PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE Nouvelle série, tome 98(112) (2015), 271–279 DOI: 10.2298/PIM1512271L

ON THE METRIZABILITY OF TVS-CONE METRIC SPACES

Shou Lin, Kedian Li, and Ying Ge

Abstract. Metric spaces are cone metric spaces, and cone metric spaces are TVS-cone metric spaces. We prove that TVS-cone metric spaces are paracompact. A metrization theorem of TVS-cone metric spaces is obtained by a purely topological tools. We obtain that a homeomorphism f of a compact space is expansive if and only if f is TVS-cone expansive. In the end, for a TVS-cone metric topology, a concrete metric generating the topology is constructed.

1. Introduction

Cone metric spaces were introduced and discussed by Huang and Zhang in [8], in which every metric space is a cone metric space. In some results about metric spaces, can metric spaces be relaxed to cone metric spaces? This is an interesting question and many relevant results have been obtained (see [1,8,12,20], for example). Recently, Khani and Pourmahdian [12] proved that each cone metric space is metrizable, which shows that some improvements by relaxing metric spaces to cone metric spaces are trivial. This leads that more general cone metric spaces are discussed. In particular, it is interesting to consider certain topological groups in place of Banach spaces in the definition of cone metric spaces, which can serve as a topic for further studies [12]. In fact, Du [6] introduced and investigated TVScone metric spaces by replacing Banach spaces with topological vector spaces in the definition of cone metric spaces. In the past years, TVS-cone metric spaces have aroused many mathematical scholars’ interests and some interesting results have been obtained (see [5, 6, 10, 17], for example). However, the following question is still open.

2010 Mathematics Subject Classification: Primary 54D20, 54E35, 46A19; Secondary 54E99, 54H20.

Key words and phrases: Stone’s method, TVS-cone metric space, paracompact, metrizable, TVS-cone expansive homeomorphism.

Partially supported by the National Natural Science Foundation of China (no. 11471153, 11301367, 11461005) and the Priority Academic Program Development of Jiangsu Higher Education Institutions.

Communicated by Miloš Kurilić. 271

Question 1.1. Are TVS-cone metric spaces metrizable?

As a partial answer for the above question, it is proved that each TVS-cone metric space is metrizable under assumption that the topological vector space is locally convex and Hausdorff (see [5, 6, 10], for example).

On the other hand, we notice that metrization problem for cone metric spaces and TVS-cone metric spaces were discussed by using “constructing method of concrete metric”. For example, for a cone metric space (X, d), Khani and Pourmahdian [12] constructed a metric D on X by a symmetric function and the Frink Lemma’s method such that D generates the same topology on X as the cone metric d; for a TVS-cone metric space (X, d), under assumption that the topological vector space is locally convex and Hausdorff, Du [6] used the nonlinear scalarization function ξ_e to construct a metric d_p on X such that the topology of (X, d_p) coincides with the topology of (X, d). Then, the following question arises naturally.

Question 1.2. Can one solve metrization problem of TVS-cone metric spaces by a purely topological method?

Just as topological theories are enriched and deepen, some classical topological methods plays an important role in the development of topology. In 1948, Stone [19] proved one of the deepest and most important theorems we have about metric spaces: every metric space is paracompact. It would be difficult to overestimate the important role of this theorem in metrization theorem and the theory of generalized metrizable spaces [7]. One of the most interesting problems in general topology is the metrization problem. This is why the metrization problem of cone metric spaces and TVS-cone metric spaces cause attention once again. The general metrization problem was finally solved in the early 1950s independently by Nagata [16], Smirnov [18] and Bing [3]. It should be note that Stone’s important result played a key role in the Nagata–Smirnov–Bing solution of the metrization problem.

Applying the technique of Stone’s method, Michael [13–15] obtained a series of interesting characterizations for paracompact spaces in 1953, 1957 and 1959. It follows that closed mappings preserve T_2-paracompactness. As a further development of the technique of Stone’s method, Burke [4] characterized subparacompact spaces and proved that closed mappings preserve subparacompactness in 1969. As an absolute gem of Stone’s method, characterizations for submetacompact spaces were obtained by Junnila in 1978 [9], which makes that submetacompactness is preserved under closed mappings. After surveying developments for Stone’s method, one can see that this method occupies an important place in topology and the breakthrough of general topology would not have been possible without Stone’s paper.

This paper gives some properties of ordered topological vector spaces to investigate TVS-cone metric spaces. By Stone’s sphere method, we give a purely topological proof for the metrization theorem of TVS-cone metric spaces without assumption that the topological vector space is locally convex and Hausdorff. More precisely, we use this method to prove that TVS-cone metric spaces are paracompact spaces, and then it is obtained that TVS-cone metric spaces are metrizable, which reveals the heart and soul of general topology. Also, as an application of metrization theorem of TVS-cone metric spaces, it is obtained that a homeomorphism f of a compact space is expansive if and only if f is TVS-cone expansive. In the end of this paper, for a TVS-cone metric topology, we also construct a concrete metric generating the topology.

Throughout this paper, N, Z, R^+ and R^∗ denote the set of all natural numbers, the set of all integral numbers, the set of all positive real numbers and the set of all nonnegative real numbers, respectively.

2. Preliminaries

Definition 2.1. [6, 10] Let E be a topological vector space with its zero vector θ. A subset P of E is called a TVS-cone in E if the following are satisfied.

(1) P is nonempty and closed in E. (2) α, β ∈ P and a, b ∈ R^+ ⇒ aα + bβ ∈ P . (3) α, −α ∈ P ⇒ α = θ.

Remark 2.1. (1) Let P be a TVS-cone of a topological vector space E. Then the zero vector θ ∈ P − P^∘, where P^∘ denotes the interior of P in E. In fact, pick α, β ∈ P ; then (α + β)/n ∈ P for each n ∈ N from Definition 2.1(2). Note that (α + β)/n → θ when n → ∞. So θ ∈ P because P is closed from Definition 2.1(1). On the other hand, pick γ ∈ E ∖{θ}, then γ/n → θ and −γ/n → θ when n → ∞. If θ ∈ P^∘, then there is n ∈ N such that {γ/n, −γ/n} ⊆ P^∘ ⊆ P . By Definition 2.1(3), γ/n = θ. This contradicts that γ ≠ θ. So θ /∈ P^∘.

(2) If Definition 2.1(2) is replaced by “α, β ∈ P and a, b ∈ R^∗ ⇒ aα + bβ ∈ P ”, then we obtain the original definition of the TVS-cone introduced in [6, 10], where R^∗ denotes the set of all nonnegative real numbers. By above (1), Definition 2.1 and the original definition of the TVS-cone are equivalent, which shows that the former is formally an improvement of the latter.

Definition 2.2. [6,10] Let P be a TVS-cone in a topological vector space E. Some partial orderings �, < and ≪ on E with respect to P are defined as follows. For each α, β ∈ E, (1) α � β if β − α ∈ P . (2) α < β if α � β and α ≠ β. (3) α ≪ β if β − α ∈ P^∘.

Then a pair (E, P ) is called an ordered topological vector space.

For an ordered topological vector space (E, P ), unless otherwise specified, we always suppose that E is a topological vector space with its zero vector θ and P is a TVS-cone in E with nonempty interior P^∘.

Remark 2.2. For the sake of conveniences, we also use notations �, > and ≫ in an ordered topological vector space (E, P ). The meanings of these notations are clear and the following hold.

(1) α � β ⇔ α − β � θ ⇔ α − β ∈ P . (2) α > β ⇔ α − β > θ ⇔ α − β ∈ P ∖ {θ}. (3) α ≫ β ⇔ α − β ≫ θ ⇔ α − β ∈ P^∘. (4) α ≫ β ⇒ α > β ⇒ α � β.

Lemma 2.1. Let (E, P ) be an ordered topological vector space. Then the following hold.

(1) If α ≫ θ, then rα ≫ θ for each r ∈ R^+. (2) If α ≫ θ, then α ≫ α/2 ≫ · · · ≫ α/n ≫ · · · ≫ θ. (3) If α_1 ≫ β_1 and α_2 � β_2, then α_1 + α_2 ≫ β_1 + β_2. (4) If α ≫ β � γ or α � β ≫ γ, then α ≫ γ.

(5) If α ≫ θ and β ∈ E, then there is n ∈ N such that β/n ≪ α (6) If α ≫ θ and β ≫ θ, then there is γ ≫ θ such that γ ≪ α and γ ≪ β. (7) If ε ≫ θ and θ � α � ε/n for each n ∈ N, then α = θ.

Proof. For r ∈ R^+, α ∈ E and B ⊆ E, rB and α + B denote {rβ : β ∈ B} and {α + β : β ∈ B}, respectively.

(1) Let α ≫ θ, i.e., α ∈ P^∘. Then there is an open neighborhood B of α in E such that B ⊆ P . If r ∈ R^+, then rB ⊆ P from Definition 2.1(2). Note that rα ∈ rB and rB is an open subset of E. So rα ∈ P^∘, i.e., rα ≫ θ.

(2) Let α ≫ θ. For each n ∈ N, α/n ≫ θ by (1). Furthermore, α/n−α/(n+1) = α/((n(n + 1)) ≫ θ, and so α/n ≫ α/(n + 1).

(3) Let α_1 ≫ β_1 and α_2 � β_2. Then α_1 − β_1 ≫ θ and α_2 − β_2 � θ, i.e., α_1 − β_1 ∈ P^∘ and α_2 − β_2 ∈ P . So there is an open neighborhood B of α_1 − β_1 in E such that B ⊆ P . Note that (α_2 − β_2) + B is an open subset of E, and (α_2 − β_2) + (α_1 −β_1) ∈ (α_2 −β_2)+B ⊆ P from Definition 2.1(2). So (α_2 −β_2)+(α_1 −β_1) ∈ P^∘, i.e., (α_2 − β_2) + (α_1 − β_1) ≫ θ. It follows that (α_1 + α_2) − (β_1 + β_2) ≫ θ, i.e., α_1 + α_2 ≫ β_1 + β_2.

(4) Let α ≫ β � γ or α � β ≫ γ. Then α − β ≫ θ and β − γ � θ, or α − β � θ and β − γ ≫ θ. By (3), α − γ = (α − β) + (β − γ) ≫ θ + θ = θ. So α ≫ γ.

(5) Let α ≫ θ and β ∈ E. It is clear that {α − β/n} → α ∈ P^∘ when n → ∞. So there is n ∈ N such that α − β/n ∈ P^∘, i.e., α − β/n ≫ θ. It follows that β/n ≪ α.

(6) Let α ≫ θ and β ≫ θ. By (5), there is n ∈ N such that β/n ≪ α. Put γ = β/(n + 1), then γ ≫ θ by (1). By (2), γ ≪ β/n ≪ α and γ ≪ β/n � β. It follows that γ ≪ α and γ ≪ β.

(7) Let ε ≫ θ. If θ � α � ε/n for each n ∈ N, then ε/n − α � θ, i.e., ε/n − α ∈ P . Let n → ∞, then {ε/n − α} → −α. Hence −α ∈ P because P is closed by Definition 2.1(1). Note that α ∈ P . So α = θ by Definition 2.1(3). □

Definition 2.3. [6,12] Let (E, P ) be an ordered topological vector space and let X be a nonempty set. A mapping d : X × X → E is called a TVS-cone metric and (X, E, P, d) is called a TVS-cone metric space if the following is satisfied.

(1) d(x, y) � 0 for all x, y ∈ X and d(x, y) = 0 if and only if x = y. (2) d(x, y) = d(y, x) for all x, y ∈ X. (3) d(x, y) � d(x, z) + d(z, y) for all x, y, z ∈ X.

Let (X, E, P, d) be a TVS-cone metric space. The following notations are used in this paper, where x ∈ X, D ⊆ X and ε ≫ 0.

(1) B(x, ε) = {y ∈ X : d(x, y) ≪ ε}. (2) S(D, ε) = � {B(x, ε) : x ∈ D}.

Proposition 2.1. Let (X, E, P, d) be a TVS-cone metric space. Put B = {B(x, ε) : x ∈ X and ε ≫ 0}; then B is a base for some topology on X.

Proof. It is clear that X = � B. Let B(x, α), B(y, β) ∈ B and z ∈ B(x, α) ∩ B(y, β). Since z ∈ B(x, α), d(x, z) ≪ α. Put γ_1 = α − d(x, z); then γ_1 ≫ 0. We claim that B(z, γ_1) ⊆ B(x, α). In fact, if u ∈ B(z, γ_1), then d(z, u) ≪ γ_1, hence d(x, u) � d(x, z) + d(z, u) ≪ d(x, z) + γ_1 = α, and so u ∈ B(x, α). Using the same way, we can obtain that there is γ_2 ≫ 0 such that B(z, γ_2) ⊆ B(y, β). By Lemma 2.1(6), there is γ ≫ 0 such that γ ≪ γ_1 and γ ≪ γ_2. Let v ∈ B(z, γ); then d(z, v) ≪ γ ≪ γ_1 and d(z, v) ≪ γ ≪ γ_2, so v ∈ B(z, γ_1) ∩ B(z, γ_2) ⊆ B(x, α) ∩ B(y, β). This proves that B(z, γ) ⊆ B(x, α) ∩ B(y, β). Note that z ∈ B(z, γ) ∈ B. Consequently, B is a base for a topology on X. In fact, put T = {U ⊆ X : there is B^′ ⊆ B such that U = � B^′}; then T is a topology on X and B is a base for T . □

Let (X, E, P, d) be a TVS-cone metric space. We always suppose that X is a topological space endowed with the topology T described above.

Now we give Michael’s theorem for characterizations of paracompact spaces and the classical Nagata–Smirnov metrization theorem.

Theorem 2.1. [13] A regular space X is paracompact if and only if each open cover of X has a σ-discrete open refinement.

Theorem 2.2. [16, 18] A regular space X is metrizable if and only if X has a σ-locally finite base.

3. A metrization theorem

Lemma 3.1. Let (X, E, P, d) be a TVS-cone metric space. Then X is regular.

Proof. Let x, y ∈ X such that x ≠ y; then d(x, y) > θ. By Lemma 2.1(7), there is ε ≫ θ such that “d(x, y) � ε” does not hold, and so “d(x, y) ≪ ε” does not hold by Remark 2.2(4). It follows that x /∈ B(y, ε) and y /∈ B(x, ε). This proves that X is a T_1-space.

Let F be a closed subset of X and x ∈ X ∖ F . Then there is ε ≫ θ such that B(x, 2ε) ∩ F = ∅. Put U = � {B(y, ε) : y ∈ F }. It is clear that U is an open subset of X containing F . We claim that U ∩ B(x, ε) = ∅, hence X is regular. In fact, if not, then there are y ∈ F and z ∈ B(y, ε) ∩ B(x, ε). Thus, d(x, y) � d(x, z) + d(z, y) ≪ ε + ε = 2ε, hence y ∈ B(x, 2ε). This contradicts B(x, 2ε) ∩ F = ∅. □

Lemma 3.2. Let (X, E, P, d) be a TVS-cone metric space, x ∈ X and ε ≫ θ. Then {B(x, ε/n) : n ∈ N} is a neighborhood base at x in X.

Proof. Let x ∈ U with U open in X. Then there is α ≫ θ such that x ∈ B(x, α) ⊆ U. By Lemma 2.1(5), there is k ∈ N such that ε/k ≪ α. It follows that x ∈ B(x, ε/k) ⊆ B(x, α) ⊆ U. This proves that {B(x, ε/n) : n ∈ N} is a neighborhood base at x in X. □

Theorem 3.1. Let (X, E, P, d) be a TVS-cone metric space. Then X is a paracompact space.

Proof. Let U be an open cover of X. By the well ordering principle, we can assume that U = {U_α : α < κ}, where κ is an ordinal. Pick ε ≫ θ. For each n ∈ N, α < κ, put K_{n,α} = U_α ∖ (S(X ∖ U_α, ε/n) ∪ � {U_β : β < α}) and V = � {U_n : n ∈ N}, where U_n = {S(K_{n,α}, ε/(3n)) : α < κ}.

Claim 1: V is an open refinement of U .

It is clear that each element of V is an open subset of X. Let x ∈ X. Put α_0 = min{α < κ : x ∈ U_α}, then α_0 < κ and x ∈ U_{α0} ∖ � {U_β : β < α_0}. By Lemma 3.2, there is n_0 ∈ N such that B(x, ε/n_0) ⊆ U_{α0} . If y ∈ X ∖ U_{α0} , then y /∈ B(x, ε/n_0), and so x /∈ B(y, ε/n_0). Consequently, x /∈ S(X ∖ U_{α0} , ε/n_0). It follows that x ∈ K_{n0,α0} ⊂ S(K_{n0,α0} , ε/(3n_0)) ∈ U_{n0} . This shows that V is a cover of X. Let n ∈ N and α < κ. If x ∈ S(K_{n,α}, ε/(3n)), then there is y ∈ K_{n,α} such that x ∈ B(y, ε/(3n)). Thus, y /∈ S(X ∖ U_α, ε/n) and y ∈ B(x, ε/(3n)). It follows that x /∈ X ∖ U_α, i.e., x ∈ U_α. This shows that S(K_{n,α}, ε/(3n)) ⊆ U_α for each n ∈ N and α < κ. By the above, V is an open refinement of U .

Claim 2: U_n is a discrete family in X for each n ∈ N.

Let x ∈ X. It is enough to prove that B(x, ε/(6n)) intersects at most one member of U_n. If not, then for some β < α < κ, we would have B(x, ε/(6n)) ∩ S(K_{n,β}, ε/(3n)) ≠ ∅, B(x, ε/(6n)) ∩ S(K_{n,α}, ε/(3n)) ≠ ∅.

Pick y_1 ∈ B(x, ε/(6n)) ∩ S(K_{n,β}, ε/(3n)) and y_2 ∈ B(x, ε/(6n)) ∩ S(K_{n,α}, ε/(3n)). Then there are z_1 ∈ K_{n,β} and z_2 ∈ K_{n,α} such that y_1 ∈ B(z_1, ε/(3n)) and y_2 ∈ B(z_2, ε/(3n)), hence d(z_1, y_1) ≪ ε/(3n) and d(z_2, y_2) ≪ ε/(3n). Note that d(y_1, y_2) � d(y_1, x) + d(y_2, x) ≪ ε/(3n). It follows d(z_1, z_2) � d(z_1, y_1) + d(y_1, y_2) + d(y_2, z_2) ≪ ε/n. On the other hand, K_{n,α} ⊆ X ∖ � {U_γ : γ < α} ⊆ X ∖ U_β, so S(K_{n,α}, ε/n) ⊆ S(X ∖ U_β, ε/n). Since z_1 ∈ K_{n,β} ⊆ U_β ∖ S(X ∖ U_β , ε/n) ⊆ U_β ∖ S(K_{n,α}, ε/n), we have z_1 /∈ S(K_{n,α}, ε/n). Note that z_2 ∈ K_{n,α}. So z_1 /∈ B(z_2, ε/n). It follows that “d(z_1, z_2) ≪ ε/n” does not hold, a contradiction. So B(x, ε/(6n)) intersects at most one member of U_n.

By the above claims, V is a σ-discrete open refinement of U . Consequently, X is a paracompact space by Lemma 3.1 and Theorem 2.1. □

Theorem 3.2. Let (X, E, P, d) be a TVS-cone metric space. Then X is metrizable.

Proof. Pick an ε ≫ θ. For each x ∈ X, put B(x) = {B(x, ε/n) : n ∈ N}; then B(x) is a neighborhood base at x in X by Lemma 3.2. For each n ∈ N, put U_n = {B(x, ε/n) : x ∈ X}; then U_n is an open cover of X. By Theorem 3.1, X is paracompact, and so U_n has a locally finite open refinement B_n. Put B = � {B_n : n ∈ N}; then B is a σ-locally finite family consisting of open subsets of X. Note that X is regular. By Theorem 2.2, it suffices to prove that B is a base for X. Let u ∈ U with U open in X. Since B(u) is a neighborhood base at u in X, there is n_0 ∈ N such that B(u, ε/n_0) ⊆ U. On the other hand, there is

V ∈ B_{2n0} ⊆ B such that u ∈ V since B_{2n0} is a cover of X. Note that B_{2n0} is a refinement of U_{2n0} . So, there is y ∈ X such that u ∈ V ⊆ B(y, ε/(2n_0)). It follows that y ∈ B(u, ε/(2n_0)), hence B(y, ε/(2n_0)) ⊆ B(u, ε/n_0). Consequently, V ∈ B and u ∈ V ⊆ B(y, ε/(2n_0)) ⊆ B(u, ε/n_0) ⊆ U. So B is a base for X. □

4. An application

The following TVS-cone expansive homeomorphism is a natural generalization of expansive homeomorphism. As an application of Theorem 3.2, in this section, we prove that TVS-cone expansive homeomorphism and expansive homeomorphism are equivalent.

Definition 4.1. Let f : X → X be a homeomorphism of a space X. f is called TVS-cone expansive if there are a TVS-cone metric d on X and ε ≫ θ such that x, y ∈ X with x ≠ y implies d(f^n(x), f^n(y)) ≫ ε for some n ∈ Z. Here, ε is called an expansive cone-constant for f.

Remark 4.1. (1) If “TVS-cone metric”, ≫ and θ in Definition 4.1 are replaced by “metric”, > and 0’ respectively, then the definition of expansive homeomorphism of a space X is obtained [2].

(2) It is clear that every expansive homeomorphism is TVS-cone expansive. Definition 4.2. [11] Let f : X → X be a homeomorphism of a space X.

A finite open cover U of X is called a generator for f if for every bisequence {A_n : n ∈ Z} consisting of members of U , � {f^{−n}(Ā_n) : n ∈ Z} is at most one point.

Lemma 4.1. Let f be a homeomorphism of a compact space X. If f is TVScone expansive, then f has a generator and X is TVS-cone metrizable.

Proof. Let f be TVS-cone expansive. Then there are a TVS-cone metric d on X and an expansive cone-constant ε ≫ θ for f. So X is TVS-cone metrizable. Put U = {B(x, ε/2) : x ∈ X}. Then U is an open cover of X and has a finite subcover V of U . We claim that V is a generator for f. In fact, if not, then there are a bisequence {A_n : n ∈ Z} consisting of members of V and x, y ∈ � {f^{−n}(Ā_n) :

n ∈ Z} with x ≠ y. Note that ε is an expansive cone-constant for f. So there is k ∈ Z such that d(f^k(x), f^k (y)) ≫ ε. Put η = d(f^k(x), f^k(y)) − ε, then η ≫ θ. Since x, y ∈ f^{−k}(Ā_k), then f^k(x), f^k(y) ∈ Ā_n = B(z, ε/2) for some z ∈ X. Note that B(f^k(x), η/2) ∩ B(z, ε/2) ≠ ∅, we pick u ∈ B(f^k(x), η/2) ∩ B(z, ε/2); then d(f^k(x), z) � d(f^k(x), u) + d(u, z) ≪ η/2 + ε/2. Similarly, d(f^k(y), z) ≪ η/2 + ε/2. Thus, d(f^k(x), f^k(y)) � d(f^k(x), z) + d(f^k(y), z) ≪ η + ε = d(f^k(x), f^k (y)). It follows that d(f^k(x), f^k(y)) − d(f^k(x), f^k (y)) ≫ θ, i.e., θ = d(f^k(x), f^k(y)) − d(f^k(x), f^k(y)) ∈ P^∘. This contradicts Remark 2.2. □

Lemma 4.2. [11] Let f be a homeomorphism of a compact space X. Then f is expansive if and only if f has a generator and X is metrizable.

Theorem 4.1. Let f be a homeomorphism of a compact space X. Then the following are equivalent.

(1) f is expansive. (2) f is TVS-cone expansive.

Proof. (1) ⇒ (2): It holds by Remark 4.1(2).

(2) ⇒ (1): Let f be TVS-cone expansive. Then f has a generator and X is TVS-cone metrizable by Lemma 4.1. By Theorem 3.2, X is metrizable. It follows that f is expansive by Lemma 4.2. □

5. A concrete metric on TVS-cone metric spaces

In this section, for a TVS-cone metric space, we construct a concrete metric topology coinciding with the TVS-cone metric topology, which came from the report of the referees.

Theorem 5.1. Let (X, E, P, d) be a TVS-cone metric space. Let ε_0 ≫ θ. Define D : X × X → R^∗ by D(x, y) = inf{r ∈ R^∗ : d(x, y) ≪ rε_0} for all x, y ∈ X. Then D is a metric on X.

Proof. (1) Let x ∈ X. For any r ∈ R^+, d(x, x) = θ ≪ rε_0, so D(x, x) = inf{r ∈ R^∗ : d(x, x) ≪ rε_0} = inf R^+ = 0. Let x, y ∈ X and D(x, y) = 0. If d(x, y) ≠ θ, then there is r_0 ∈ R^+ such that d(x, y) � r_0ε_0 does not hold by Lemma 2.1(7). It follows that d(x, y) ≪ rε_0 does not hold for all r < r_0. Thus, D(x, y) = inf{r ∈ R^∗ : d(x, x) ≪ rε_0} � r_0. This contradicts D(x, y) = 0, so d(x, y) = 0. Consequently, x = y.

(2) It is clear that D(x, y) = D(y, x) for all x, y ∈ X. (3) Let x, y, z ∈ X. Then d(x, y) � d(x, z) + d(z, y). So

D(x, y) = inf{r ∈ R^∗ : d(x, y) ≪ rε_0} � inf{r ∈ R^∗ : d(x, z) + d(z, y) ≪ rε_0} � inf{r ∈ R^∗ : d(x, z) ≪ rε_0} + inf{r ∈ R^∗ : d(z, y) ≪ rε_0} = D(x, z) + D(z, y).

By (1), (2), (3), D is a metric on X. □

Theorem 5.2. Let (X, E, P, d) be a TVS-cone metric space, T be the topology on X described in Proposition 2.1 and D be the metric described above. For x ∈ X and r ∈ R^+, put B_D(x, r) = {y ∈ X : D(x, y) < r}, and F = {B_D(x, r) : x ∈ X and r ∈ R^+}; then F is a base for the topology T .

Proof. Let B(x, ε) ∈ B, where B is the base for the topology T described in Proposition 2.1. By Lemma 2.1(5), there is n ∈ N such that ε_0/n ≪ ε. We prove that B_D(x, 1/n) ⊆ B(x, ε). Let y ∈ B_D (x, 1/n). Then D(x, y) < 1/n, i.e., inf{t ∈ R^∗ : d(x, y) ≪ tε_0} < 1/n. If d(x, y) ≪ ε_0/n does not hold, then d(x, y) ≪ tε_0 does not hold for all t < 1/n. This results that D(x, y) = inf{t ∈ R^∗ : d(x, y) ≪ tε_0} � 1/n, which contradicts D(x, y) < 1/n. This shows that d(x, y) ≪ ε_0/n < ε. So y ∈ B(x, ε). Thus, we proved that B_D(x, 1/n) ⊆ B(x, ε).

On the other hand, let B_D(x, r_0) ∈ F . Then B(x, r_0ε_0) ⊆ B_D(x, r_0). In fact, if y ∈ B(x, r_0ε_0), then d(x, y) ≪ r_0ε_0. It follows that D(x, y) = inf{r ∈ R^∗ : d(x, y) ≪ rε_0} � r_0, so y ∈ B_D(x, r_0). This proves that B(x, r_0ε_0) ⊆ B_D(x, r_0). Consequently, F is a base for the topology T . □

Remark 5.1. Let (X, E, P, d) be a TVS-cone metric space and D be the metric described in Theorem 5.1. By Theorem 5.2, the topology T_D generated by D coincides with the topology T generated by d.

Acknowledgment. The authors want to thank the referees for reviewing this paper and offering many valuable comments, in particular for giving Theorems 5.1 and 5.2 in Section 5.

References

1. A. Amini-Harandi, M. Fakhar, Fixed point theory in cone metric spaces obtained via the scalarization method, Comput. Math. Appl. 59 (2010), 3529–3534.

2. N. Aoki, Topological dynamics; in: K. Morita and J. Nagata (eds.), Topics in General Topology, North-Holland, Amsterdam, 1989, 625–740.

3. R. H. Bing, Metrization of topological spaces, Canad. J. Math. 3 (1951), 175–186. 4. D. K. Burke, On subparacompact space, Proc. Am. Math. Soc. 23 (1969), 655–663. 5. H. Cakalli, A. Sonmez, C. Genc, On an equivalence of topological vector space valued cone metric spaces and metric spaces, Appl. Math. Lett. 25 (2012), 429–433.

6. W. S. Du, A note on cone metric fixed point theory and its equivalence, Nonlinear Anal., Theory Methods Appl. 72 (2010), 2259–2261.

7. R. E. Hodel, A history of generalized metrizable spaces; in: C. E. Aull and R. Lowen (ed.), Handbook of the History of General Topology, V. 2, Kluwer, Dordrecht, 1998, 541–576.

8. L. G. Huang, X. Zhang, Cone metric spaces and fixed point theorems of contractive mappings, J. Math. Anal. Appl. 332 (2007) 1468–1476.

9. H. J. K. Junnila, On submetacompactness, Topology Proc. 3 (1978), 375–405. 10. Z. Kadelburg, S. Radenović, V. Rakočević, A note on the equivalence of some metric and cone metric fixed point results, Appl. Math. Lett. 24 (2011), 370–374.

11. H. Keyness, J. Robertson, Generators for topological entropy and expansiveness, Math. Syst.

Theory 3 (1969), 51–59.

12. M. Khani, M. Pourmahdian, On the metrizability of cone metric space, Topology Appl. 158 (2011), 190–193.

13. E. A. Michael, A note on paracompact spaces, Proc. Am. Math. Soc. 4 (1953), 831–838. 14. , Another note on paracompact spaces, Proc. Am. Math. Soc. 8 (1957), 822–828. 15. , Yet another note on paracompact spaces, Proc. Am. Math. Soc. 10 (1959), 309–314. 16. J. Nagata, On a necessary and sufficient condition of metrizability, J. Inst. Polytech. Osaka City Univ., Ser. A Math. 1 (1950), 93–100.

17. S. Radenović, S. Simić, N. Cakić, Z. Golubović, A note on tvs-cone metric fixed point theory, Math. Comput. Modelling 54 (2011), 2418–2422.

18. Y. M. Smirnov, On the metrization of topological spaces, Uspehi Math. Nauk. 6 (1951), 100– 111. (in Russian) 19. A. H. Stone, Paracompactness and product spaces, Bull. Am. Math. Soc. 54 (1948), 977–982. 20. D. Turkoglu, M. Abuloha, Cone metric spaces and fixed point theorems in diametrically contractive mappings, Acta Math. Sin. 26 (2010), 489–496.

Department of Mathematics, Ningde Normal University (Received 04 07 2013) Ningde, P. R. China (Revised 25 07 2015)

shoulin60@163.com

Department of Mathematics, Zhangzhou Normal University Zhangzhou, P. R. China

likd56@126.com

School of Mathematical Sciences, Soochow University Suzhou, P. R. China

geying@suda.edu.cn