) 1 2p_1 10_{70} 2 2, 3, 2+ (2p_1 ) (2p_2 ), (2p_3 + 1), (2p_4)+ 2p_3 10_{71} 2 2, 2 1, 2+ (2p_1 ) (2p_2 ), (2p_3) 1, (2p_4)+ 2p_4 − 2p_3 10_{72} 2 1 1, 3, 2+ (2p_1 ) 1 1, (2p_2 + 1), (2p_3)+ −2p_2 − 2p_3 p_2 + p_3 p_1 − 1 ⩽ p_2 + p_3 10_{73} 2 1 1, 2 1, 2+ (2p_1 ) 1 1, (2p_2 ) 1, (2p_3)+ 2p_2 p_2 p_3 = 1 10_{74} 3, 3, 2 1+ (2p_1 + 1), (2p_2 + 1), (2p_3 ) 1+ 2 10_{75} 2 1, 2 1, 2 1+ (2p_1 ) 1, (2p_2 ) 1, (2p_3 ) 1+ 0 10_{76} 3, 3, 2 + 2 (2p_1 + 1), (2p_2 + 1), (2p_3 ) + (2p_4 ) 2p_1 + 2p_2 10_{77} 3, 2 1, 2 + 2 (2p_1 + 1), (2p_2 ) 1, (2p_3 ) + (2p_4 ) 2p_1 + 2p_3 − 2p_2 10_{78} 2 1, 2 1, 2 + 2 (2p_1 ) 1, (2p_2 ) 1, (2p_3 ) + (2p_4 ) 2p_1 + 2p_2 p_1 + p_2 p_4 ⩽ p_1 + p_2 10_{79} (3, 2) (3, 2) ((2p_1 + 1), (2p_2 )) ((2p_3 + 1), (2p_4 )) 2p_1 + 2p_2 − 2p_3 − 2p_4 10_{80} (3, 2) (2 1, 2) ((2p_1 + 1), (2p_2 )) ((2p_3 ) 1, (2p_4 )) 2p_1 + 2p_2 + 2p_3 p_1 + p_2 + p_3 10_{81} (2 1, 2) (2 1, 2) ((2p_1 ) 1, (2p_2 )) ((2p_3 ) 1, (2p_4 )) 2p_1 − 2p_3 10_{83} .3 1.2 .(2p_1 + 1) 1.(2p_2) −2p_2 + 2 p_2 − 1 p_2 > p_1 + 1 10_{84} .2 2.2 .(2p_1) (2p_2 ).(2p_3) 2p_1 + 2p_3 p_1 + p_3 p_2 = 1 or p_3 ⩾ 2 10_{86} .3 1.2 0 .(2p_1 + 1) 1.(2p_2) 0 2p_2 10_{87} .2 2.2 0 .(2p_1) (2p_2 ).(2p_3) 0 2p_1 − 2p_3 10_{88} .2 1.2 1 .(2p_1) 1.(2p_2 ) 1 0 10_{89} .2 1.2 1 0 .(2p_1) 1.(2p_2 ) 1 0 2 10_{90} .3.2.2 .(2p_1 + 1).(2p_2).(2p_3 ) 2p_2 − 2p_3 p_3 − p_2 p_3 > p_1 + p_2 10_{91} .3.2.2 0 .(2p_1 + 1).(2p_2).(2p_3 ) 0 2p_1 − 2p_2 − 2p_3 + 2 p_2 + p_3 − p_1 − 1 p_1 ⩽ p_3 , p_2 > 1 10_{92} .2 1.2.2 0 .(2p_1 ) 1.(2p_2).(2p_3 ) 0 2p_1 + 2p_2 p_1 + p_2 p_3 − 1 ⩽ p_1 10_{93} .3.2 0.2 .(2p_1 + 1).(2p_2) 0.(2p_3 ) −2p_2 − 2p_3 p_2 + p_3 p_1 < p_2 or p_3 > p_1 + 1 10_{94} .3 0.2.2 .(2p_1 + 1) 0.(2p_2 ).(2p_3) 2p_1 + 2p_2 − 2p_3 p_1 + p_2 − p_3 p_1 − p_3 ⩾ 1 or p_2 − p_3 ⩾ 1 10_{95} .2 1 0.2.2 (2p_1 ) 1 0.(2p_2 ).(2p_3) 2p_1 − 2p_2 − 2 p_2 − p_1 + 1 p_1 = p_3 = 1 10_{96} .2.2 1.2 .(2p_1 ).(2p_2) 1.(2p_3 ) 0 10_{97} .2.2 1 0.2 .(2p_1 ).(2p_2) 1 0.(2p_3) 2 10_{98} .2.2.2.2 0 .(2p_1).(2p_2).(2p_3 ).(2p_4) 0 2p_1 + 2p_3 p_1 + p_3 p_4 ⩽ p_1 or p_4 ⩽ p_3 10_{99} .2.2.2 0.2 0 .(2p_1 ).(2p_2).(2p_3 ) 0.(2p_4) 0 2p_1 + 2p_4 − 2p_2 − 2p_3 10_{100} 3 : 2 : 2 (2p_1 + 1) : (2p_2 ) : (2p_3 ) 2p_1 + 2p_2 + 2p_3 − 2 p_1 + p_2 + p_3 − 1 p_2 > 1 or p_3 > 1 10_{101} 2 1 : 2 : 2 (2p_1 ) 1 : (2p_2 ) : (2p_3 ) 2p_1 + 2 10_{102} 3 : 2 : 2 0 (2p_1 + 1) : (2p_2 ) : (2p − 3) 0 2p_3 − 2p_2 p_2 − p_3 p_3 = 1, p_2 − p_1 > 1 10_{103} 3 0 : 2 : 2 (2p_1 + 1) 0 : (2p_2 ) : (2p_3 ) 2p_2 + 2p_3 − 2 10_{104} 3 : 2 0 : 2 0 (2p_1 + 1) : (2p_2 ) 0 : (2p_3 ) 0 2p_1 − 2p_2 − 2p_3 + 2 p_1 − p_2 − p_3 + 1 p_1 > p_2, p_3 = 1 or p_1 > p_3 , p_2 = 1

K Con F am σ u Cond 10_{105} 2 1 : 2 0 : 2 0 (2p_1 ) 1 : (2p_2 ) 0 : (2p_3) 0 2p_1 p_1 p_1 > p_2 + p_3 10_{106} 3 0 : 2 : 2 0 (2p_1 + 1) 0 : (2p_2 ) : (2p_3) 0 2p_1 + 2p_3 − 2p_2 p_1 + p_3 − p_2 p_2 + 1 ⩽ p_1 10_{107} 2 1 0 : 2 : 2 0 (2p_1 ) 1 0 : (2p_2) : (2p_3) 0 2p_1 − 2 10_{108} 3 0 : 2 0 : 2 0 (2p_1 + 1) 0 : (2p_2 ) 0 : (2p_3 ) 0 −2p_2 − 2p_3 + 2 p_2 + p_3 − 1 p_2 > p_1 + 2 or p_3 > p_1 + 2 10_{109} 2.2.2.2 (2p_1 ).(2p_2).(2p_3 ).(2p_4) 2p_1 + 2p_3 − 2p_2 − 2p_4 p_1 + p_3 − p_2 − p_4 p_1 ⩾ p_2 + p_4 10_{110} 2.2.2.2 0 (2p_1 ).(2p_2).(2p_3).(2p_4 ) 0 −2p_4 p_4 p_4 ⩾ p_1 + p_3 10_{111} 2.2.2 0.2 (2p_1 ).(2p_2).(2p_3) 0.(2p_4) 2p_2 + 2p_3 p_2 + p_3 p_2 + p_3 ⩾ p_4 ⩾ p_1 10_{112} 8^∗3 8^∗(2p_1 + 1) 2p_1 p_1 p_1 ⩾ 2 10_{113} 8^∗2 1 8^∗(2p_1 ) 1 2p_1 p_1 p_1 ⩾ 2 10_{114} 8^∗3 0 8^∗(2p_1 + 1) 0 0 10_{115} 8^∗2 0.2 0 8^∗(2p_1 ) 0.(2p_2 ) 0 0 10_{116} 8^∗2 : 2 8^∗(2p_1 ) : (2p_2 ) 2p_1 + 2p_2 − 2 p_1 + p_2 − 1 p_1 ⩾ 2 or p_2 ⩾ 2 10_{117} 8^∗2 : 2 0 8^∗(2p_1 ) : (2p_2 ) 0 2p_2 10_{118} 8^∗2 : .2 8^∗(2p_1 ) : .(2p_2 ) 0 2p_1 − 2p_2 |p_1 − p_2 | p_1 ⩾ 2, p_2 = 1 p_2 ⩾ 2, p_1 = 1 or |p_1 − p_2 | ⩾ 2 10_{119} 8^∗2 : .2 0 8^∗(2p_1 ) : .(2p_2 ) 0 −2p_2 + 2 p_2 − 1 p_2 − p_1 ⩾ 2 10_{120} 8^∗2 0 :: 2 0 8^∗(2p_1 ) 0 :: (2p_2) 0 4 10_{121} 9^∗2 0 9^8 (2p_1 ) 0 2 10_{122} 9^∗.2 0 9^∗.(2p_1 ) 0 0

In the following table we provide the same results for link families

obtained from generating links with at most n = 9 crossings.

K Con F am σ u Cond 2^2_1 2 (2p_1 ) −2p_1 + 1 p_1 5^2_1 2 1 2 (2p_1 ) 1 (2p_2) −2p_1 + 1 p_1 p_1 > p_2 6^2 3 3 (2p_1 + 1) (2p_2 + 1) −2p_1 − 1 6^2_3 2 2 2 (2p_1 ) (2p_2 ) (2p_3 ) −2p_1 − 2p_3 + 1 p_1 + p_3 7^2 3 1 1 2 (2p_1 + 1) 1 1 (2p_2 ) −2p_1 + 2p_2 |p_1 − p_2 | 7^2_3 2 3 2 (2p_1 ) (2p_2 + 1) (2p_3 ) −2p_1 + 1 7^2_4 3, 2, 2 (2p_1 + 1), (2p_2 ), (2p_3 ) −2p_1 − 2p_3 + 1 p_1 + p_3 p_2 = 1 7^2_5 2 1, 2, 2 (2p_1 ) 1, (2p_2 ), (2p_3 ) 2p_2 + 2p_3 − 2p_1 + 1 7^2_6 .2 .(2p_1 ) −2p_1 + 1 8^2_4 3 2 3 (2p_1 + 1) (2p_2 ) (2p_3 + 1) −2p_1 − 2p_3 − 1 8^2_5 3 1 2 2 (2p_1 + 1) 1 (2p_2 ) (2p_3 ) −2p_1 − 1 8^2_7 2 1 2 1 2 (2p_1) 1 (2p_2 ) 1 (2p_3 ) −2p_1 − 2p_3 + 1 p_1 + p_3 p_1 + p_3 ⩾ p_2 8^2_9 2 2, 2, 2 (2p_1 ) (2p_2 ), (2p_3), (2p_4 ) −2p_3 − 2p_4 + 1 8^2_{10} 2 1 1, 2, 2 (2p_1 ) 1 1, (2p_2 ), (2p_3 ) 2p_3 − 1 p_3 p_1 = p_2 = 1 8^2_{11} 3, 2, 2+ (2p_1 + 1), (2p_2), (2p_3 )+ −2p_1 + 1 8^2_{12} 2 1, 2, 2+ (2p_1) 1, (2p_2), (2p_3 )+ −2p_1 + 2p_2 − 1 p_1 − p_2 + 1 p_2 = 1

K Con F am σ u Cond 8213 .2 1 .(2p1 ) 1 −1 8214 .2 : 2 .(2p1) : (2p2 ) 1 926 3 3 1 2 (2p1 + 1) (2p2 + 1) 1 (2p3 ) −2p1 + 2p3 − 1 p3 − p1 p3 ⩾ p1 + p2 927 3 2 1 1 2 (2p1 + 1) (2p2) 1 1 (2p3 ) −2p1 + 1 p1 + 1 p2 = 1, p3 ⩽ p1 + 2 928 3 1 3 2 (2p1 + 1) 1 (2p2 + 1) (2p3 ) −2p1 + 2p3 − 1 p1 − 1 p1 ⩾ p2 + p3 929 3 1 1 1 3 (2P − 1 + 1) 1 1 1 (2p2 + 1) −2p1 + 1 p1 p1 − p2 ⩾ 1 9211 2 2 2 1 2 (2p1 ) (2p2 ) (2p3 ) 1 (2p4) −2p1 − 2p3 + 1 p1 + p3 p3 ⩾ p4 9212 2 2 1 1 1 2 (2p1 ) (2p2 ) 1 1 1 (2p3 ) −2p1 + 2p3 − 1 p3 − p1 p3 > p1 + p2 p1 − p3 + 1 p2 = 1, p1 > p3 9215 3 2, 2, 2 (2p1 + 1) (2p2 ), (2p3 ), (2p4 ) −2p2 − 2p4 + 1 9216 3 1 1, 2, 2 (2p1 + 1) 1 1, (2p2 ), (2p3 ) 2p2 + 2p3 − 3 917 2 3, 2, 2 (2p1 ) (2p2 ) 1, (2p3 ), (2p4) −2p2 + 2p3 + 2p4 − 1 9218 2 2 1, 2, 2 (2p1 ) (2p2 ) 1, (2p3 ), (2p4) −2p1 − 2p4 + 1 p1 + p4 p3 = 1 921 3 1, 3, 2 (2p1 + 1) 1, (2p2 + 1), (2p3 ) −2p1 + 2p2 + 2p3 − 1 p2 + p3 − p1 p3 > p1 922 3 1, 2 1, 2 (2p1 + 1) 1, (2p2) 1, (2p3 ) −2p1 − 2p2 − 1 923 3, 3, 2 1 (2p1 + 1), (2p2 + 1) (2p3) 1 −2p1 − 2p2 + 2p3 − 1 p1 + p2 − p3 + 1 p1 ⩾ p3 or p2 ⩾ p3 924 2 1, 2 1, 2 1 (2p1 ) 1, (2p2 ) 1, (2p3 ) 1 −2p1 − 2p2 − 2p3 − 1 p1 + p2 + p3 925 2 2, 2, 2+ (2p1) (2p2 ), (2p3 ), (2p4 )+ −2p2 + 1 926 2 1 1, 2, 2+ (2p1 ) 1 1, (2p2 ), (2p3 )+ −1 927 3, 2, 2 + 2 (2p1 + 1), (2p2 ), (2p3 ) + (2p4 ) −2p1 − 2p3 + 1 928 2 1, 2, 2, 2 + 2 (2p1 ) 1, (2p2), (2p3 ) + (2p4 ) −2p1 + 2p2 + 2p3 − 1 929 (3, 2) (2, 2) (2p1 + 1), (2p2 )) ((2p3 ), (2p4 )) 2p1 + 2p2 − 2p3 − 2p4 − 1 9230 (2 1, 2) (2, 2) ((2p1 ) 1, (2p2 )) ((2p3 ), (2p4)) −2p1 − 2p3 − 2p4 + 1 p1 + p3 + p4 9232 .3 1 .(2p1 + 1) 1 −1 9233 .2 2 .(2p1 ) (2p2 ) −2p1 + 1 9234 .3.2 .(2p1 + 1).(2p2 ) −2p1 + 2p2 − 1 p1 p1 > 1, p2 = 1 9235 .3.2 0 .(2p1 + 1).(2p2 ) 0 −2p1 − 2p2 + 1 p1 + p2 9236 .3 : 2 .(2p1 + 1) : (2p2 ) −2p1 + 2p2 − 1 p1 − p2 + 1 p1 > 1, p2 = 1 9237 .3 : 2 0 .(2p1 + 1) : (2p2 ) 0 −2p1 + 2p2 − 1 9238 .2 1 : 2 0 .(2p1) 1 : (2p2 ) 0 −2p1 + 3 9239 .2.2.2 0 .(2p1 ).(2p2 ).(2p3) 0 −2p1 + 2p2 + 2p3 − 1 p2 + p3 − p1 p3 > p1 9240 2 : 2 : 2 (2p1 ) : (2p2 ) : (2p3 ) −2p1 − 2p2 − 2p3 + 3 9241 2 : 2 0 : 2 0 (2p1 ) : (2p2 ) : (2p3 ) 0 −2p1 + 2p2 + 2p3 − 1 p2 + p3 − p1 p2 > p1 or p3 > p1 9242 8∗2 8∗ (2p1) −2p1 + 1 p1 p1 ⩾ 2 631 2, 2, 2 (2p1), (2p2 ), (2p3 ) −2p1 + 2p2 − 2p3 731 2, 2, 2+ (2p1 ), (2p2 ), (2p3 )+ −2p1 + 2 823 3 1, 2, 2 (2p1 + 1) 1, (2p2 ), (2p3 ) −2p1 + 2p2 + 2p3 − 2 83 2, 2, 2 + 2 (2p1 ), (2p2 ), (2p3 ) + (2p4 ) −2p1 − 2p3 + 2 834 (2, 2) (2, 2) ((2p1 ), (2p2 )) ((2p3 ), (2p4 )) −2p1 − 2p2 + 2p3 + 2p4 835 .3 .(2p1 + 1) −2p1 836 .2 : 2 0 .(2p1 ) : (2p2 ) 0 −2p1 + 2p2 931 2 1 2, 2, 2 (2p1 ) 1 (2p2 ), (2p3 ), (2p4) −2p1 − 2p3 − 2p4 + 2 932 2 1 1 1, 2, 2 (2p1 ) 1 1 1, (2p2), (2p3 ) −2p1 + 2p3 93 3, 2, 2, 2 (2p1 + 1), (2p2 ), (2p3 ), (2p4 ) −2p1 − 2p4 + 2 934 2 1, 2, 2, 2 (2p1 ) 1, (2p2 ), (2p3 ), (2p4 ) −2p1 + 2p2 + 2p4 − 2 936 3 1, 2, 2 (2p1 + 1) 1, (2p2 ), (2p3 )+ −2p1 + 2p2 − 2

9^3_7 2, 2, 2 + 3 (2p_1), (2p_2), (2p_3) + (2p_4 + 1) −2p_1 + 2 9^3_8 (2, 2+) (2, 2) ((2p_1), (2p_2)+) ((2p_3), (2p_4)) −2p_1 + 2p_3 + 2p_4 9^3_9 (2, 2) 1 (2, 2) ((2p_1), (2p_2) 1 ((2p_3), (2p_4)) −2p_1 − 2p_4 + 2 9^3_{10} .2 1 1 .(2p_1) 1 1 −2p_1 9^3_{11} .2 1 : 2 (−2p_1) 1 : 2 −2p_1 + 2 9^3_{12} .(2, 2) .((2p_1), (2p_2)) −2p_1 + 2 8^4_1 2, 2, 2, 2 (2p_1), (2p_2), (2p_3), (2p_4) −2p_1 − 2p_4 + 3

References

1. J. Conway, An enumeration of knots and links and some of their related properties;

in: J. Leech (Ed.), Computational Problems in Abstract Algebra, Proc. Conf. Oxford 1967, 329–358, Pergamon Press, New York, 1970.

2. A. Caudron, Classification des nœuds et des enlancements, Publ. Math. Orsay 82, Univ. Paris Sud, Dept. Math., Orsay, 1982.

3. D. Rolfsen, Knots and Links, Publish or Perish, 1976 (second edition, 1990; third edition, AMS Chelsea Publishing, 2003).

4. S. V. Jablan, R. Sazdanović, LinKnot – Knot Theory by Computer, World Scientific, New Jersey, London, Singapore, 2007 (http://math.ict.edu.rs/).

5. , Unlinking number and unlinking gap, J. Knot Theory Ramifications 16(10) (2007), 1331–1355.

6. H. Wendt, Die Gordische Auflösung von Knoten, Math. Zeit. 42 (1937) 680–696. 7. Y. Nakanishi, A note on unknotting number, Math. Sem. Notes Kobe Univ. 9 (1981), 99–108. 8. A. Kawauchi, A Survey of Knot Theory, Birkhäuser, Basel, Boston, Berlin, 1996. 9. P. Kohn, Two-bridge links with unlinking number one, Proc. Am. Math. Soc. 113 (1991), 1135–1147.

10. , Unlinking two component links, Osaka J. Math. 30 (1993), 741–752. 11. J. W. Milnor, Singular points of complex hypersurfaces, Ann. Math. Stud. 61, Princeton University Press, Princeton, 1968.

12. P. B. Kronheimer, T. S. Mrowka, Gauge Theory for Embedded Surfaces. I, Topology 32 (1993), 773–826.

13. , Gauge theory for embedded surfaces. II, Topology 34 (1995), 37–97. 14. C. Livingston, J. C. Cha, Knot Tables, http://www.indiana.edu/^∼ knotinfo/ 15. B. Owens, Unknotting information from Heegaard Floer homology,

arXiv:math.GT/0506485v1.

16. Y. Nakanishi, A note on unknotting number, II, J. Knot Theory Ramifications 14(1) (2005), 3–8.

17. J. A. Bernhard, Unknotting numbers and their minimal knot diagrams, J. Knot Theory Ramifications 3(1) (1994), 1–5.

18. K. Murasugi, On a certain numerical invariant of link types, Trans. Am. Math. Soc. 117 (1965), 387–422.

19. P. Traczyk, A combinatorial formula for the signature of alternating diagrams, Fundam.

Math. 184 (2004), 311–316 (a new version of the unpublished manuscript, 1987). 20. J. Przytycki, From Goeritz matrices to quasi-alternating links, arXiv:0909.1118v1 [MathGT].

Mathematical Institute, Knez Mihailova 36 Belgrade, Serbia

sjablan@gmail.com

Department of Mathematics, Faculty of Mechanical Engineering Niš, Serbia

ljradovic@gmail.com