PORTUGALIAE MATHEMATICA

Vol. 51 Fasc. 3 – 1994

ON CERTAIN DIAMETERS OF BOUNDED SETS

Aref Kamal

Abstract: In this paper we prove that if the balanced convex closed subset A of the normed linear space X, has a certain property called the property P_0, then the Gelfand n-width d^n(A, X) is attained. If A is a balanced and compact subset of X then the Bernstein n-width b^n(A, X) is attained, and if A is a subset of the dual space X^∗, and A contains a ball B(0, r) of positive radius, then the linear n-width δ_n(A, X^∗) is attained. It is also shown that if X has a certain property called the property P_1 then the compact width a(A, X) is attained.

1 – Introduction

If A is a subset of the normed linear space X, then for each x ∈ X, the distance of x from A, d(x, A) is defined to be

d(x, A) = inf { ‖x − y‖; y ∈ A } . If B is another subset of X, then the deviation of A from B, δ(A, B) is defined to be δ(A, B) = sup { d(x, B); x ∈ A } . If n ≥ 0 is a non-negative integer, then the Kolmogorov n-width of the set A in X, d_n(A, X) id defined to be

d_n(A, X) = inf { δ(A, N); N is an n-dimensional subspace of X } .

Received: January 17, 1992; Revised: June 12, 1992.

The Kolmogorov n-width is an important diameter for sets, it has many applications in approxiamtion theory (see for example Brown [3], Deutsch, Mach and Saatkamp [4], Kamal [8] and [9]). Beside the Kolmogorov n-width there are other diameters of sets, which have their applications in approximation theory (see for example Brown [3], Micchelli and Pinkus [14] and [15]). The Gelfand n-width is defined to be

d^n(A, X) = inf { sup{‖x‖; x∈A ∩ L_n}; L_n is an n-codimensional subspace of X } . If S(X) is the unit sphere of the space X, then the Bernstein n-width is defined to be

b_n(A, X) = sup { sup{λ; λS(X_{n+1}) ⊆ A}; X_{n+1} is an (n + 1) dimensional subspace of X } . If F_n(X, X) is the set of all bounded linear operators on X of rank ≤ n, then the linear n-width is defined to be

δ_n(A, X) = inf { sup{‖x − T (x)‖; x ∈ A}; T ∈ F_n(X, X) } . The properties of the n-widths, and the relations among them were studied by several authors, for example, Singer [17], Pinkus [16] and Garkavi [6]. The nwidth d_n(A, X) (resp. d^n(A, X)) is said to be attained, if there is an n-dimensional (resp. n-codimensional) subspace Y of X satisfying that, d_n(A, X) = δ(A, Y ) (resp. d^n(A, X) = sup{‖x‖; x ∈ A ∩ Y }). In this case the subspace Y is said to be an optimal subspace for d_n(A, X) (resp. d^n(A, X)). The n-width b_n(A, X) is attained if there is an (n+1) dimensional subspace Y of X, satisfying b_n(A, X) = sup{λ; λS(X) ⊆ A}. Also in this case the subspace Y is an optimal subspace for b_n(A, X). The width δ_n(A, X) is attained if there is a bounded linear operator T : X → X of rank ≤ n, such that δ_n(A, X) = sup{‖x − T (x)‖; x ∈ A}.

Another important diameter for sets is the compact width. If A is a bounded subset of the normed linear space X, then the compact width of A, a(A, X) is defined to be

a(A, X) = inf { δ(A, K); K is a compact subset of X } . This width is attained if there is a compact set K in X, such that a(A, X) = δ(A, K). For some applications of the compact width one may refer to Feder [5].

In most of the applications, the authors were concerned with certain known sets. They study the relation among the diameters, and the optimization of each of the diameters. (See for example Brown [3], Pinkus [16], Micchelli and Pinkus [14] and [15].) The existence of optimal subspaces of sets depends on the sets itself and the space X. In some spaces X, a certain width is attained for all bounded sets, and other specific widths are attained for sets with certain properties regardless of the space X. Garkavi [6] showed that if X^∗ is the dual space of X, then the Kolmogorov width d_n(A, X^∗) is attained for any bounded set A in X^∗. Pinkus [16] showed that if A is a bounded convex closed subset of X, and A contains a ball of positive radius centered at zero, then the Gelfand width d^n(A, X) is attained. The question that one may ask is: are there other results of this type?

In this paper the author studies this problem. In section two it is shown that if A is a balanced convex closed subset of the normed linear space X, and A has a certain property called P_0, then d^n(A, X) is attained. It is shown that if the balanced convex closed set A contains a ball of positive radius centered at zero, then it has the property P_0, and thus the result of this section includes the result of Pinkus [16]. Other examples of sets having the property P_0, and examples of sets that do not have the property P_0 are given. In section three it is shown that if A is a balanced compact subset of the normed linear space X, then b_n(A, X) is attained. Also in section three it is shown that if the non-empty subset A, of the dual space X^∗ contains a ball of positive radius centered at zero, then δ_n(A, X^∗) is attained. In section four it is shown that if the Banach space X has a certain property called P_1, then for each bounded set A in X, the compact width, a(A, X) is attained. The property P_1 has many applications in approximation theory. It is known that if X is uniformly convex or if X = C(Q), then X has this property. In section four, examples of spaces having the property P_1, and other examples of spaces that do not have the property P_1 are given. It is also shown that there are spaces X for which a(A, X) is attained for each bounded set A, but X does not have the property P_1.

The rest of this introduction will cover some definitions and known results. If Q is a compact Hausdorff space, and X is a normed linear space, then B(Q, X) is the space of all bounded functions from Q to X, and C(Q, X) is the space of all continuous functions from Q to X. The norm defined on both B(Q, X) and C(Q, X) is the uniform norm; that is ‖f‖ = sup { ‖f(x)‖; x ∈ Q } . If X = IR (the space of real numbers), then B(Q, IR) and C(Q, IR) are denoted by B(Q) and C(Q). The set A is said to be balanced if it is centrally symmetric. If A is balanced, convex and closed, then the boundary of A, bd(A) = {x ∈ A; λx /∈ A whenever |λ| > 1}. If A is a subset of X, then [A] denotes the subspace of X generated by A. If A is balanced and convex then x ∈ [A] iff for each ϵ > 0 there is z ∈ A and a real number λ > 0, such that ‖x − λz‖ < ϵ. If Y is a closed subspace of the normed linear space X, then Y^⊥ denotes the supspace of X^∗ consisting of all f ∈ X^∗ satisfying f(x) = 0 for each x ∈ Y . As in most texts, B(x, r) is the ball of radius r centered at x, and S(x, r) is the sphere of radius r centered at x.

The proof of the following proposition can be found in Singer [17, page 22].

Proposition 1.1. Let X be a normed linear space, Y be a closed subspace of X, and assume that x_0 is an element in X. Then

d(x_0, Y ) = sup { |f(x_0)|; ‖f‖ ≤ 1 and f ∈ Y^⊥ } .

2 – Optimal subspaces for the Gelfand width

Definition 2.1. Let X be a normed linear space, A a closed balanced convex subset of X. The set A is said to have the property P_0 if for each x_0 ∈ bd(A), there is ϵ > 0 and 0 < δ < 1, such that for each x ∈ B(x_0, ϵ) ∩ S(0, ‖x_0‖), if βx ∈ bd(A) then |β| ≥ δ. The property P_0 is related to the smoothness of the boundary of A. If x_0 ∈ bd(A), then for all the points x within a certain distance from x_0 on the sphere S(0, ‖x_0‖), if the line [x] intersects the boundary of A, then one of the points of intersection should be within a given distance from x_0. If dim[A] < ∞ then A has the property P_0, but if [A] is of infinite dimension, then the boundary of A should satisfy a certain weak form of smoothness in order to have the property P_0. For example if A contains a ball B(0, r) for some r > 0 in [A], then A has the property P_0. Indeed in this case one may choose ϵ > 0 to be any positive number, and δ < 1 satisfying that δ > 1 −^r_{‖x0‖} . Not all balanced convex closed sets have the property P_0, the following example illustrates this.

Example 2.2. In the classical Banach spaces of sequences l_1, let

x_0 = ( 1, 1 2 , 1 4 , 1 8 , . . . )

and for each positive integer n ≥ 1, let

x_n = ( 1 2^n , 1 2^{n+1} , . . . , 1 2^{2n} , 0, 0, . . . ) . Let A be the closed balanced convex hull of {x_0, x_1, x_2, . . .}, then for each n = 0, 1, 2, . . ., x_n ∈ bd(A). Also lim 2^nx_n = x_0. For each n = 1, 2, . . ., let δ_n =^2_{‖2nxn‖} then lim δ_n = 1 and ‖2^nλ_nx_n‖ = ‖x_0‖. Let z_n = 2^nλ_nx_n, then lim z_n = x_0.

Therefore for each ϵ > 0 and 0 < δ < 1, there is a positive integer M ≥ 1 for which z_n ∈ B(x_0, ϵ) ∩ S(0, ‖x_0‖) for each n ≥ M. But since x_n =^1_{2nλn} z_n is a point of intersection of the line [z_n] with bd(A), it follows that β_n =^1_{2nλn} < δ for all n that are large enough.

In Theorem 2.6 it will be shown that if A is a closed balanced convex subset of the normed linear space X, satisfying the property P_0, then for each non-negative integer n ≥ 0, the Gelfand width d^n(A, X) is attained. This result includes the result of Pinkus [16].

The following proposition is due to Helfrich [7]. Its proof can be found also in Pinkus [16].

Proposition 2.3. Let X be a normed linear space, and let Y be a subspace of X. If A is a subset of Y , then for any non-negative integer n ≥ 0, d^n(A, X) = d^n(A, Y ). Let X be any normed linear space, and let A be a closed balanced convex subset of X. By Proposition 2.3 one may assume that X = [A]. Let n ≥ 0 be any non-negative integer, if n = 0 then Y_0 = X is the zero-codimensional subspace of X optimal for d^n(A, X). Thus one may assume that n ≥ 1. Let a = d^n(A, X). If a = ∞ then any n-codimensional subspace Y_0 of X is optimal subspace for d^n(A, X), and if a = 0 then dim[A] = n; that is, dim X = n, so Y_0 = {0} is an optimal subspace for d^n(A, X). Therefore one may assume that 0 < a < ∞. Define S = { x ∈ A; ‖x‖ ≤ a, and if αx ∈ A then ‖αx‖ ≤ a } , and for each i = 1, 2, . . . define

S_i = { x ∈ A; ‖x‖ ≤ a + 1 i , and if αx ∈ A then ‖αx‖ ≤ a + 1 i } . The following lemma includes some of the properties of S and S_i, its proof follows from their definitions.

Lemma 2.4. Let X be a normed linear space, n ≥ 1 be a positive integer, and let A be a balanced convex closed subset of X, satisfying 0 ≤ d^n(A, X) < ∞. If a, S, and S_i are as in the preceding argument, then the following statements hold.

a) For each i = 1, 2, . . ., S ⊆ S_{i+1} ⊆ S_i.

b) If x_i ∈ S_i for each i = 1, 2, . . ., and lim x_i = x_0 then x_0 ∈ S.

c) For each x ∈ bd(A), if ‖x‖ ≤ a then x ∈ S, and if ‖x‖ ≤ a +^1_i then x ∈ S_i.

Lemma 2.5. In Lemma 2.4, assume that X = [A], and for each i = 1, 2, . . ., let Y_i be an n-codimensional subspace of X satisfying sup{‖x‖; x ∈ Y_i∩A} ≤ a+^l_i , then

a) Y_i ∩ A ⊆ S_i.

b) For each x ∈ Y_m, there is a sequence {x_i} in S_m, and a sequence of real numbers {α_i}, such that lim α_ix_i = x.

Proof: a) Let x ∈ Y_i ∩ A and assume that x /∈ S_i, then either ‖x‖ > a +^l_i , or there is a real number α, such that αx ∈ A and ‖αx‖ > a +^1_i . In both cases one has sup{‖x‖; x ∈ Y_i ∩ A} > a +^1_i .

b) Let x_0 ∈ Y_m. If x_0 ∈ [Y_m ∩ A] then there is nothing to prove, so one may assume that x_0 /∈ [Y_0 ∩A]. Since X = [A], and A is balanced and convex, it follows that there is a sequence {x_i} in A, and a sequence of non-negative numbers {α_i}, such that lim α_ix_i = x_0. Also since A is balanced and closed, one can choose each x_i ∈ bd(A). If {α_i} has a subsequence {α_j } for each lim α_j = α_0 < ∞, then if α_0 = 0 it follows that 0 = x_0 ∈ [Y_m ∩ A], and if α_0 ≠ 0 then lim x_j =^{x0}_{α0} ∈ A. Therefore x_0 ∈ [Y_m ∩ A], so one may assume that lim α_i = ∞. But in this case lim ‖x_i‖ = 0. Thus there is a positive integer N ≥ 1, such that for each i > N, lim ‖x_i‖ ≤ a+^1_m . Applying Lemma 2.4.c, one can show that the sequence {x_{i+N} } is in S_m.

2.6 Theorem. Let A be a closed balanced convex subset of the normed linear space X, and let n ≥ 0 be a non-negative integer. If A has the property P_0 then d^n(A, X) is attained.

Proof: Let a = d^n(A, X). By the argument preceding Lemma 2.4, one may assume that 0 < α < ∞, n ≥ 1, and X = [A]. Let S, S_i, and Y_i be as in Lemma 2.5. Since for each i = 1, 2, ..., cod Y_i = n, there are {f^i_1, f^i_2, ..., f^i_n} in X^∗, satisfying ‖f^i_k‖ = 1 for each k = 1, 2, ..., n and such that

Y_i = { x ∈ X; f^i_1(x) = f^i_2(x) = ... = f^i_n(x) = 0 } . The sequence {(f^i_1, f^i_2, ..., f^i_n)}^∞_{i=1} is bounded in ∏_n i=1 X^∗, so there is an element (f^0_1,f^0_2, ...,f^0_n) ∈ ∏_n i=1X^∗, and a subsequence {(f^j_1,f^j_2, ...,f^j_n)}^∞_{j=1} of {(f^i_1,f^i_2, ...,f^i_n)}, such that for each k = 1, 2, ..., n, f^0_k is the w^∗-limit of the sequence {f^j_k }^∞_{j=1} in X^∗. Without loss of generality, one may assume that for each x ∈ X, the sequence {(f^i_1(x), f^i_2(x), ..., f^i_n(x))}^∞_{i=1} converges to (f^0_1 (x), f^0_2 (x), ..., f^0_n (x)). Let Y_0 = {x ∈ X; f^0_1 (x) = f^0_2 (x) = ... = f^0_n(x) = 0}, then cod Y_0 ≤ n. It will be shown that Y_0 ∩ A ⊆ S. If this is true then sup{‖x‖; x ∈ Y_0 ∩ A} ≤ a, therefore any subspace Y of Y_0 which is of codimension n in X, is an optimal subspace for d^n(A, X). Let x_0 ∈ Y_0 ∩ A, and assume that x_0 ∈ bd(A). Since {(f^i_1(x_0), f^i_2(x_0), ..., f^i_n(x_0))}^∞_{i=1} converges to (0, 0, ..., 0), it follows by Proposition 1.1 that lim[d(x_0, Y_I )] = 0. Thus, for each i = 1, 2, ..., there is y_i ∈ Y_i such that the sequence {y_i} converges to x_0. Therefore by Lemma 2.5, one can easily show that for each i = 1, 2, ..., there is x_i ∈ bd(A) ∩ S_i, and a non-negative number α_i such that lim α_ix_i = x_0. If x_0 = 0 then x_0 ∈ S, so one may assume that x_0 ≠ 0. Let ϵ > 0 and δ > 0 be the two positive numbers corresponding to x_0 in the definition of Property P_0 of A, and for each i = 1, 2, ..., let

z_i = α_i ‖x_0‖ ‖α_i x_i‖ · x_i , then lim z_i = x_0 and for each i = 1, 2, ..., z_i ∈ B(0, ‖x_0‖). Thus there is a positive integer M ≥ 1, such that for each i ≥ M one has z_i ∈ B(x_0, ϵ) ∩ S(0, ‖x_0‖). On the other hand,

x_i = ‖α_i x_i‖ α_i ‖x_0‖ z_i ∈ bd(A) , hence by the definition of Property P_0, ‖α_i x_i‖ α_i ‖x_0‖ ≥ 1 − δ for each i ≥ M .

Thus α_I ≤ ‖α_i x_i‖ (1 − δ) ‖x_0‖ for each i ≥ M .

But lim^{‖αi xi‖}_{αi ‖x0‖} = 1, so the sequence {x_i} is bounded in IR (the set of real numbers). Let {α_j } be a convergent subsequence of {α_i}, and assume that lim α_j = α_0. Then 0 < α_0 < ∞, and therefore lim x_j =^{x0}_{α0} . Thus by Lemma 2.4.b,

x_0 α_0 ∈ S, and since x0 = α0( x_0 α_0 ) ∈ A, it follows that x0 ∈ S.

3 – Optimal subspaces for other n-widths

In this section it will be shown that if A is a balanced compact subset of the normed linear space X, then for each non-negative integer n ≥ 0, the Bernstein n-width b_n(A, X) is attained. It will be shown also that if A is a non-empty subset of the dual space X^∗, and A contains a ball B(0, r) for some r > 0, then for each non-negative integer n ≥ 0, the linear n-width δ_n(A, X^∗) is attained.

The linearly independent set {x_1, x_2, ..., x_n} of the normed linear space X is said to be an Auerbach set, if ‖x_k‖ = 1 for each k = 1, 2, ..., n, and there are linear functionals {f_1, f_2, ..., f_n} in the dual space X^∗ of X such that for each k = 1, 2, ..., n, ‖f_k‖ = 1, and f_k(x_i) = δ_{ki}; that is, f_k(x_k) = 1 and f_k(x_i) = 0 for i ≠ k. By Proposition 1.1, if {x_1, x_2, ..., x_n} is an Auerbach set in X, and for any k = 1, 2, ..., n, Y_k is the subspace of X generated by {x_1, x_2, ..., x_n}\{x_k}, then d(x_k, Y_k) = 1. Therefore if {(x^i_1, x^i_2, ..., x^i_n)}^∞_{i=1} is a sequence in ∏_n i=1 X such that for each i = 1, 2, ..., the set {x^i_1, x^i_2, ..., x^i_n} is an Auerbach set, and for each i = 1, 2, ..., n, the sequence {x^i_k} converges to x^0_k in X, then the set {x^0_1, x^0_2, ..., x^0_n} is a linearly independent set in X. If the Auerbach set {x_1, x_2, ..., x_n} is a basis for the n-dimensional subspace Y of X, then it is called an Auerbach basis for Y . In this case if x = a_1x_1 +a_2x_2 +...+a_nx_n, then for each k = 1, 2, ..., n, |a_k| ≤ ‖x‖. Indeed if f_k ∈ X^∗ satisfies ‖f_k‖ = 1 and f_k(x_i) = δ_{ki}, then ‖x‖ ≥ ‖f_k(x)‖ = |a_k|.

Proposition 3.1 shows that each n-dimensional normed linear space X has an Auerbach basis. The proof of this proposition can be found in Lindenstrauss and Tzafriri [11, page 16].

3.1 Proposition. If X is an n-dimensional normed linear space, then X has an Auerbach basis.

3.2 Theorem. Let A be a non-empty balanced subset of the normed linear space X, and let n ≥ 0 be a non-negative integer. If A is compact then the Bernstein n-width, b_n(A, X) is attained.

Proof: If n = 0 or b_n(A, X) = 0 then the proof is obvious, so one may assume that n ≥ 0 and b_n(A, X) > 0. Let α = b_n(A, X), and let {α_i} be a strictly increasing sequence of positive numbers converging to α. For each i = 1, 2, ..., let Y_i be an (n + 1) dimensional subspace of X satisfying α_i S(Y_i) ⊆ A, where S(Y_i) is the unit sphere of Y_i, and let {y^i_1, y^i_2, ..., y^i_{n+1}} be an Auerbach basis for Y_i. Furthermore for each k = 1, 2, ..., n + 1, let x^i_k = α_i y^i_k, then {x^i_1, x^i_2, x^i_{n+1}} ⊆ A. The set A is compact, so there is a point

(x^0_1, x^0_2, ..., x^0_{n+1}) ∈ n+1∏ i=1 A , and a subsequence {(x^j_1, x^j_2, ..., x^j_{n+1})}^∞_{j=1} of {(x^i_1, x^i_2, ..., x^i_{n+1})}^∞_{i=1}, such that for each k = 1, 2, ..., n, lim x^j_k = x^0_k. Let y^0_k =^1_α x^0_k, then ‖y^0_k‖ = 1, and lim_{j→∞} y^j_k = y^0_k. By the argument preceding Proposition 3.1, the set {y^0_1 , y^0_2 , ..., y^0_{n+1}} is linearly independent. Let Y_0 be the (n + 1) dimensional subspace of X generated by {y^0_1 , y^0_2 , ..., y^0_{n+1}}. It will be shown that αS(Y_0) ⊆ A. That is if x ∈ S(Y_0) then αx ∈ A. If this is true then Y_0 is an optimal subspace for b_n(A, X). Let x = a_1y^0_1, a_2y^0_2 , ..., a_{n+1}, y^0_{n+1} be in S(Y_0), and let ϵ > 0 be given. Since A is compact, it is enough to show that d(αx, A) < ϵ. For each k = 1, 2, ..., n + 1, the sequence {y^j_k} converges to y^0_k. Therefore if x_j = α_1y^j_1 + α_2y^j_2 + ... + α_{n+1}y^j_{n+1}, then the sequence {x_j } converges to x. Letting ϵ^′ =^ϵ_{2+α} , there is a positive integer m ≥ 1 such that for each j ≥ M one has ‖x − x_j ‖ < ϵ^′. That is, for each j ≥ M, ‖x_j ‖ ≤ ‖x‖ + ‖x − x_j‖ < 1 + ϵ^′ . Using the fact that A is balanced and that αS(Y_j ) ⊆ A, it follows that for each j ≥ M one has^{αj}_{1+ϵ′} x_j ∈ A. Therefore for each j ≥ M d(αx, A) ≤ ‖ ‖ ‖ ‖αx − α_j 1 + ϵ^′ x_j ‖ ‖ ‖ ‖ ≤ 1 1 + ϵ^′ ‖αx − α_j x_j‖ + αϵ^′ 1 + ϵ^′ ‖x‖ . But lim α_j = α, so one can choose j_0 ≥ M such that ‖αx − α_{j0} x_{j0} ‖ < 2ϵ^′. Therefore d(αx, A) ≤ 1 1 + ϵ^′ ‖αx − α_{j0} x_{j0} ‖ + αϵ^′ 1 + ϵ^′ ‖x‖ < 2ϵ^′ 1 + ϵ^′ + αϵ^′ 1 + ϵ^′ < 2ϵ^′ + αϵ^′ < ϵ .

3.3 Theorem. Let A be a non-empty subset of the dual space X^∗ of the normed linear space X, and let n ≥ 0 be a non-negative integer. If there is λ > 0 such that B(0, λ) ⊆ A, then the linear n-width δ_n(A, X) is attained.

Proof: If n = 0 then the proof is obvious, thus one may assume that n ≥ 1. Let a = δ_n(A, X), and for each i = 1, 2, ..., let F_i : X^∗ → X^∗ be a bounded linear operator of rank = n satisfying sup{‖x − F_i(x)‖; x ∈ A} ≤ a +^1_i . For each x ∈ B(0, 1), λx ∈ B(0, λ) ⊆ A. Therefore, ‖F_i‖ ≤ 1 λ sup { ‖F_i(x)‖; ‖x‖ ≤ λ }

≤ 1 λ sup { ‖x − F_i(x)‖; ‖x‖ ≤ λ } + 1 λ sup { ‖x‖; ‖x‖ ≤ λ }

≤ 1 λ sup { ‖x − F_i(x)‖; x ∈ A } + 1 ≤ 1 λ ( a + 1 i ) + 1 ≤ 1 λ (a + 1) + 1 .

So the sequence {F_i} is bounded in F_n(X^∗, X^∗). For each i = 1, 2, ..., let {x^i_1, x^i_2, ..., x^i_n} be an Auerbach basis for the n-dimensional subspace Y_i = F_i(X^∗) of X^∗, and let {f^i_1, f^i_2, ..., f^i_n} be the linear functionals on X^∗, such that for each k = 1, 2, ..., n, ‖f^i_k‖ = 1 and f^i_k(x^i_j) = δ_{kj}. Then for each x ∈ Y_i,

x = n∑ k=1 f^i_k(x) x^i_k .

Let g^i_k = f^i_k ⊙ F_i then g^i_k ∈ X^{∗∗}, ‖g^i_k‖ ≤ ‖F_i‖, and for each x ∈ X^∗,

F_i(x) = n∑ k=1 g^i_k(x) x^i_k .

The sequence {(g^i_1, g^i_2, ..., g^i_n, x^i_1, x^i_2, ..., x^i_n)}^∞_{i=1} is bounded in ( ∏_n i=1X^{∗∗})×( ∏_n i=1X^∗), therefore there is an element (g^0_1 , g^0_2 , ..., g^0_n, x^0_1, x^0_2, ..., x^0_n) in ( ∏_n i=1 X^{∗∗})×( ∏_n i=1 X^∗), and a subsequence {(g^j_1,g^j_2,...,g^j_n, x^j_1,x^j_2,...,x^j_n)}^∞_{j=1} of {(g^i_1,g^i_2,...,g^i_n, x^i_1,x^i_2,...,x^i_n)}^∞_{i=1} satisfying for each k = 1, 2, ..., n, g^0_k is the w^∗-limit of {g^j_k} in X^{∗∗}, and x^0_k is the w^∗-limit of {x^j_k} in X^∗. Define F_0 : X^∗ → X^∗ by F_0(x) = ∑_n k=1 g^0_k(x) x^0_k, then F_0 is a bounded linear operator on X^∗ of rank ≤ n, and for each x ∈ X^∗, F_0(x) is the w^∗-limit of the sequence {F_j (x)} in X^∗. Thus for each x in A ‖x − F_0(x)‖ ≤ lim ‖x − F_j (x)‖ ≤ a . So sup{‖x − F_0(x)‖; x ∈ A} = δ_n(A, X^∗).

4 – Optimal sets for the compact width

4.1 Definition. The normed linear space X is said to have the property P_1 if for each ϵ > 0 and r > 0 there is δ > 0 such that for each x and y in X, there is z ∈ B(x, ϵ) satisfying the property that for each 0 < θ < δ B(x, r + δ) ∩ B(y, r + θ) ⊆ B(z, r + θ) .

The property P_1 was studied by several authors, for example Mach [12], Mach [13], Lau [10] and Amir, Mach and Saatkamp [1]. The following proposition summarizes some of their results.

4.2 Proposition.

a) Lau [10]: If X is uniformly convex, then X has the property P_1.

b) Mach [13]: If Q is a compact Hausdorff space, then both B(Q) and C(Q) have the property P_1.

c) Mach [12]: If Q is a compact Hausdorff space, and X is a uniformly convex space, then both B(Q, X) and C(Q, X) have the property P_1.

d) Amir, Mach, Saatkamp [1]: If X = L_1(μ) where μ is a finite positive measure, and dim X = ∞, then X does not have the property P_1. Also there is a finite dimensional space X, that does not have the property P_1.

In Theorem 4.3 it will be shown that if the Banach space X has the property P_1, then for each bounded subset A of X, the compact width a(A, X) is attained. The inverse of this statement need not be true. In Example 4.4, it will be shown that there are spaces that do not have the property P_1, but the compact width of any of its bounded subsets is attained.

4.3 Theorem. Let X be a Banach space. If X has the property P_1, then for each bounded subset A of X, a(A, X) is attained.

Proof: Let r = a(A, X), if r = 0 then the proof is obvious, so one may assume that r > 0. For each i = 1, 2, ..., let ϵ_i =^1_{2i} , and let δ_i > 0 corresponds to ϵ_i, and r in the definition of the property P_1. Without loss of generality one may assume that δ_{i+1} < δ_i and that lim δ_i = 0. For each i = 1, 2, ..., there is a finite set D_i = {x^i_1, x^i_2, ..., x^i_m} in X satisfying δ(A, D_i) ≤ r + δ_i. In what follows an infinite sequence {C_i} of bounded subsets of X will be constructed with the following properties

1) For each i = 1, 2, ..., C_i consists of a finite number of elements.

2) For each i = 1, 2, ..., δ(A, C_i) ≤ r + δ_i.

3) For each i = 1, 2, ..., δ(C_{i+1}, C_i) ≤ ϵ_i.

Let C_1 = D_1 and assume that for some positive n ≥ 1 the sets C_1, C_2, ..., C_n have been chosen with the required properties. By the property P_1 and the fact that δ_{n+1} < δ_n, it follows that for each y ∈ D_{n+1} and each x ∈ C_n, there is z_{xy} in B(x, ϵ) satisfying B(x, r + δ_n) ∩ B(y, r + δ_{n+1}) ⊆ B(z_{xy}, r + δ_{n+1}) . Let C_{n+1} = C_n ∪ {z_{xy}; x ∈ C_n and y ∈ D_{n+1}}. Then δ(A, C_{n+1}) ≤ r + δ_{n+1} and δ(C_{n+1}, C_n) ≤ ϵ_n. Let E = ⋃_∞ n=1 C_n and let C = E, the closure of E, then δ(A, C) = r, so to complete the proof it is enough to show that E is relatively compact. Let ϵ > 0 be given, and assume that ϵ ≥ ϵ_m for some positive integer m. If x ∈ E then x ∈ C_{m+k} for some k = 1, 2, .... Thus d(x, C_m) ≤ m+k∑ i=m δ(C_{i+1}, C_i) ≤ m+k∑ i=m ϵ_i < ∞∑ i=m ϵ_i = ∞∑ i=m 1 2^i = 1 2^{m−1} ≤ ϵ . Therefore since C_m is a finite subset of E, it follows that E is relatively compact.

4.4 Example:

a) Let X be the classical Banach space of sequence l_1. By Feder [5, Proposition 2.b and Proposition 6], a(A, l_1) is attained for each bounded separable subset A of l_1. But the space l_1 is separable, so for each bounded subset

332 AREF KAMAL

A of l_1, the compact width a(A, l_1) is attained. On the other hand, by Proposition 4.2d, the space l_1 does not have the property P_1.

b) If A is a bounded subset of the finite dimensional space X, then A, the closure of A, is compact, so a(A, X) = 0, and A is an optimal compact set for a(A, x). Therefore if X is a finite dimensional normed linear space, then for each bounded set A in X, the compact width a(A, X) is attained. On the other hand, by Proposition 4.2.d there is a finite dimensional normed linear space X that does not have the property P_1.

ACKNOWLEDGEMENT – We wish to thank the referee for his valuable remarks that make this paper easier to read.

REFERENCES

[1] Amir, D., Mach, J. and Saatkamp, K. – Existence of Chebyshev centers, best n-nets and best compact approximants, Trans. Amer. Math. Soc., 271(2) (1982), 513–524.

[2] Brown, A.L. – Best n-dimensional approximation to sets of functions, Proc. London Math. Soc., 14 (1964), 577–594.

[3] Brown, A.L. – Finite rank approximation to integral operators which satisfy certain total positivity conditions, J. Approx. Theory, 34 (1982), 42–90.

[4] Deutsch, F., Mach, J. and Saatkamp, K. – Approximation by finite rank operators, J. Approx. Theory, 33 (1981), 199–213.

[5] Feder, M. – On certain subset of L_1(0, 1) and nonexistence of best approximation in some spaces of operators, J. Approx. Theory, 29 (1980), 170–177.

[6] Garvaki, A.L. – The best possible net and the best possible cross section of a set in a normed space, Amer. Math. Soc. Transl., 39 (1964), 111–132.

[7] Helfrich, H.P. – Optimal linear approximation, J. Approx. Theory, 4 (1971), 164–182.

[8] Kamal, A. – On proximinality and sets of operators II, Nonexistence of best approximation from the sets of finite rank operators, J. Approx. Theory, 47 (1986), 146–155.

[9] Kamal, A. – On proximinality and sets of operators III, Approximation by finite rank operators on spaces of continuous functions, J. Approx. Theory, 47 (1986), 156–171.

[10] Lau, K. – Approximation by continuous vector valued functions, Studia Math., 68 (1980), 291–298.

[11] Lindenstrauss, J. and Tzafriri, L. – Classical Banach spaces I, Springer-Verlag, Berlin, Heidelberg, New York, 1977.

[12] Mach, J. – Best simultaneous approximation of bounded functions with valued in certain Banach spaces, Math. Ann., 240 (1975), 157– 164.

[13] Mach, J. – On the existence of the best simultaneous approximation, J. Approx.

Theory, 25 (1979), 258–265.

[14] Micchelli, C. and Pinkus, A. – On n-width in L_∞, Trans. Amer. Math. Soc., 234 (1977), 139–174.

[15] Micchelli, C. and Pinkus, A. – Some problems in the approximation of functions of two variables and n-width of integral operators, J. Approx. Theory, 24 (1978), 51–77.

[16] Pinkus, A. – N-widths in approximation theory, Springer-Verlag, 1985. [17] Singer, I. – Best approximation in normed linear spaces by elements of linear subspaces, Springer-Verlag, Berlin, Heidelberg, New York, 1970.

Aref Kamal, Department of Mathematics and Computer Science, U.A.E. University, P.O. Box 17551 Al-Ain – UNITED ARAB EMIRATES