PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE Nouvelle série, tome 98(112) (2015), 119–135 DOI: 10.2298/PIM1512119K

FIRST INTEGRALS AND EXACT SOLUTIONS OF THE GENERALIZED MODELS

OF MAGNETIC INSULATION

Alexander Kosov, Edward Semenov, and Alexander Sinitsyn

Abstract. We suggest generalizations of the mathematical model of magnetic insulation, described by multidimensional quasi potential ODE system or PDE system with two-dimensional Laplace operator. Existence conditions of the first integrals of a certain type for the class of nonlinear quasi potential systems, including the model vacuum diode are obtained. Integrability of the vacuum diode models is justified. We find for PDE system the class of exact radially symmetric solutions given by fractional-rational functions. The class of systems with variable density, reduced to a similar system with the constant current density by special transformations is specified. The class of exact solutions of the non-singular boundary-value problem in annular domain is found.

1. Introduction

During the recent decade, the international scientific community was involved in the process of fostering plasma-and nano-technologies. In this connection, investigations bound up with understanding interactions between electromagnetic fields and charged particles have been stimulated [1]. Solution of such problems has necessitated an interdisciplinary approach, in which mathematical modeling plays an important role. This approach allows the researcher to bring together and coordinate various principles of physics characteristic of the interacting objects of diverse physical nature. Modeling plasma represented as a flow of charged particles interacting in vacuum usually necessitates application of the Vlasov–Maxwell or Vlasov–Poisson equations [2–8]. When solving these nonlinear systems of partial differential equations (PDEs) with initial and boundary value conditions, it is

2010 Mathematics Subject Classification: 34B09, 34B15, 34B60.

Key words and phrases: unsolved systems, first integrals, integrability, elliptic equations, boundary-value problem, exact solutions.

Partially supported by RFBR (project N 15-08-06680). Communicated by Gradimir V. Milovanović. 119

necessary to find the solutions and ascertain their properties for a number of additional conditions (positiveness, monotony, singularity, etc.). And this is a special mathematical problem.

Transition to a new, simpler model described by a system of ordinary differential equations (ODEs) with boundary-value conditions and, nevertheless, retaining the principal physical and other properties typical of the initial (more complicated) model represents a constructive and more efficient way to overcome possible mathematical difficulties. In this way the limit model of magnetic insulation for the plane vacuum diode, which is a system of two nonlinear ODEs of second order is obtained [9]. In this connection, it is necessary to obtain a solution for the respective singular boundary value problem and study its properties.

Some results related to this limit model and the boundary-value problem were obtained earlier with the application and combining analytical and numerical methods [9,10]. Integrability of the limit model is established, a complete system of four first integrals is constructed and a method for solution of the singular boundaryvalue problem is suggested [11]. Moreover, a parametric family of exact solutions is constructed and it is shown that solutions to singular boundary-value problems under certain conditions can be found. Therefore, the limit problem of magnetic insulation [9] has been quite interesting mathematical object for the study.

In this paper we consider a generalization of the mathematical model of magnetic insulation [9] in two distinct directions. The first one concerns the transition from two-dimensional unknown function to the vector of arbitrary dimension: as a result we obtain the ODE system. The principal questions that we study here are: 1) construct explicit first integrals of a certain class of functions (for example, linear to the given arguments); 2) search integrability conditions. Let us note that as it is specified in the surveys [12, 13], integrable systems have very much importance though they are met rather seldom.

The second one concerns the transition from one-dimensional argument of unknown function to two-dimensional argument, which leads to the system of two PDEs with two-dimensional Laplace operator. The main question here is to build parametric families of exact solutions and satisfy the boundary conditions. The knowledge of explicit exact solutions of the nonlinear PDE is very useful for the qualitative analysis [14]. The obtained analytical solution can be usefully applied for testing the other, experimental or numerical results for adequate modeling of modern technologies [15].

The generalized models of magnetic insulation, as mentioned above, with the main objectives of the study are given in Section 2. In Sections 3, 4, existence conditions of the first integrals of the “energy” type and linear in “velocity” are presented respectively. As an example Section 5 shows to which integrals we come under the proposed approach in the case of the basic model of magnetic insulation [9]. In the next Section 6, we consider systems with the potential of a special type, for which we can prove existence of a family linear with respect to “velocity” integrals. In Section 7, integrability of 12-dimensional model, which is in some sense analogous to the classic two-body problem is justified. The questions of model representation in the Hamiltonian form and integrability are considered in Section

8. Section 9 is devoted to exact solutions of PDEs system with two-dimensional Laplace operator in the case of a constant current density. The same questions for the case of a variable current density are discussed in Section 10. In the last Section 11, the conditions of existence and the explicit form of exact solutions of the boundary-value problems in the annular domain are given.

2. The generalized mathematical models of magnetic insulation and the problem statement

The limit model of a plane vacuum diode has been proposed by a group of mathematicians from the University of Toulouse [9]. The model consists of two second-order nonlinear ODEs

(2.1) d^2φ dx^2 = j (1 + φ) � (1 + φ)^2 − a^2 − 1 , d^2a dx^2 = j a � (1 + φ)^2 − a^2 − 1 . Here the independent variable x ∈ [0, 1] denotes the relative distance from the cathode, and x = 1 corresponds to the anode. The function φ(x) describes the distribution of the electric potential in the process of moving from cathode to anode; a(x) is the potential of the magnetic field; the unique constructive model’s parameter j is the density of current through the diode. System (2.1) describes the electric and magnetic fields inside the diode, and its solution shall satisfy the following boundary conditions

φ(0) = 0, a(0) = 0, φ^′(0) = dφ dx (0) = 0,

(2.2)

φ(1) = φ_1, a(1) = a_1.

(2.3)

Note that boundary-value problem (2.1)–(2.3) is singular: after substituting conditions (2.2) into equations (2.1) for x = 0, the denominator vanishes. Moreover, in solving (2.1)–(2.3) it is assumed [9] that the parameter j is free and should be found together with the solution of the boundary value problem. Together with singular problem (2.1)–(2.3), nonsingular boundary-value problems (2.1) also may be of interest, when instead of (2.2), the solution must satisfy the conditions of the type (2.3), given for various values of the independent variable and does not lead to conversion of denominator to zero in (2.1). Now, we describe the multidimensional quasi potential system of ODEs generalizing model (2.1).

Let us suppose that Ω ⊂ R^n is a domain, in which the continuously differentiable scalar function Π(q), q ∈ Ω is given, hereinafter called the potential. The independent real variable t ∈ R to be called “time”, and the first and second order derivatives of q(t) in t will be denoted by one or two dots over the letter.

Let us consider in a domain Γ = {(q, q̇) ∈ Ω × R^n} the system of ODEs of the second order

(2.4) Aq̈ + B

∂Π(q) ∂q = 0,

where A, B are the constant square matrices of the dimension n × n with real elements.

The classic Peano theorem guarantees existence of the solution q(t, q_0, q̇_0), q̇(t, q_0, q̇_0) in the case of a non-singular matrix A for every initial point (q_0, q̇_0) ∈ Γ of the system (2.4) (generally speaking non-unique) on the “time” interval t ∈ (α, ω) determined by the initial conditions (q_0, q̇_0) and the choice of a particular solution in the nonuniqueness case. In the case of a singular matrix A, the system (2.4) presents the differential-algebraic system [16] and there are no solutions for any initial conditions.

Note that model (2.1) is written in the form (2.4), therefore it suffices to put

t = x ∈ R, q = col(q_1, q_2) ∈ R^2, Π(q) = j � (1 + q_1)^2 − 1 − q_2, A = � 1 0 0 1 � , B = � −1 0 0 1 � , Ω = � q ∈ R^2 : (1 + q_1)^2 − 1 − q_2 > 0 � . Therefore, system (2.4) can be regarded as a generalized mathematical model of magnetic insulation. On the other hand system (2.4) can describe many other physical objects such as the famous problem of the motion of planets in the solar system under gravity [17].

The function F (q, q̇), which does not reduce to the identical constant, is called the first integral of (2.4) in the domain Γ if it preserves the constant values along any real solutions of the system, which does not leave this domain.

Checking of the property of the first integral for continuously differentiable functions can be performed without actual knowledge of solutions by calculating the derivative along the system.

One of the main goals of this paper is to obtain the conditions that guarantee existence of the first integrals of (2.4) of a certain type, whose derivatives are identically equal to zero by (2.4). We will consider two types of integrals : integral of “energy”, and integral linear in “velocity” q̇. The system (2.4) with the identity matrix B = E and the symmetric positive definite matrix A is considered [17] in analytical mechanics. In this case, the terms “time”, “velocity”, and “energy” are basic and can be used without quotation marks. But, as shown above, the system (2.4) can act as the mathematical model of an object having a nonmechanical nature, such as a vacuum diode. While the independent variable has no relation to the physical time. Therefore, the terms ŞenergyŤ integral, etc. are only nominal ones and they have mechanical analogs. Existence of solutions of (2.4) in the case of a singular matrix A is not guaranteed. Thus, in this situation, the constructed integrals should be considered only as formal ones providing zero derivative along the system in the considered domain. The question of existence of real solutions of the system is not considered here. Existence of the classic solutions of the differential-algebraic systems has been considered in [16], and generalized in [18].

Therefore, one of the main goals of this paper is to obtain the conditions of existence and effective construction of the formal first integrals of system (2.4). For the case of a nonsingular matrix A, the found integrals are guaranteed to be the first integrals in the precise sense of the above definition.

Now, we give a generalization of model (2.1) in another direction. Replacing the unknown function in (2.1) by the formula ψ = 1 + φ and the second derivatives by two-dimensional Laplace operator, we obtain the system of two nonlinear PDEs of the second order

(2.5)

Δ_{xy}ψ ≡

∂^2ψ ∂x^2 + ∂^2ψ ∂y^2 = j ψ � ψ^2 − a^2 − 1

, ψ^△= ψ(x, y),

Δ_{xy}a ≡

∂^2a ∂x^2 + ∂^2a ∂y^2 = j a � ψ^2 − a^2 − 1

, a^△= a(x, y).

The goal of this part of the paper is: 1) to construct the exact solutions of system (2.5), and 2) to obtain the exact solutions of the boundary value problems of system (2.5) in annular domains.

We assume that, along with the search of the solution of system (2.5), just as for the boundary-value problem (2.1)–(2.3) according to [9], it can be useful to build the function j(x, y). As we established earlier [19](Theorem 2), the set of solutions of system (2.1) is certainly contained in the set of solutions of (2.5) and in this sense it is possible to consider system in partial derivatives (2.5) as a generalized model of magnetic insulation with respect to model (2.1) offered in [9].

3. “Energy” integral Theorem 3.1. If the matrix B is nondegenerate, and the matrix S = B^{−1}A is symmetric, then the function (3.1) V (q, q̇) = 0.5q̇^T Sq̇ + Π(q) is the first integral of (2.4) in the domain Γ.

Proof. Calculate derivative (3.1) with respect to system (2.4) dV dt � �_( 2.4)

= 0.5q̈^T Sq̇ + 0.5q̇^T Sq̈ +

∂Π^T ∂q q̇ = 0.5q̈^T B^{−1}Aq̇ + 0.5q̇^T B^{−1}Aq̈ +

∂Π^T ∂q q̇ = 0.5q̈^T (B^{−1}A)^T q̇ + 0.5q̇^T B^{−1} � −B ∂Π ∂q � + ∂Π^T ∂q q̇ = 0.5q̈^T A^T (B^{−1})^T q̇ + 0.5q̇^T B^{−1} � −B ∂Π ∂q � + ∂Π^T ∂q q̇ = −0.5

∂Π^T ∂q B^T (B^{−1})^T q̇ − 0.5q̇^T ∂Π ∂q + ∂Π^T ∂q q̇ ≡ 0. □

Note that nondegeneracy of the matrix A is not required during the proof as well as its symmetry. Function (3.1) takes the form V (q, q̇) = 0.5q̇^T Aq̇ +Π(q) in the case of a mechanical system and expresses the total energy while A is symmetric and positive definite. Therefore, integral (3.1) is naturally called “energy” integral.

4. Integral linear in the “velocity” Theorem 4.1. Let a vector h ∈ R^n exist and the n × n matrices C, M(q) such that

1) Cq + h = M(q) ∂Π ∂q for all q ∈ Ω;

2) the matrix M^T (q)B is skew-symmetric for all q ∈ Ω; 3) the matrix C^T A is skew-symmetric.

Then the function (4.1) J(q, q̇) = (Cq + h)^T Aq̇ is the first integral of (2.4) in the domain Γ.

Proof. Calculate derivative (4.1) with respect to system (2.4) dJ dt � � �_{(2.4)} = q̇^T C^T Aq̇ + (Cq + h)^T � −B ∂Π ∂q � = − ∂Π^T ∂q M^T (q)B ∂Π ∂q ≡ 0. □

Note that nondegeneracy of the matrices A, B is not required in the proof, as well as their symmetry. In the case of a mechanical system, q̇ represents a vector of generalized velocities. Therefore, integral (4.1) is naturally called the integral linear in “velocities”. It is also important to note that in some cases (4.1) may contain more than one integral even a whole family.

5. Integrals of the system modeling vacuum diode Applying Theorem 3.1 to system (2.1), we obtain the expression of the “energy” integral

(5.1) V = 0.5(q̇^2 − q̇^2_1 ) + j � (1 + q_1)^2 − 1 − q^2 .

We put C = � 0 −1 1 0 � , h = � 0 1 � , M(q) = � (1 + q_1)^2 − 1 − q^2 j � 0 1 1 0 � . Applying Theorem 4.1 to system (2.1), we obtain the expression of the integral linear in “velocity” (5.2) J = (1 + q_1)q̇_2 − q_2q̇_1.

Note that integrals (5.1), (5.2) for the diode model (2.1) can be also obtained with direct observation of (2.1), and not as a consequence of integrals of general system (2.4).

6. Systems with a potential of the special form Let us suppose the matrix S = B^{−1}A to be symmetric and consider (2.4) in the case of a potential of special form

(6.1) Π(q) = f(σ), σ = 1 2 q^T Sq + q^T k,

where k ∈ R^n is a constant vector, and f(σ) is a continuously differentiable scalar function of scalar argument. It is easy to see that we can take f(σ) = √ −2σ, k = col(−1, 0) for diode model (2.1), i.e., this model is included in considered class (6.1).

Theorem 6.1. If the matrices A, B are nondegenerate, the matrix S = B^{−1}A is symmetric, and the potential has the form (6.1), then the function

(6.2) K(q, q̇) = q̇^T (Cq + h), h = CA^{−1}Bk is the first integral of (2.4) in the domain Γ for any constant skew-symmetric matrix C. Proof. Calculate derivative (6.2) with respect to system (2.4)

(6.3) dK dt � � (2.4)

= q̇^T Cq̇ + q̈^T (Cq + h) = − � A^{−1}B ∂Π ∂q �_T

(Cq + h)

= −f^′(σ)(Sq + k)^T (A^{−1}B)^T (Cq + h).

The domain Ω splits into two disjoint subsets: Ω_0, where f^′(0.5q^T Sq+q^T k) = 0, and Ω_1 with f^′(0.5q^T Sq+q^T k) ≠ 0. From (6.3), it follows that the equality^{dK}_{dt} � �_( 2.4) ≡ 0 will be satisfied on the set Ω_0. To establish the same equality for the subset Ω_1, we define the matrix M(q) on it by the following way M(q) =^1_{f ′ (σ)} CA^{−1}B. We have the chain of equalities

M(q) ∂Π ∂q = 1 f^′(σ)

CA^{−1}Bf^′(σ)(Sq + k)

= CA^{−1}BB^{−1}Aq + CA^{−1}Bk = Cq + h.

We express Cq + h = CA^{−1}B(Sq + k) from this chain and we substitute it in (6.3), then, taking into account the skew-symmetric matrix C, we obtain dK dt � �_( 2.4)

= −f^′(σ)(Sq + k)^T (A^{−1}B)^T CA^{−1}B(Sq + k) ≡ 0

for the subset Ω_1. Thus, Theorem 6.1 is proved completely. □

Since the skew-symmetric matrix C can be considered arbitrary, then, in fact, (6.2) gives not one, but a whole family of integrals.

Note that if the conditions of Theorem 6.1 and Theorem 3.1 are satisfied, then along with family of integrals (6.1), the system has “energy” integral (3.1).

7. Generalized model of diode with 6 degrees of freedom

In this section we consider system (2.4) with the vector q ∈ R^6, the identity matrix A = E, nondegenerate diagonal matrix B = diag (b_i, i = 1, 6) and potential of the form

(7.1) Π(q) = f(σ), σ = 1 2 6� i=1 b^{−1}_i q^2_i + 6� i=1 k_iq_i,

where b_i, k_i are some constants, and f(σ) is an arbitrary scalar continuously differentiable function of scalar argument. It is easy to see that system (2.4), (7.1) is a special case of (2.4), (6.1). At the same time, (2.4), (7.1) can be considered as a generalization of diode model (2.1), because it has three times as much coordinates, not fixed values of parameters b_i, k_i, i = 1, 6, and in the arbitrary scalar function in potential.

To construct the integrals of system (2.4), (7.1), we apply Theorem 6.1, whose conditions are satisfied. Choosing only one element above the principal diagonal of the matrix C from (6.2) as a nonzero one and applying Theorem 6.1, we obtain 15 first integrals

(7.2)

K_{ij} (q, q̇) = (q_i + b_ik_i)q̇_j − (q_j + b_j k_j )q̇_i = const,

i = 1, 6, j = i + 1, 6.

Certainly, all these integrals cannot be independent. Only 9 are, because the rank of the Jacobian matrix for (7.2) is 9. For example, one of the minors of the 9-th order can be written as

Δ = q̇_6((q_5 + b_5k_5)q̇_6 − (q_6 + b_6k_6)q̇_5)((q_1 + b_1k_1)q̇_2 − (q_2 + b_2k_2)q̇_1)^3

and does not vanish in some open sub-domains of Γ.

Note that (2.4), (7.1) is analogous in some sense to the classic problem of celestial mechanics of two gravitating material points [17] (two-body problem): both problems are described by six differential equations of the second order (or by twelve equations of the first order), in both there are 10 first integrals of this type (1 “energy” integral +9 linear in “velocities”).

The classic two-body problem is known to be integrable [17], so that the generalized vacuum diode model (2.4), (7.1) must also be integrable.

8. Representation in Hamiltonian form and integrability

Let us assume that the matrices A, B are nondegenerate, and the matrix S = B^{−1}A is symmetric. We show that in this case system (2.4) can be represented in the Hamiltonian form. We set p = Sq̇, H(q, p) = 0.5p^T S^{−1}p + Π(q). Thus, the system (2.4) can be written in the new coordinates in the canonical form

(8.1) q̇ = ∂H ∂p , ṗ = − ∂H ∂q . Because diode model (2.1) satisfies the conditions of nondegeneracy of A, B, and S = B^{−1}A is diagonal for it, then (2.1) can be written in the form (8.1) with Hamiltonian H(q, p) = 0.5(−p^2_1 + p^2) + j � (1 + q_1)^2 − 1 − q^2 . Integrals (5.1), (5.2) in the canonical variables are presented as H(q, p) = const, J = (1 + q_1)p_2 + q_2p_1 = const. They are independent, independent of time and are in involution. Therefore, due to Liouville’s theorem [17], the diode model (2.1) is integrable. Integration was done in [11], where using Liouville theorem, a complete system of 4-th first integrals is constructed.

Representation in the canonical form for generalized model (2.4), (7.1) is also possible, and integrals (3.1), (7.2) are now written as

(8.2)

H(q, p) = 1 2 6� i=1 b_ip^2_i + Π(q) = const,

K_{ij} (q, p) = (q_i + b_ik_i)b_j p_j − (q_j + b_j k_j )b_ip_i = const,

i = 1, 6, j = i + 1, 6.

There will be only four independent integrals in involution as follows: H(q, p) = const, b_1p_1(q_2 + b_2k_2) + b_2p_2(q_1 + b_1k_1) = const, b_3p_3(q_4 + b_4k_4) + b_4p_4(q_3 + b_3k_3) = const, b_5p_5(q_6 + b_6k_6) + b_6p_6(q_5 + b_5k_5) = const. They are not sufficient to justify the integrability by Liouville theorem [17].

However, as noted above, the generalized diode model represented in the canonical form, has 10 independent first integrals (1 “energy” integral +9 linear in “momentum” p). Using the linear momentum integral, we can transform the system while preserving its Hamiltonian form so that the transformed system would have a cyclic coordinate [17] and reduce the order of the system by two units. The energy integral reduces the system order by two units more [17]. Still unused 8 independent integrals of family (8.2) represented in new coordinates will provide integrability of reduced Hamiltonian system with 4 degrees of freedom.

Thus, generalized diode model (2.4), (7.1) is integrable as well as the model (2.1).

9. Exact solutions of the system of equations related to magnetic insulation of the vacuum diode in two-dimensional coordinate space

In this section, we consider the problem of finding the exact solutions of system of nonlinear elliptic equations (2.5). First of all, we are interested in a radially symmetric solutions of (2.5) as the simplest class of multi-dimensional solutions, i.e., the functions

ψ(x, y)^△= ψ(r), a(x, y)^△= a(r), where r^2 = x^2 + y^2.

In this case, the system (2.5) is transformed to a nonlinear system of the second order ODEs

(9.1) ψ^{′′} + 1 r ψ^′ = j ψ � ψ^2 − a^2 − 1

, ψ^△= ψ(r),

a^{′′} + 1 r a^′ = j a � ψ^2 − a^2 − 1

, a^△= a(r).

Hereinafter in this section, the prime sign denotes the derivative with respect to the argument r. One can easily make sure that system (9.1) possesses the following first integral

(9.2) I ≡ r(ψa^′ − aψ^′) = const .

We seek a solution of system (9.1) in the form of the following functional ansatz

(9.3) ψ(r) = 1 2γ z(r) � e^{ω(r)} + γ^2e^{−ω(r)} � , a(r) = 1 2γ z(r) � e^{ω(r)} − γ^2e^{−ω(r)} � , where γ ≠ 0 is an arbitrary real constant, and new functions z^△= z(r), ω^△= ω(r) have to be determined. If the constant γ is chosen to be equal to one then instead of formulas (9.3) we obtain an ansatz of the form ψ(r) = z(r) cosh ω(r), a(r) = z(r) sinh ω(r).

As it will be shown below, system (9.1) may be decomposed with the ansatz (9.3), that is to reduce it to two equations: one for the function z(r), and the other for the function ω(r).

Substituting ansatz (9.3) into (9.1) and calculating the required derivatives, we group the terms in such a way to get the following algebraic system X � 1 2γ e^{ω(r)} + γ 2 e^{−ω(r)} � + Y � 1 2γ e^{ω(r)} − γ 2 e^{−ω(r)} � = 0, X � 1 2γ e^{ω(r)} − γ 2 e^{−ω(r)} � + Y � 1 2γ e^{ω(r)} + γ 2 e^{−ω(r)} � = 0.

The following notations are introduced

X = z^{′′} + 1 r z^′ + zω^{′2} − j z √ z^2 − 1 , Y = � 2z^′ + 1 r z � ω^′ + zω^{′′}.

With respect to the variables X, Y , the resulting system of algebraic equations is linear and homogeneous, its determinant is equal to one, therefore, it has only one trivial solution X = 0, Y = 0. Hence, system (9.1) is reduced to the following two ODEs:

z^{′′} + 1 r z^′ + zω^{′2} − j z √ z^2 − 1

= 0,

(9.4) � 2z^′ + 1 r z � ω^′ + zω^{′′} = 0.

(9.5)

Integrating relation (9.5) we obtain

(9.6) ω^′ =

B_0 rz^2 , where B_0 � 0 is a constant of integration. Substitution of (9.6) into (9.4) gives

(9.7) z^{′′} + 1 r z^′ +

B^2_0 r^2 z^{−3} − j z √ z^2 − 1

= 0.

Therefore, solvability of system (9.1) in the form of ansatz (9.3) has been reduced to the solvability of one nonlinear nonautonomous second order ODE (9.7) for the function z(r), because the function ω(r) can be found by (9.6) by simple integration. My means of the substitution z = � y^2 + 1, y^△= y(r), equation (9.7) can be transformed into the form without radicals via simple transformations

y^2(y^2 + 1) � y^{′′} + 1 r y^′ � + yy^{′2} +

B^2_0 r^2 y − j(y^2 + 1)^2 = 0.

This equation has an exact solution in the form of exponential function with B_0 = 2

y(r) = 1 4 jr^2, whence it is easy to obtain an explicit solution of (9.7) of the form

(9.8) z(r) = 1 4 � j^2 r^4 + 16.

Integrating (9.6), with the account of (9.8), we obtain

ω(r) = ln � C_0r^2 � j^2r^4 + 16 � , where C_0 > 0 is a constant of integration. Thus, we obtain the following exact solution of system (9.1) from (9.3) (9.1)

(9.9) ψ_1(r) = γ^2_0 + j^2

8γ_0 r^2 + 2 γ_0 r^{−2},

a_1(r) = γ^2_0 − j^2

8γ_0 r^2 − 2 γ_0 r^{−2}.

We introduce the new constant γ_0 = C_0/γ. In turn of the analysis of first integral (9.2), we propose another exact solution of (9.4), which is distinct from ((9.9) but close in structure to it

(9.10) ψ_2(r) = γ^2_0 + j^2

8γ_0 r^2 +

2γ_0 j^2 r^{−2},

a_2(r) = γ^2_0 − j^2

8γ_0 r^2 +

2γ_0 j^2 r^{−2}.

Functions (9.9), (9.10) for γ_0 ≠ j represent linearly independent solutions. If we choose a constant γ_0 such that γ_0 = j, then, in this particular case, solutions (9.9), (9.10) coincide and may be written as

ψ(r) = j 4 r^2 + 2 j r^{−2}, a(r) = 2 j r^{−2}.

Finally, in terms of the initial variables x, y, from (9.9), (9.10), we obtain the following exact radial-symmetric solutions of system (2.5):

ψ_1(x, y) = γ^2_0 + j^2

8γ_0

(x^2 + y^2) + 2 γ_0

(x^2 + y^2)^{−1},

a_1(x, y) = γ^2_0 − j^2

8γ_0

(x^2 + y^2) − 2 γ_0

(x^2 + y^2)^{−1},

(9.11)

ψ_2(x, y) = γ^2_0 + j^2

8γ_0

(x^2 + y^2) +

2γ_0 j^2

(x^2 + y^2)^{−1},

a_2(x, y) = γ^2_0 − j^2

8γ_0

(x^2 + y^2) +

2γ_0 j^2

(x^2 + y^2)^{−1}.

(9.12)

Having resumed the above considerations, we can conclude the following.

Theorem 9.1. System of nonlinear elliptic equations (2.5) with a constant current density possesses the exact radial-symmetric solutions (9.11), (9.12).

The validity of this statement may be confirmed by direct substitution of formulas (2.5), (9.11), into (9.12), which transforms it into identity.

10. Exact solutions with a variable current density

In this section, we consider the problem of constructing the exact multi dimensional solutions of the system of nonlinear elliptic equations with a variable current density:

(10.1)

Δ_{xy}ψ = j(x, y) ψ � ψ^2 − a^2 − 1

, ψ^△= ψ(x, y),

Δ_{xy}a = j(x, y) a � ψ^2 − a^2 − 1

, a^△= a(x, y).

Definition 10.1. The harmonic functions ξ(x, y), η(x, y) are called conjugate in the single-connected domain D if the function F (z) = ξ(x, y) + iη(x, y), is an analytical function of complex argument z = x + iy in the domain D.

The conjugate harmonic functions are related by the Cauchy–Riemann equations ∂ξ ∂x = ∂η ∂y , ∂ξ ∂y = − ∂η ∂x , and define each other everywhere in D within an additive constant and consequently, have the following properties

(10.2) (∇ξ, ∇η) = 0, |∇ξ|^2 = |∇η|^2.

Here ∇ =

�_∂ ∂x ,^∂_{∂y}

�_T is nabla operator.

Theorem 10.1. If the current density j(x, y) in system (10.1) is a square of gradient of the arbitrary harmonic function, i.e.,

j(x, y) = J_0 |∇ξ|^2, J_0 = const > 0,

then by transformation

(10.3) ψ(x, y) = ψ(ξ, η), a(x, y) = a(ξ, η),

where ξ^△= ξ(x, y), η^△= η(x, y) are conjugate harmonic functions, system (10.1) is reduced to the equation of a similar form with a constant current density

(10.4)

Δ_{ξη} ψ = J_0 ψ � ψ^2 − a^2 − 1

, ψ^△= ψ(ξ, η),

Δ_{ξη} a = J_0 a � ψ^2 − a^2 − 1

, a^△= a(ξ, η).

Proof. Due to the properties of (10.2) of conjugate harmonic functions, it is easy to show that by transformation (10.3) the following relations are obtained

Δ_{x y} ψ(x, y) = |∇ξ|^2Δ_{ξη} ψ(ξ, η), Δ_{x y} a(x, y) = |∇ξ|^2Δ_{ξη} a(ξ, η).

Here Δ_{ξη}· =

�_{∂2}

∂ξ^2 · +

∂^2 ∂η^2 · � is a two-dimensional Laplace operator in the space of the variables (ξ, η). In this case, the system (10.1) assumes the form

(10.5)

|∇ξ|^2Δ_{ξη} ψ = j(x, y) ψ � ψ^2 − a^2 − 1 , |∇ξ|^2Δ_{ξη} a = j(x, y) a � ψ^2 − a^2 − 1 . Hence, assuming that the current density j(x, y) satisfies the condition of the theorem, we immediately obtain the system of equations (10.4). □

Example 10.1. Let us construct the exact solutions for the following system of equations:

(10.6)

Δ_{xy}ψ = j_0(x^2 + y^2)^{k−1} ψ � ψ^2 − a^2 − 1 , Δ_{xy}a = j_0(x^2 + y^2)^{k−1} a � ψ^2 − a^2 − 1 , where j_0 = const > 0. Note that the following relation

(x^2 + y^2)^{k−1} = 1 k^2

|∇ϕ(x, y)|^2,

is satisfied, where the function ϕ(x, y) is a harmonic polynomial of degree k ∈ N. Therefore, the current density in equations (10.6) satisfies the condition of Theorem 10.1. Hence, by transformation of (10.3), they are reduced to the system of equations (10.4) to the functions ψ(ξ, η), a(ξ, η). Furthermore, the new variables ξ, η are conjugate harmonic polynomials, i.e.,

ξ(x, y) = (x^2 + y^2)^{k2} cos(kφ(x, y)), η(x, y) = (x^2 + y^2)^{k2} sin(kφ(x, y)),

where the functions φ(x, y) can be represented in the form of the following two types

φ(x, y) = arccos � x � x^2 + y^2 � or φ(x, y) = arcsin � y � x^2 + y^2 � . Now, in order to write out the exact solutions of (10.6) with the variable current density, it is necessary to obtain explicit non-trivial solutions of (10.4) with a constant current density. In the previous section, we have found the exact radialsymmetric solutions (9.11), (9.12) for the model of magnetic insulation (2.5), which we present in terms of the variables ξ, η for system (10.4)

ψ_1(ξ, η) = γ^2_0 + J^2_0

8γ_0

(ξ^2 + η^2) + 2 γ_0

(ξ^2 + η^2)^{−1},

a_1(ξ, η) = γ^2_0 − J^2_0

8γ_0

(ξ^2 + η^2) − 2 γ_0

(ξ^2 + η^2)^{−1},

(10.7) ψ_2(ξ, η) = γ^2_0 + J^2_0 8γ_0

(ξ^2 + η^2) +

2γ_0 J^2_0

(ξ^2 + η^2)^{−1},

a_2(ξ, η) = γ^2_0 − J^2_0 8γ_0

(ξ^2 + η^2) +

2γ_0 J^2_0

(ξ^2 + η^2)^{−1}.

(10.8)

Here γ_0 ≠ 0 is an arbitrary constant. Making the transition to the variables x, y in (10.7), (10.8) and taking into account the equality J_0 = j_0/k^2, we can write down the exact radial-symmetric solutions of (10.6)

ψ_1(x, y) = γ^2_0 k^4 + j^2_0 8γ_0k^4

(x^2 + y^2)^k + 2 γ_0

(x^2 + y^2)^{−k},

a_1(x, y) = γ^2_0 k^4 − j^2_0 8γ_0k^4

(x^2 + y^2)^k − 2 γ_0

(x^2 + y^2)^{−k},

(10.9)

ψ_2(x, y) = γ^2_0 k^4 + j^2_0 8γ_0k^4

(x^2 + y^2)^k +

2γ_0k^4 j^2_0

(x^2 + y^2)^{−k},

a_2(x, y) = γ^2_0 k^4 − j^2_0 8γ_0k^4

(x^2 + y^2)^k +

2γ_0k^4 j^2_0

(x^2 + y^2)^{−k}.

(10.10)

By direct verification, we can see that the obtained solutions (10.9), (10.10) satisfy (10.6) for any real k ∈ R, k ≠ 0, despite the fact that the number k is natural. Note that the current density for k in system (10.6) becomes constant. Therefore, in this case it is obvious that formulas (10.9), (10.10) define the solution of (10.4) in the space of the variables x, y and coincide with formulas (10.7), (10.8).

If k = 0, then, in this interesting particular case, system of equations (10.1) takes the form

Δ_{xy}ψ = j_0 x^2 + y^2 ψ � ψ^2 − a^2 − 1 , Δ_{xy}a = j_0 x^2 + y^2 a � ψ^2 − a^2 − 1 , and possesses the following exact solutions

ψ_1(x, y) = γ^2_0 + j^2_0 8γ_0 σ(x, y) + 2 γ_0σ(x, y)

, a_1(x, y) = γ^2_0 − j^2_0 8γ_0 σ(x, y) − 2 γ_0σ(x, y) , ψ_2(x, y) = γ^2_0 + j^2_0 8γ_0 σ(x, y) +

2γ_0 j^2_0 σ(x, y)

, a_2(x, y) = γ^2_0 − j^2_0 8γ_0 σ(x, y) +

2γ_0 j^2_0 σ(x, y) , where the following notation is accepted

σ(x, y) = 1 4 ln^2(x^2 + y^2) + arctan^2 y x . 11. On exact solutions of the boundary value problems in annular domain We consider the boundary value problem for the system of two nonlinear differential equations of the second order with partial derivatives (2.5) in annular domain

Θ = � (x, y) : 0 < ρ^2_1 � x^2 + y^2 � ρ^2 < +∞ � ψ(x, y) = ψ̄_1, a(x, y) = ā_1 for x^2 + y^2 = ρ^2_1,

(11.1) ψ(x, y) = ψ̄_2, a(x, y) = ā_2 for x^2 + y^2 = ρ^2,

(11.2)

where ρ_1, ψ̄_1, ā_1, ρ_2, ψ̄_2, ā_2 are some given positive numbers 0 < ρ_1 < ρ_2 < +∞. Using the presented exact solutions in Section 9, one can specify the conditions to the numbers ρ_1, ψ̄_1, ā_1, ρ_2, ψ̄_2, and ā_2, under which there is a value j > 0 such that boundary value problem (2.5), (11.1), (11.2) has a radial-symmetric solution in the annular domain Θ given by the explicit formulas.

Theorem 11.1. If the conditions ψ̄^2_i − ā^2_i − 1 > 0, (i = 1, 2),

ρ^2(ψ̄_1 + ā_1) = ρ^2_1(ψ̄_2 + ā_2), ρ^4_2(ψ̄^2_1 − ā^2_1 − 1) = ρ^4_1(ψ̄^2 − ā^2 − 1)

are satisfied, then the boundary value problem (2.5), (11.1), (11.2) has a solution for j = 4 ρ^2_1 � ψ̄2_1 − ā2_1 − 1

ψ(x, y) = k^2 + j^2 8k (x^2 + y^2) + 2 k(x^2 + y^2) , (11.3)

a(x, y) = k^2 − j^2 8k (x^2 + y^2) − 2 k(x^2 + y^2) , (11.4)

where k =^4_{ρ21} (ψ̄_1 + ā_1).

Proof. According to Theorem 9.1, system (2.5) has an exact solution of (11.3), (11.4). Consider equalities (11.3), (11.4) on the circle x^2 + y^2 = ρ^2_1. Adding them we get k =^4_{ρ21} (ψ̄_1 + ā_1). Substituting this value into any of equalities (11.3), (11.4), we obtain j^2 =^{16}_{ρ41} (ψ̄^2_1 − ā^2_1 − 1). Likewise, for the second circle x^2 + y^2 = ρ^2, one can obtain k =^4_{ρ2} (ψ̄_2 + ā_2) and j^2 =^{16}_{ρ42} (ψ̄^2 − ā^2 − 1). Since the values of the parameters k, j must be the same for both circles, we come to the theorem and the proof is complete. □

In the same way we prove the following theorem.

Theorem 11.2. If the conditions ψ̄^2_i − ā^2_i − 1 > 0, (i = 1, 2),

ρ^2 � ψ̄_1 + ā_1 − 1 ψ̄_1 − ā_1 � = ρ^2_1 � ψ̄_2 + ā_2 − 1 ψ̄_2 − ā_2 � , ρ^4_2(ψ̄^2_1 − ā^2_1 − 1) = ρ^4_1(ψ̄^2 − ā^2 − 1) are satisfied, then boundary value problem (2.5), (11.1), (11.2) for j = 4 ρ^2_1 � ψ̄2_1 − ā2_1 − 1 has the solution of the form

ψ(x, y) = k^2 + j^2 8k (x^2 + y^2) + 2k j^2(x^2 + y^2) , a(x, y) = k^2 − j^2 8k (x^2 + y^2) − 2k j^2(x^2 + y^2) , where k =^4_{ρ21} �¯ ψ_1 + ā_1 −^1_{ψ̄1−ā1} � . Thus, if the conditions of at least one of Theorems 11.1 or 11.2 are satisfied, the current density can be assigned to a uniform and, thus, the solution of the boundary value problem (2.5), (11.1), (11.2) is written explicitly.

12. Conclusion

Proposed in [9], the limit model of magnetic insulation was a quite interesting object for study, with a rich set of features. In this paper, we examined some mathematical generalizations of the limit problem described by a quasi potential multi-dimensional ODE system and a PDE system with two-dimensional Laplace operator. The results (the first integrals constructed in explicit form, and the exact solutions) may be useful not only for the problems of magnetic insulation and plasma physics but also in mechanics, fluid dynamics, and other areas.

References

[1] Survey on nanotechnology governance, Vol. A. The Role of Government,

http://www.nsf.gov/crssprgm/nano/reports/wgn06-0124.pdf.

[2] J. Batt, K. Fabian, Stationary solutions of the relativistic Vlasov–Maxwell system of plasma physics, Chin. Ann. Math. Ser. 14 (1993), 253–278.

[3] L. Caffarelli, J. Dolbeault, P. A. Markowich, C. Schmeiser, On Maxwellian equilibria of insulated semiconductors, Interfaces Free Bound. 2,3 (2000), 331–339.

[4] P. Crispel, P. Degond, M-H. Vignal, A plasma expansion model based on the full Euler– Poisson system, Math. Models Methods Appl. Sci. 17 (2007), 1129–1158.

[5] P. Degond, T. Yang, Diffusion in a continuum model of self-propelled particles with alignment interaction, Math. Models Methods Appl. Sci. 20 (2010), 1459–1490.

[6] V. Vedenypin, A. Sinitsyn, E. Dulov, Kinetic Boltzmann–Vlasov and Related Equations, Elsevier, Amsterdam, 2011.

[7] R.-J. Duan, R. M. Strain, Optimal large-time behavior of the Vlasov–Maxwell–Boltzmann system in the whole space, Comm. Pure Appl. Math. 64 (2011), 1497–1546.

[8] R.-J. Duan, Green’s function and large time behavior of the Navier-Stokes-Maxwell system, Anal. Appl. 10(2) (2012), 133–197.

[9] N. Ben Abdallah, P. Degond, F. Méhats, Mathematical models of magnetic insulation, Phys Plasmas 5 (1998), 1522–1534.

[10] A. V. Sinitsyn, Positive solutions of nonlinear singular boundary-value problem of magnetic insulation, Math. Models Comput. Simul. 13(5) (2001), 37–52.

[11] A. A. Kosov, E. I. Semenov, A. V. Sinitsyn, Integrable models of magnetic insulation and their exact radially symmetric solutions, Izvestia ISU. Series “Mathematics” 6(1) (2013), 45–56.

[12] V. V. Kozlov, Integrability and non-integrability in Hamiltonian mechanics, Russian Math.

Surveys. 38(1) (1983), 1–76.

[13] B. Jovanović, Symmetries and integrability, Publ. Inst. Math., Nouv. Sér. 84(98) (2008), 1–36.

[14] A. D. Polyanin, V. F. Zaitsev, Handbook of Nonlinear Partial Differential Equations. Second Edition, Updated, Revised and Extended, Chapman and Hall/CRC Press, Boca Raton– London–New York, 2012. 1912 pp.

[15] N. D. Stevanović, V. D. Djordjević, The exact analytical solution for the gas lubricated bearing in the slip and continuum flow regime Publ. Inst. Math., Nouv. Sér. 91(105) (2012), 83–93.

[16] V. F.Chistyakov, Algebro-Differential Operators with Finite Nuclear, Nauka, Novosibirsk, 1996.

[17] E. T. Whittaker, A treatise on the Analytical Dynamics of Particles and Rigid Bodies: With an Introduction to the Problem of Three Bodies, Cambridge University Press, 1927.

[18] N. Sidorov, B. Loginov, A. Sinitsyn, M. Falaleev, Lyapunov–Schmidt Methods in Nonlinear Analysis and Applications, Kluwer, Dordreht, 2002.

[19] E. I. Semenov, A. V. Sinitsyn, Mathematical model of magnetic insulation vacuum diode and its exact solutions, Izvestia ISU. Series "Mathematics" 3(1) (2010), 78–91.

Institute of System Dynamics and Control Theory of SB RAS (Received 25 10 2013) Irkutsk (Revised 03 02 2015) Russia

aakosov@yandex.ru

Institute of System Dynamics and Control Theory of Siberian Branch RAS Irkutsk Russia

edwseiz@gmail.com

Universidad Nacional de Colombia Bogota Colombia

avsinitsyn@yahoo.com