PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE Nouvelle série, tome 98(112) (2015), 193–198 DOI: 10.2298/PIM150513031S

SOME REMARKS ON ALMOST MENGER SPACES AND WEAKLY MENGER SPACES

Yan-Kui Song

Abstract. A space X is almost Menger (weakly Menger) if for each sequence (U_n : n ∈ N) of open covers of X there exists a sequence (V_n : n ∈ N) such that for every n ∈ N, V_n is a finite subset of U_n and � n∈N � �_{V : V ∈ Vn}�_{= X}

(respectively, � n∈N �_{{V : V ∈ Vn} = X). We investigate the relationships}

among almost Menger spaces, weakly Menger spaces and Menger spaces, and also study topological properties of almost Menger spaces and weakly Menger spaces.

1. Introduction

By a space, we mean a topological space. Let us recall that a space X is Menger [5, 2] if for each sequence (U_n : n ∈ N) of open covers of X there exists a sequence (V_n : n ∈ N) such that for every n ∈ N, V_n is a finite subset of U_n and � n∈N V_n is an open cover of X. As generalization of Menger spaces, Kočinac [4] defined a space X to be almost Menger if for each sequence (U_n : n ∈ N) of open covers of X there exists a sequence (V_n : n ∈ N) such that for every n ∈ N, V_n is a finite subset of U_n and � n∈N � � V : V ∈ V_n � = X. Pansera [6] defined a space X to be weakly Menger if for each sequence (U_n : n ∈ N) of open covers of X there exists a sequence (V_n : n ∈ N) such that for every n ∈ N, V_n is a finite subset of U_n and � n∈N � {V : V ∈ V_n} = X. Clearly, every Menger space is almost Menger and every almost Menger space is weakly Menger, but the converses do not hold (see Examples 2.1 and 2.2). On the study of weakly Menger spaces, almost Menger spaces and Menger spaces, the readers can see the references [2, 3, 4, 5, 6].

Here we investigate the relationships among almost Menger spaces, weakly Menger spaces and Menger spaces, and also study topological properties of almost Menger spaces and weakly Menger spaces.

Throughout this paper, the cardinality of a set A is denoted by |A|. Let ω be the first infinite cardinal and ω_1 the first uncountable cardinal. As usual, a cardinal

2010 Mathematics Subject Classification: Primary 54D20; Secondary 54A35. Key words and phrases: Menger spaces, almost Menger spaces, weakly Menger spaces. The author acknowledges the support from the National Natural Science Foundation (grant 11271036) of China. A Project Funded by the Priority Academic Program Development of Jiangsu Higher Education Institutions.

Communicated by Miloš Kurilić. 193

is the initial ordinal and an ordinal is the set of smaller ordinals. Every ordinal is often viewed as a space with the usual order topology. Other terms and symbols that we do not define follow [1].

2. Some examples

In this section, we give some examples showing the relationships among weakly Menger spaces, almost Menger spaces and Menger spaces. Kocev [3] showed the following result.

Proposition 2.1. [3] If X is a regular almost Menger space, then X is Menger.

In the following, we give an example showing that Proposition 2.1 is not true for Urysohn spaces.

Example 2.1. There exists an Urysohn almost Menger space X which is not Menger.

Proof. Let A = {a_α : α < ω_1}, B = {b_i : i ∈ ω} and Y = {⟨a_α, b_i⟩ : α < ω_1, i ∈ ω} and let X = Y ∪ A ∪ {a} where a /∈ Y ∪ A. We topologize X as follows: every point of Y is isolated; a basic neighborhood of a_α ∈ A for each α < ω_1 takes the form U_{aα} (i) = {a_α} ∪ {⟨a_α, b_j ⟩ : j � i} where i ∈ ω and a basic neighborhood of a takes the form U_a(α) = {a} ∪ � � ⟨a_β , b_i⟩ : β > α, i ∈ ω � where α < ω_1.

Clearly, X is an Urysohn space. Moreover X is not regular, since the point a can not be separated from the closed set {a_α : α < ω_1}. Since {a_α : α < ω_1} is an uncountable discrete closed set of X, X is not Lindelöf, thus X is not Menger, since every Menger space is Lindelöf.

We show that X is almost Menger. Let (U_n : n ∈ N) be a sequence of open covers of X. There exists some U_1 ∈ U_1 such that a ∈ U_1. By the definition of topology of X, there exists a β < ω_1 such that U_a(β) ⊆ U_1, then

{a_α : α > β} ∪ {a} ∪ {⟨a_α, b_i⟩ : α > β, i ∈ ω} ⊆ U_1.

On the other hand, the subset C = � α⩽β � a_α ∪ {⟨a_α, b_i⟩ : i ∈ ω} � is countable by the definition of X. Thus we may enumerate C as {c_n : n ∈ N}. For each n ∈ N, we can find U_{n+1} ∈ U_{n+1} such that c_n ∈ U_{n+1}. For each n ∈ N, let V_n = {U_n}. Then the sequence (V_n : n ∈ N) witnesses for (U_n : n ∈ N) that X is almost Menger. □

For a Tychonoff space X, let βX denote the Čech–Stone compactification of X. Recall that a space X is almost Lindelöf [8] if for every open cover U of X there exists a countable subset V of U such that ∪ � V : V ∈ V � = X. Clearly, every almost Menger space is almost Lindelöf.

Example 2.2. There exists a Tychonoff weakly Menger space which is not almost Menger.

Proof. Let D be a discrete space of cardinality ω_1, let

X = (βD × (ω + 1)) ∖ ((βD ∖ D) × {ω})

be the subspace of the product of βD and ω + 1.

We show that X is weakly Menger. Let (U_n : n ∈ N) be a sequence of open covers of X. For each n ∈ ω, βD × {n} is compact, there exists a finite subset V_{n+1} of U_{n+1} such that βD × {n} ⊆ � V_{n+1}. Thus we get a sequence (V_n : n ∈ N) such that for each n ∈ N, V_n is a finite subset of U_n and βD × ω ⊆ � n∈N( � V_n). Since βD × ω is a dense subset of X, X = � n∈N( � V_n), which shows that X is weakly Menger.

To show that X is not almost Menger it is enough to show that X is not almost Lindelöf, since every almost Menger space is almost Lindelöf. Since |D| = ω_1, we can enumerate D as {d_α : α < ω_1}. For each α < ω_1, let U_α = {d_α} × (ω + 1). For each n ∈ ω, let V_n = βD × {n}. Let us consider the open cover

U = {U_α : α < ω_1} ∪ {V_n : n ∈ ω}

of X. It is not difficult to see that ∪V = ∪ � V : V ∈ V � for each a countable subset V of U. Let V be any countable subset of U and let α_0 = sup{α : U_α ∈ V}. Then α_0 < ω_1, since V is countable. If we pick α^′ > α_0, then ⟨d_α′ , ω⟩ /∈ � � V : V ∈ V � , since U_α′ is the only element of U containing ⟨d_α′ , ω⟩ and ∪V = ∪ � V : V ∈ V � . □ Remark 2.1. Pansera [6] also constructed an example showing that there exists a Tychonoff weakly Menger space that is not almost Menger [6, Example 6]. However we include Example 2.2 here, since it is simpler than his construction and we use it later in the text.

3. Behavior with respect to subspaces, images and products

A subset B of a space X is regular open (regular closed) if B = B^o (resp., B = B^o). Kocev [3] proved the following result, we include the proof for the sake of completeness.

Proposition 3.1. A space X is almost Menger if and only if for each sequence (U_n : n ∈ N) of covers of X by regular open subsets, there exists a sequence (V_n : n ∈ N) such that foe each n ∈ N, V_n is a finite subset of U_n and � n∈N � � V : V ∈ V_n � = X.

Proof. ⇒: This is obvious.

⇐: Let U_n : n ∈ N) be a sequence of open cover of X. For each c ∈ N, let U^′_n = � U^o : n ∈ N � . Then (U^′_n is a cover of X by regular open subsets. There exists a sequence (V_n : n ∈ N) such that for each n ∈ N, V_n is a finite subset of U_n and � n∈N � � V^o : V ∈ V_n � = X. Since V^o = V for open V , thus the sequence (V_n : n ∈ N) witnesses for (U_n : n ∈ N) that X is almost Menger. □

Similar to the proof of Proposition 3.1, we can prove the following result for weakly Menger spaces.

Proposition 3.2. A space X is weakly Menger if and only if for each sequence (U_n :n∈N) of covers of X by regular open subsets, there exists a sequence (V_n :n∈N) such that for each n ∈ N, V_n is a finite subset of U_n and � n∈N � {V : V ∈ V_n} = X.

From Example 2.1, it is not difficult to see that the closed subset of a Urysohn almost Menger space need not be almost Menger. The following example shows that a regular closed subspace of a Urysohn almost Menger spaces need not be almost Menger.

Example 3.1. There exist an Urysohn almost Menger space X having a regular closed subset which is not almost Menger.

Proof. Let S_1 be the same space X of Example 2.1. Then S_1 is almost Menger. Let S_2 be the same space X of Example 2.2. Then S_2 is not almost Menger.

We assume that S_1 ∩ S_2 = ∅. Since |D| = ω_1, we can enumerate D as {d_α : α < ω_1}. Let φ : D × {ω} → A be a bijection defined by φ(⟨d_α, ω⟩) = a_α for each α < ω_1. Let X be the quotient space obtained from the discrete sum S_1 ⊕S_2 by identifying ⟨d_α, ω⟩ with φ(⟨d_α, ω⟩) for each α < ω_1. Let π : S_1 ⊕S_2 → X be the quotient map and Y = π(S_2). Then Y is a regular closed subset of X, since Y^o = Y by the construction of X. Since Y is homeomorphic to S_2, thus Y is not almost Menger.

Now we show X is almost Menger. Let (U_n : n ∈ N) be a sequence of open covers of X. Since π(S_1) is almost Menger, there exists a sequence (V^′_n : n ∈ N) such that for each n ∈ N, V^′_n is a finite subset of U_n and

π(S_1) ⊆ � n∈N � � V : V ∈ V^′_n � . On the other hand, for each n ∈ ω, since π(βD × {n}) is a compact subset of X, there exists a finite subfamily V^{′′}_{n+1} of U_{n+1} such that π(βD × {n}) ⊆ � V^{′′}_n . For each n ∈ N, let V_n = V^′_n ∪ V^{′′}_n . Then the sequence (V_n : n ∈ N) witnesses for (U_n : n ∈ N) that X is almost Menger. □

In the following, we give a positive result, which can be easily proved.

Proposition 3.3. If X is an almost Menger space, then every open and closed subset of X is almost Menger.

From Example 2.2, it is not difficult to see that a closed subset of a Tychonoff weakly Menger space need not be weakly Menger. However we have the following positive result.

Proposition 3.4. Every regular closed subset of a weakly Menger space is weakly Menger.

Proof. Let X be a weakly Menger space and F be a regular closed subset of X. Let (U_n : n ∈ N) be a sequence of open covers of F . For each n ∈ N and each U ∈ U_n, there exists an open subset V_{(n,U)} of X such that V_{(n,U)} ∩ F = U. For each n ∈ N, let U^′_n = {V_{(n,U)} : U ∈ U_n} ∪ {X ∖ F }, U^′_n is an open cover of X. Then (U^′_n : n ∈ N) is a sequence of open covers of X. There exists a sequence (V^′_n : n ∈ N) such that for each n ∈ N, V^′_n is a finite subset of U^′_n and � n∈N � V^′_n = X, since X is weakly Menger. For each n ∈ N, let W_n = V^′_n ∖ {X ∖ F }. Then F^o ⊆ � n∈N � W_n.

Hence F = F^o ⊆ � n∈N � W_n, since F is a regular closed subset of X. Thus

F = F ∩ � n∈N � W_n = cl_F � F ∩ � � n∈N � W_n � = cl_F � � n∈N � {F ∩W : W ∈ W_n} � . For each n ∈ N, let V_n = {W ∩ F : W ∈ W_n}. Then V_n is a finite subset U_n and F = cl_F ( � n∈N � V_n), which shows that F is weakly Menger. □

Kocev [3] proved the following result.

Proposition 3.5. A continuous image of an almost Menger space is almost Menger.

Similar to the Proposition 3.5, we can prove the following result.

Proposition 3.6. A continuous image of a weakly Menger space is weakly Menger.

Next we turn to consider preimages. To show that the preimage of an almost Menger (weakly Menger) space under a closed 2-to-1 continuous map need not be almost Menger (respectively, weakly Menger), we use the Alexandorff duplicate A(X) of a space X. The underlying set of A(X) is X × {0, 1}; each point of X × {1} is isolated and a basic neighborhood of a point ⟨x, 0⟩ ∈ X × {0} is of the from (U × {0}) ∪ ((U × {1}) ∖ {⟨x, 1⟩}), where U is a neighborhood of x in X.

Example 3.2. There exists a closed 2-to-1 continuous map f : A(X) → X such that X is an Urysohn almost Menger space, but A(X) is not almost Menger.

Proof. Let X be the space X of Example 2.1. Then X is almost Menger and has an infinite discrete closed subset A = {a_α : α < ω_1}. Hence the Alexandroff duplicate A(X) of X is not almost Menger, since A × {1} is an uncountable infinite discrete, open and closed set in A(X) and every open and closed subset of an almost Menger space is almost Menger. Let f : A(X) → X be the projection. Then f is a closed 2-to-1 continuous map. □

If we use Example 2.2 instead of Example 2.1 in Example 3.2, we get the following result.

Example 3.3. There exists a closed 2-to-1 continuous map f : A(X) → X such that X is a Tychonoff weakly Menger space, but A(X) is not weakly Menger.

Recall [7] that a mapping f from a space X to a space Y is called almost open if f^{−1} � U � ⊂ f^{−1}(U) for each open subset U of Y .

Proposition 3.7. If f : X → Y is an almost open and perfect continuous mapping and Y is an almost Menger space, then X is almost Menger.

Proof. Let (U_n : n ∈ N) be a sequence open covers of X. Then for each y ∈ Y and each n ∈ N, there is a finite subfamily U_{ny} of U_n such that f^{−1}(y) ⊂ � U_{ny} .

Let U_{ny} = � U_{ny} . Then V_{ny} = Y ∖ f(X ∖ U_{ny} ) is an open neighborhood of y, since f is closed. For each n ∈ N, let V_n = {V_{ny} : y ∈ Y }, V_n is an open cover of Y . Then (V_n : n ∈ N) is a sequence of open covers of Y . There exists a sequence (V^′_n : n ∈ N) such that for each n ∈ N, V^′_n is a finite subset of V_n and � n∈N � � V : V ∈ V^′_n � = Y , since Y is almost Menger. Without loss of generality, we may assume that V^′_n = {V_{nyi} : i � n^′} for each n ∈ N. For each n ∈ N, let U^′_n = � i⩽n^′ Uny_i . Then U ′ n is a finite subset of U_n. Since f is almost open, then

X = f^{−1} � � n∈N � � V_{nyi} : i � n^′ � � = � n∈N � � f^{−1} � V_{nyi} � : i � n^′ �

⊂ � n∈N � � f^{−1}(V_{nyi} ) : i � n^′ � ⊂ � n∈N � � U_{nyi} : i � n^′ �

= � n∈N � � U_{nyi} : i � n^′ � = � n∈N � � U : U ∈ U^′_n � . Hence X is almost Menger. □

Similar to the proof of Proposition 3.7, we can prove the following result.

Proposition 3.8. If f : X → Y is an almost open and perfect continuous mapping and Y is a weakly Menger space, then X is weakly Menger.

It is well known that the product of a Menger space and a compact space is Menger. For almost Menger spaces and weakly Menger spaces, since every open mapping is almost open, thus we have the following results by Propositions 3.7 and 3.8.

Proposition 3.9. If X is an almost Menger (weakly Menger) space and Y is a compact space, then X × Y is almost Menger (weakly Menger, respectively).

It is clear that almost Menger (weakly Menger) property is countably additive. Thus we have the following result by Proposition 3.9.

Proposition 3.10. If X is an almost Menger (weakly Menger) space and Y is a σ-compact space, then X × Y is almost Menger (weakly Menger, respectively).

Acknowledgement. The author thanks Prof. R. Li for his valuable suggestions. He also thanks the referee for his/her careful reading of the paper and a number of valuable suggestions.

References

1. R. Engelking, General Topology, Revised and completed ed., Heldermann Verlag, Berlin, 1989. 2. J. Gerlits, Zs. Nagy, Some properties of C(X), I, Topology Appl. 14 (1982), 151–161. 3. D. Kocev, Almost Menger and related spaces, Mat. Vesnik 61 (2008), 105–106. 4. Lj. D. R. Kočinac, Star-Menger and related spaces II, Filomat 13 (1999), 129–140. 5. K. Menger, Einige Überdeckungssätze der Punktmengenlehre, Wien. Ber. 133 (1924), 421–444. 6. P. Staynova, Weaker forms of the Menger property, Quaest. Math. 35 (2012), 161–169. 7. A. Wilansky, Topics in Fanctional Analysis, Springer, Berlin, 1967.

8. S. Willard, U. N. B. Dissanayake, The almost Lindelöf degree, Canad. Math. Bull. 27(4) (1984), 452–455.

Institute of Mathematics, School of Mathematical Science, (Received 07 03 2013) Nanjing Normal University, Nanjing, China (Revised 04 04 2015)

songyankui@njnu.edu.cn