PORTUGALIAE MATHEMATICA

Vol. 51 Fasc. 2 – 1994

ON A CLASS OF GROUPS WITH LAGRANGIAN FACTOR GROUPS

Fernando Tuccillo

Abstract: We classify the 2-dual minimal non supersoluble groups, whose factor groups satisfy the converse of the Lagrange’s theorem. From this classification we deduce that there is no upper bound for the 3-rank, as for the 2-rank, of a group with lagrangian factor groups. We conjecture that the groups with lagrangian factor groups are p-supersoluble, for each prime p ≠ 2, 3.

1 – Introduction

A lagrangian group is a finite group which satisfies the converse of the Lagrange’s theorem, that is a group G possessing, for every divisor of |G|, a subgroup of that order. It is immediate to verify that the property is inherited neither by subgroups nor by factor groups. In 1939 O. Ore ([4]) showed that the inheritance by subgroups and factor groups is equivalent to supersolubility. In the following year G. Zappa ([6]) improved the Ore’s result, by showing that the groups with lagrangian subgroups are the supersoluble groups. With regard to the groups with lagrangian factor groups, it is immediate to verify that they are not necessarily supersoluble. Nevertheless, many classes of groups with lagrangian factor groups are classes of supersoluble groups, as shown in 1974 in [2] and in 1984 in [1]. The results of [1] we refer to are based on the classification — contained in the same work — of the non supersoluble lagrangian groups, whose proper factor groups are supersoluble. From such classification the following propositions directly derive.

Proposition A. There is no upper bound for the 2-rank of a group with lagrangian factor groups.

Received: November 15, 1991; Revised: May 15, 1992.

Key words: The converse Lagrange’s theorem, groups with lagrangian factor groups. AMS Subject Classification: Primary 20D10.

Moreover:

Proposition B. If G is a non supersoluble lagrangian group, with supersoluble proper factor groups, then π(G) = {2, 3}.

Proposition C. The 2-rank of a non supersoluble lagrangian group, with supersoluble proper factor groups, is a power of 2 and its 3-rank is equal to 1. Moreover: for every integer m ≥ 1, there is, up to isomorphisms, only one lagrangian group, with supersoluble proper factor groups, whose 2-rank is 2^m.

This paper provides some new examples of non supersoluble groups with lagrangian factor groups; precisely gives a classification of the 2-dual minimal non supersoluble(^1) groups with lagrangian factor groups. Such classification directly leads to following propositions, which generalize the preceding A, B and C propositions.

Proposition A^′. There is no upper bound for the p-rank of a group with lagrangian factor groups, if p = 2 or 3.

Moreover:

Proposition B^′. If G is a ^S_2-group with lagrangian factor groups, then |π(G)| ≤ 3 and {2, 3} ⊆ π(G). (S is the class of supersoluble groups.)

Proposition C^′. The 2-rank of a ^S_n-group (n = 1 or 2) with lagrangian factor groups is a power of 2 and its 3-rank is a power of 3.

Moreover: for every ineger m ≥ 1, there is, up to isomorphisms, only one ^S_2-group, with lagrangian factor groups, whose 2-rank is 2m and whose 3-rank is 3^{2m−1} .

Conjecture. Do the groups with lagrangian factor groups be p-supersoluble, for every prime p different from 2 and 3?

The author conjectures that the factor groups of a group G are lagrangian if and only if there exists a supersoluble immersion of G_{{2,3}} in G and the factor groups of G_{{2,3}} are lagrangian. The sufficient condition has been proved in [1].

(^1) If P is a class of groups, the class ^Pn (n ∈ IN0) of the groups n-dual minimal non P -groups, is defined inductively as follows: ^P_0 = P ; G ∈ ^P_n iff G /∈ n−1⋃ i=0 ^P_i and G/N ∈ n−1⋃ i=0 ^P_i for every 1 ≠ N ◁ G .

2 – Some classes of ^S_2-groups with lagrangian factor groups

With reference to [1], the following notations are used. S(m), m ≥ 1, denotes the subgroup of GL(2^m, 2): S(m) = ⟨ c_ℓ, b_h | ℓ = 1, ..., 2^{m−1}; h = 0, ..., m − 1 ⟩ , where: ⟨c_ℓ| ℓ = 1, ..., 2^{m−1} ⟩ is the matrix group of degree 2^m consisting of all block diagonal matrices [A^{αi} δ_{i,j} ]_{i,j=1,...,2}m−1 , with A = [ 0 1 1 1 ] ; b_0 is the block

diagonal matrix [B δ_{i,j}]_{i,j=1,...,2}m−1 , with B = [ 0 1 1 0 ] ; b_h is the permutation matrix [I_2 δ_{i,σh(j)}]_{i,j=1,...,2}m−1 , where σ_h is the permutation of degree 2^{m−1}:

σ_h = (1, 1 + 2^{h−1}) · · · (2^{h−1}, 2^h) (2^h + 1, 2^h + 1 + 2^{h−1}) · · · (2^h + 2^{h−1}, 2^{2h}) · · · · · · (2^{m−1} − 2^h + 1, 2^{m−1} − 2^{h−1} + 1) · · · (2^{m−1} − 2^{h−1}, 2^{m−1})

(h = 1, ..., m − 1), (i.e., ⟨b_h| h = 1, ..., m − 1⟩ is an elementary abelian regular permutation group of degree 2^{m−1}). In [1] the holomorph of the additive group of V (2^m, 2) by S(m) has been denoted with Σ(m). We can obviously assume that: c_ℓ = [A^{α(i,ℓ)} δ_{i,j}]_{i,j=1,...,2}m−1 , with α(1, ℓ) = 1, for each ℓ = 1, ..., 2^{m−1}, and α(σ_h(i), ℓ) = 2^{γℓ,h} α(i, ℓ) (i, ℓ = 1, ..., 2^{m−1} ; h = 1, ..., m − 1), where

ℓ = m−1∑ h=0 γ_{ℓ,h} 2^{m−1−h} (ℓ = 1, ..., 2^{m−1})

is the binary representation of ℓ. It follows α(i, ℓ) ≡ ±1 (mod 3), hence, because A^3 = I_2, we can assume α(i, ℓ) = ±1 for each i, ℓ = 1, ..., 2^{m−1} , and we have the following presentation for Σ(m).

2.1. Σ(m) = ⟨ x_{2i−1}, x_{2i}, c_ℓ, b_h | i, ℓ = 1, ..., 2^{m−1} ; h = 0, ..., m − 1 ⟩ . Relations:

Δ_0 x^2_{i−1} =x^2_i =[x_u, x_v ]=1 (i=1, ..., 2^{m−1} ; u, v =1, ..., 2^m) c^3_ℓ =b^2_h =[c_{ℓ1} , c_{ℓ2} ]=[b_{h1} , b_{h2} ]=1 (ℓ,ℓ_1,ℓ_2 =1, ..., 2^{m−1}; h,h_1,h_2 =0, ..., m−1) b^{−1}_0 c_ℓ b_0 =c^{−1}_ℓ ; b^{−1}_h c_ℓ b_h = c^{2γℓ,h}_ℓ (ℓ=1, ..., 2^{m−1} ; h=1, ..., m−1) ,

Δ_1 c^{−1}_ℓ x_{2i−1} c_ℓ = x^{δ−1,α(i,ℓ)} 2i−1 x2i c^{−1}_ℓ x_{2i} c_ℓ = x_{2i−1} x^{δ1,α(i,ℓ)}_{2i} (i = 1, ..., 2^{m−1} ) ,

Δ_2 { b^{−1}_0 x_{2i−1} b_0 = x_{2i}; b^{−1}_0 x_{2i} b_0 = x_{2i−1} (i = 1, ..., 2^{m−1} ) ,

Δ_3 { b^{−1}_h x_{2i−1} b_h =x_{2σh(i)−1}; b^{−1}_h x_{2i} b_h =x_{2σh(i)} (i=1, ..., 2^{m−1} ; h=1, ..., m−1). In order to simplify the description, we report the main result of [1].

2.2 Theorem ([1]). The non supersoluble lagrangian groups, with supersoluble proper factors groups, are, up to isomorphisms, the groups Σ(m).

2.3 The groups Σ^∗(m). Let m be an integer ≥ 1. If N is an elementary abelian group of order 2^{2m} , with the identification Aut N = GL(2^m, 2), let χ : Σ(m) → Aut N be the product of the canonical homomorphism Σ(m) → Σ(m)/O_2(Σ(m)) ≃ S(m) and the embedding of S(m) in GL(2^m, 2). We shall refer to a group extension of N by Σ(m) with coupling χ as a group of type Σ^∗(m). In particular, we denote the split extension with Σ(m). It is immediate to verify that Σ(m) is a ^S_2-group with lagrangian factor groups. With the following proposition we provide the structure of the groups Σ^∗(m), non isomorphic to Σ(m), and show that they are ^S_2-groups with lagrangian factor groups.

Proposition 2.3.1. Let G be a group of type Σ^∗(m) and G ≠ Σ(m). Then:

i) G = K ▷ O_2(G), with K ≃ S(m) and O_2(G) = F (G) abelian of type (2^2, ..., 2^2) and order 2^{2m+1} ;

ii) Φ(G) = Φ(O_2(G));

iii) K Φ(G) ≃ G/Φ(G) ≃ Σ(m);

iv) G is a ^S_2-group with lagrangian factor groups.

Proof: As G is of type Σ^∗(m), G/N ≃ Σ(m) where N is a minimal normal subgroup of G of order 2^{2m} ; we have then N ≤ Φ(G) because G is not a split extension of N. It follows that Φ(G) = N and F (G) = O_2(G), because Φ(Σ(m)) = 1 and F (Σ(m)) = O_2(Σ(m)). On the other hand, since G/N ≃ Σ(m), N = Φ(G) is minimal normal in G and C_G(N) = O_2(G). That being stated, assume G = MO_2(G), with M ∩ O_2(G) = Φ(G). We have that Φ(G) = N is a minimal normal subgroup of M and C_M (N) = N. Hence M = K ▷ Φ(G)

(see, for instance, [3], II Satz 3.3); it follows G = K ▷ O_2(G), K ≃ S(m) and K Φ(G) ≃ Σ(m). Using all what we have obtained, it is easy to verify that G is a ^S_2-group with lagrangian factor groups, if we notice that Φ(G) is the only minimal normal subgroup of G.

Suppose that O_2(G) is elementary abelian. Since O_2(K) = 1 and |π(K)| = 2, O_2(G) is a completely reducible GF (2)[K]-module (see [5], Lemma 1.5) and thus the contradiction that G splits on Φ(G) is reached.

It follows, recalling that Φ(G) is the only minimal normal subgroup of G and O_2(G)/Φ(G) is minimal normal in G/Φ(G), that Φ(G) = Φ(O_2(G)) = O_2(G)^2; therefore, being K Φ(G) ≃ Σ(m), if O_2(G) is abelian, O_2(G) is of type (2^2, ..., 2^2). In order to show that O_2(G) is abelian, we assume, with reference to presentation 2.1 of Σ(m) ≃ G/Φ(G):

O_2(G) = ⟨ x_{2i−1}, x_{2i} | i = 1, ..., 2^{m−1} ⟩ , x^2_u, [x_u, x_v ] ∈ Φ(G) (u, v = 1, ..., 2^m) , K = ⟨ c_ℓ, b_h | ℓ = 1, ..., 2^{m−1}; h = 0, ..., m − 1 ⟩ , with relations:

Δ^′_1 c^{−1}_ℓ x_{2i−1} c_ℓ = x^{δ−1,α(i,ℓ)} 2i−1 x2i y2i−1,ℓ c^{−1}_ℓ x_{2i} c_ℓ = x_{2i−1} x^{δ1,α(i,ℓ)}_{2i} y_{2i,ℓ} (i, ℓ = 1, ..., 2^{m−1} ) ,

Δ^′_2 { b^{−1}_0 x_{2i−1} b_0 = x_{2i} z_{2i−1} b^{−1}_0 x_{2i} b_0 = x_{2i−1} z_{2i} (i = 1, ..., 2^{m−1}) ,

Δ^′_3 { b^{−1}_h x_{2i−1} b_h = x_{2σh(i)−1} w_{2i−1,h} b^{−1}_h x_{2i} b_h = x_{2σh(i)} w_{2i,h} (i = 1, ..., 2^{m−1}; h = 1, ..., m − 1) , where: y_{u,ℓ}, z_u, w_{u,h} ∈ Φ(G) (u = 1, ..., 2^m; ℓ = 1, ..., 2^{m−1} ; h = 1, ..., m − 1) . From Δ^′_r (r = 1, 2, 3) it immediately follows that the subgroup ⟨[x_{2i−1}, x_{2i}]| i = 1, ..., 2^{m−1}⟩ is normal in G and is centralized by ⟨c_ℓ, b_0| ℓ = 1, ..., 2^{m−1} ⟩. We have then [x_{2i−1}, x_{2i}] = 1, for each i = 1, ..., 2^{m−1} , because C_G(Φ(G)) = O_2(G). Thus, if m = 1, O_2(G) is abelian.

Let then m ≥ 2. Notice first that α(i, 2^{m−1}) = 1, for each i = 1, ..., 2^{m−1}. From Δ^′_1, with c = c_2m−1 , we get, since O_2(G) has class at most 2, that:

(2.3.1.1) c^{−1}[x_{2i−1}, x_{2j−1}] c = [x_{2i}, x_{2j} ] ,

c^{−1}[x_{2i}, x_{2j} ] c = [x_{2i−1}, x_{2j−1}] [x_{2i−1}, x_{2j} ] [x_{2i}, x_{2j−1}] [x_{2i}, x_{2j} ] ,

c^{−1}[x_{2i−1}, x_{2j} ] c = [x_{2i}, x_{2j−1}] [x_{2i}, x_{2j} ]

(i, j = 1, ..., 2^{m−1}). From here we get:

c^{−1}[x_{2i−1}, x_{2j} ] [x_{2i}, x_{2j−1}] c = [x_{2i−1}, x_{2j} ] [x_{2i}, x_{2j−1}] , from which:

(2.3.1.2) [x_{2i−1}, x_{2j} ] = [x_{2i}, x_{2j−1}] (i, j = 1, ..., 2^{m−1}) , because C_N (c) = 1, since ⟨c⟩ ◁ K and K acts irreducibly on N. On the other hand, as the matrix [α(i, ℓ)] is non singular, for each pair of different indexes i and j between 1 and 2^{m−1}, there exists ℓ ∈ {1, ..., 2^{m−1}} such that α(i, ℓ) = −α(j, ℓ). In this case we get from Δ^′_1 and (2.3.1.2) that: c^{−1}_ℓ [x_{2i}, x_{2j−1}] c_ℓ = = [x_{2i−1}, x_{2j−1}]^{δ−1,α(j,ℓ)} [x_{2i}, x_{2j} ]^{δ1,α(i,ℓ)} [x_{2i−1}, x_{2j} ]^{1+δ1,α(i,ℓ)δ−1,α(j,ℓ)} = = c^{−1}_ℓ [x_{2i−1}, x_{2j} ] c_ℓ = = [x_{2i−1}, x_{2j−1}]^{δ−1,α(i,ℓ)} [x_{2i}, x_{2j} ]^{δ1,α(j,ℓ)} [x_{2i−1}, x_{2j} ]^{1+δ−1,α(i,ℓ)δ1,α(j,ℓ)} , from which:

(2.3.1.3) [x_{2i−1}, x_{2j−1}] [x_{2i}, x_{2j} ] = [x_{2i−1}, x_{2j} ] (i, j = 1, ..., 2^{m−1}) .

On the other hand, we get from Δ^′_1: c^{−1}_ℓ [x_{2i−1}, x_{2j−1}] c_ℓ = [x_{2i−1}, x_{2j} ]^{δ−1,α(i,ℓ)+δ−1,α(j,ℓ)} [x_{2i}, x_{2j} ] = = [x_{2i−1}, x_{2j} ] [x_{2i}, x_{2j} ] and therefore, from (2.3.1.3), we get: c^{−1}_ℓ [x_{2i−1}, x_{2j−1}] c_ℓ = [x_{2i−1}, x_{2j−1}] .

It follows, since C_N (c_ℓ) = 1, [x_{2i−1}, x_{2j−1}] = 1 (i, j = 1, ..., 2^{m−1}), from which and (2.3.1.1) we get:

[x_{2i}, x_{2j−1}] = [x_{2i−1}, x_{2j} ] = [x_{2i}, x_{2j} ] = 1 and thus O_2(G) is abelian.

It follows easily from the previous proposition, by routine calculations, that there is (up to isomorphism) only one group of type Σ^∗(m), non-isomorphic to Σ(m); precisely the following group ^Σ(m)

^Σ(m) = ⟨ x_{2i−1}, x_{2i}, c_j , b_h | i, j = 1, ..., 2^{m−1} ; h = 0, ..., m − 1 ⟩ .

Relations:

x^4_{2i−1} =x^4_{2i} =[x_u, x_v]=1 (i=1, ..., 2^{m−1} ; u, v =1, ..., 2^m ) , c^3_j =b^2_h =[c_{j1} , c_{j2} ]=[b_{h1} , b_{h2} ]=1 (j,j_1,j_2 =1, ..., 2^{m−1}; h,h_1,h_2 =0, ..., m−1) , b^{−1}_0 c_j b_0 =c^{−1}_j , b^{−1}_h c_j b_h =c_{σh(j)} (j =1, ..., 2^{m−1}; h=1, ..., m−1) , c^{−1}_j x_{2i−1}c_j =x_{2i−1}, c^{−1}_j x_{2i}c_j =x_{2i} (i≠j =1, ..., 2^{m−1}) , c^{−1}_i x_{2i−1}c_i =x_{2i}, c^{−1}_i x_{2i}c_i =x^{−1}_{2i−1}x^{−1}_{2i} (i=1, ..., 2^{m−1} ) , b^{−1}_0 x_{2i−1}b_0 =x_{2i}, b^{−1}_0 x_{2i}b_0 =x_{2i−1} (i=1, ..., 2^{m−1} ) , b^{−1}_h x_{2i−1}b_h =x_{2σh(i)−1}, b^{−1}_h x_{2i}b_h =x_{2σh(i)} (i=1, ..., 2^{m−1} , h=1, ..., m−1) .

2.4 The groups Ω(m). Let m be an integer ≥ 1. From the presentation 2.1 of Σ(m) we get easily, for any c ∈ C = ⟨c_ℓ| ℓ = 1, ..., 2^{m−1}⟩, that: c x_{2i−1} c^{−1} = x^{λ(i,c)}_{2i−1} x^{μ(i,c)}_{2i} c x_{2i} c^{−1} = x^{μ(i,c)}_{2i−1} x^{λ(i,c)+μ(i,c)} 2i (i = 1, ..., 2^{m−1}) ,

where λ(i, c) and μ(i, c) are integers modulo 2 ((λ(i, c), μ(i, c)) ≠ (0, 0)).

Considered the regular GF (3)[C]-module N, the following positions give N a structure or GF (3)[Σ(m)]-module irreducible, on which Σ(m) acts faithfully: c^{x2i−1} = (−1)^{λ(i,c)+μ(i,c)} c c^{x2i} = (−1)^{λ(i,c)} c (i = 1, ..., 2^{m−1}) ,

c^a = c a c^{bh} = b^{−1}_h c b_h (a ∈ C; h = 0, ..., m − 1) ,

where c ∈ C, being C the canonical base of N = GF (3)[C]. The holomorph of the additive group of N by Σ(m) is denoted with Ω(m).

Proposition 2.4.1. Ω(m) is a ^S_2-group with lagrangian factor groups.

Proof: For each t = 1, ..., 2^{m−1} and for each of the (^{2m−1}_t ) subsets I_{t,k} = {ℓ_1, ..., ℓ_t} of {1, ..., 2^{m−1} } of order t, we consider the subset of C: C_{t,k} = { c^{β1}_{ℓ1} · · · c^{βt}_{ℓt} | β_1, ..., β_t = ±1 } (k = 1, ..., (^{2m−1}_t )) .

Assuming D = ⟨x_{2i−1}, x_{2i}, b_h| i = 1, ..., 2^{m−1} ; h = 0, ..., m − 1⟩ and W = GF (3)1, we have obviously that ∑ c C_{t,k} W c is a D-submodule of N, hence Ω(m) has subgroups of order 3^n · 2^{2m+m}, where n = ∑_2m−1 t=0 r_t 2^t with 0 ≤ r_t ≤ (^{2m−1}_t ). From this result the statement easily follows.

3 – Classification of the ^S_2-groups with lagrangian factor groups

Proposition 3.1. Let G be a ^S_2-group with lagrangian factor groups. If Φ(G) ≠ 1, then Φ(G) is minimal normal in G and G/Φ(G) ≃ Σ(m) (for some m ≥ 1).

Proof: Let N be a minimal normal subgroup of G with N ≤ Φ(G). Assume that N ≠ Φ(G). Since the proper factor groups of G/N are supersoluble, we have that G/Φ(G) ≃^{G/N}_{Φ(G)/N} is supersoluble and therefore G is supersoluble, which contradicts the hypothesis. The statement G/Φ(G) ≃ Σ(m) follows from Theorem 2.2.

Proposition 3.2. Let G be a ^S_2-group with lagrangian factor groups, with Φ(G) ≠ 1. If G has a minimal normal subgroup different from Φ(G), then |Φ(G)| is prime (= 2 or 3).

Proof: Let N be a minimal normal subgroup of G, different from Φ(G), then assuming G = K ▷ N (K maximal subgroup of G), we have, by Proposition 3.1, Σ(m) ≃ G/Φ(G) = K/Φ(G) ▷^{Φ(G)▷N}_{Φ(G)} and therefore K/Φ(G) ≃ S(m); it follows, as obviously Φ(G) ≤ Φ(K), that K is supersoluble and so, since Φ(G) is minimal normal in G, |Φ(G)| is prime.

Proposition 3.3. Let G be a ^S_2-group with lagrangian factor groups, with Φ(G) ≠ 1. If Φ(G) is the only minimal normal subgroup of G and |Φ(G)| is not prime, then G is a group of type Σ^∗(m) (non isomorphic to Σ(m)).

Proof: Since G/Φ(G) ≃ Σ(m) and Φ(G) is the only minimal normal subgroup of G, as O_2(Σ(m)) = F (Σ(m)), we have that Φ(G) ≤ O_2(G) = F (G) and O_2(G) ≤ C_G(Φ(G)). That being stated, by arguing as in the proof of the Proposition 2.3.1, we get G = K ▷ O_2(G), with K ≃ S(m) and Φ(G) = Φ(O_2(G)) = O_2(G)^2; therefore, in order to complete the proof, we need only to show that

K Φ(G) ≃ Σ(m). We can assume, as in the proof of the Proposition 2.3.1:

O_2(G) = ⟨ x_{2i−1}, x_{2i} | i = 1, ..., 2^{m−1} ⟩ , K = ⟨ c_ℓ, b_h | ℓ = 1, ..., 2^{m−1}; h = 0, ..., m − 1 ⟩ , with the relations Δ^′_1, Δ^′_2 and Δ^′_3. From these it immediately follows that K O_2(G)^2 (= K Φ(G)) is a holomorphic image of Σ(m), hence, obviously, K Φ(G) ≃ Σ(m).

Proposition 3.4. Let G be a ^S_2-group with lagrangian factor groups, with Φ(G) = 1. Then one of the following conditions holds:

i) G is a (split) extension of a group of prime order by a group Σ(m);

ii) G is isomorhic to Σ(m) (for some m);

iii) G is isomorphic to Ω(m) (for some m).

Proof: Let N be a minimal normal subgroup of G, such that the proper factor groups of G/N are supersoluble and G/N is not supersoluble. We have (Theorem 2.2) that G/N ≃ Σ(m) (for some m ≥ 1) and so G = K ▷ N, with K ≃ Σ(m). If |N| is not prime, i.e., the condition i) does not hold, we have, since G is lagrangian, N ≤ O_2(G) or N ≤ O_3(G). Assuming |N| = p^n (p = 2 or 3 and n > 1), we examine the two cases separately.

1^{st} case: p = 2.

Since O_2(K) ≠ 1, we have N < O_2(G) = O_2(K) N and therefore, since N ∩ Z(O_2(G)) ≠ 1, we get O_2(G) = O_2(K) × N; from this, since O_2(K) is minimal normal in K, O_2(K) is minimal normal in G, hence, since G/O_2(K) is non supersoluble, we have G/O_2(G) ≃ Σ(m^′) (2^{m′} = n), and then, obviously, m = m^′ and so G ≃ Σ(m).

2^{nd} case: p = 3.

We have, obviously, that C_G(N) = N, therefore, with the identification K = Σ(m), N is an irreducible GF (3)[Σ(m)]-module, on which Σ(m) acts faithfully. That being stated, assume O_2(Σ(m)) = D. We have, by Clifford’s theorem, that, as D is (non cyclic) elementary abelian, N is imprimitive and that the isotypic D-submodules of N are the irreducible D-submodules and thus have dimension 1. If U = GF (3) u is an irreducible D-submodule, we can assume:

u^{x2i−1} = u^{x2i} = (−1)^{εi} u (i = 1, ..., 2^{m−1} ) .

It follows that U^{b0} is D-isomorphic to U, and so, since U^{b0} and U are D-isotypic, U^{b0} = U. On the other hand, with h ∈ {1, ..., m − 1} (m ≥ 2), we can assume, as to suitable cases {y_{2i−1}, y_{2i}| i = 1, ..., 2^{m−1}} of D: u^{y2i−1} = u^{y2i} = u^{bhy2i−1b−1h} = u^{bhy2ib−1h} . It follows, as previously, U^{bh} = U, and so U^b = U for any b ∈ ⟨b_h| h = 0, ..., m−1⟩. We have then that N is an irreducible DC-module, where C = ⟨c_ℓ| ℓ=1, ..., 2^{m−1}⟩. It follows, since N is imprimitive, that the action of C on the irreducible D-submodules of N is transitive, and therefore, as C is abelian, N is a regular C-module, that is, up to isomorphisms, N = GF (3)[C]. After these preliminary remarks, as in K = Σ(m) we have (see 2.4)

(3.4.1) c x_{2i−1} c^{−1} = x^{λ(i,c)}_{2i−1} x^{μ(i,c)}_{2i} c x_{2i} c^{−1} = x^{μ(i,c)}_{2i−1} x^{λ(i,c)+μ(i,c)} 2i (i = 1, ..., 2^{m−1}; c ∈ C) ,

we can assume in G, with the identification N = GF (3)[C]: c^{x2i−1} = (−1)^{f(i,c)} c c^{x2i} = (−1)^{g(i,c)} c (i = 1, ..., 2^{m−1}; c ∈ GF (3)[C] = N) , where f(i, c) and g(i, c) are integers modulo 2. From 2.1 and (3.4.1) we easily get: f(i, c) = λ(i, c) + μ(i, c) , g(i, c) = λ(i, c) . Hence we get G ≃ Ω(m).

From the previously proved propositions follows the theorem, which provides the aforesaid classification of the ^S_2-groups with lagrangian factor groups.

Theorem 3.5. A group G is a ^S_2-group with lagrangian factor groups, if and only if one of the following conditions holds:

i) G is an extension of a group of prime order by a group Σ(m); ii) G is isomorphic to Σ(m); iii) G is isomorphic to ^Σ(m); iv) G is isomorphic to Ω(m).

REFERENCES [1] De Vivo, C., Giordano, G. and Tuccillo, F. – Sui gruppi a quozienti lagrangiani, Ricerche Mat., 33(1) (1984), 121–131.

[2] Humphreys, J.F. – On groups satisfying the converse Lagrange’s theorem, Proc.

Cambridge Soc., 75 (1974), 25–32.

[3] Huppert, B. – Endliche Gruppen I, Springer-Verlag, Berlin, 1967. [4] Ore, O. – Contributions to the theory of groups of finite order, Duke Math. J., 5 (1939), 431–460.

[5] Struik, R.R. – Partial converse to Lagrange’s theorem II, Comm. Algebra, 9(1) (1981), 1–22.

[6] Zappa, G. – Remark on a recent paper of O. Ore, Duke Math. J., 6 (1940), 511–512.

Fernando Tuccillo, Dip. di Matematica e Applicazioni “Renato Caccioppoli”, Università degli Studi di Napoli, Via Mezzocannone 8, 80134 Napoli – ITALIA