PORTUGALIAE MATHEMATICA Vol. 51 Fasc. 3 – 1994

SILVA DISTRIBUTIONS FOR CERTAIN LOCALLY COMPACT GROUPS

Suzana Metello de Nápoles

We define axiomatically a space of distributions or generalized functions for a class of locally compact groups, the parametrizable groups (cf. Th. 1), using a method inspired in the papers by J.S. Silva concerning distributions on IR^n (cf. [6]).

We establish an isomorphism between the space we define and the space of distributions by Bruhat (cf. [1]).

1 – Notations and preliminary results

Let G be a locally compact abelian and connected group. There exists an indexed family F = {K_α : α ∈ A} of compact subgroups of G, such that ⋂ α∈A K_α = {0}, K_α ∩ K_β ∈ F , ∀ α, β ∈ A and each G/K_α is a Lie group L_α. We set α < β ⇔ K_α ⊃ K_β.

Let ϕ_α and ϕ_{αβ} be the canonical homomorphisms, ϕ_α : G → G/K_α, ϕ_{αβ}: G/K_β → G/K_α. The projective limit of the projective system (L_α, ϕ_{αβ} )_{α,β∈A} is identical with G and the canonical map from this limit onto each L_α is identical with ϕ_α.

Note that if we take α_0 ∈ A and consider the subset A_0 = {α ∈ A : α > α_0} we have G = lim_← α∈A L_α = lim_← α∈A_0 L_α. So, without less generality, we can suppose that

the set A has a first element α_0.

The continuous homomorphisms ϕ_α and ϕ_{αβ} are open and proper. If we suppose that G is metrizable, we have G = lim_←

i∈IN_0

L_i.

As G is locally compact and connected, G = ⋃ j∈IN Wj, where each Wj is an

open subset of G which is relatively compact and such that W_j ⊂ W_{j+1} (j ∈ IN).

Received: May 16, 1992.

If B is any compact subset of G, there exists j ∈ IN such that B ⊂ W_j .

For each j ∈ IN we set Ω_j = K_{α0} + W_j and Δ_j = K_{α0} + W_j . We obtain a sequence of compact subsets of G such that, if B is any compact subset of G, B ⊂ Δ_j for a certain j ∈ IN. We also have ϕ^{−1}_α (ϕ_α(Δ_j)) = Δ_j for each α ∈ A and each j ∈ IN.

We use the symbol G to denote the Lie algebra of G (cf. [2]) that is G = lim_← α∈A L_α, each L_α denoting the Lie algebra of L_α. The canonical homomor-

phisms dϕ_α : G → L_α and dϕ_{αβ} : L_β → L_α are onto and induced by ϕ_α and ϕ_{αβ} . The exponential map exp: G → G is defined by exp(X_α)_{α∈A} = (exp X_α)_{α∈A}.

We denote by n_α the dimensions of each L_α. If α < β we have n_α ≤ n_β. The exponential exp is an analytic diffeomorphic map from an open neighborhood B_α of zero in L_α onto an open neighborhood V_α of zero in L_α. Let U_α ⊂ V_α be such that U_α + U_α ⊂ V_α; we consider the canonical identification of L_α with IR^{nα} and we call the couple (ξ_α, U_α) with ξ_α = (exp |_{Vα} )^{−1}|_{Uα} , the canonical chart of L_α.

For each a_α ∈ L_α we set U_{aα} = a_α + U_α and ξ_{aα} (u_α) = ξ_α(u_α − a_α). We call canonical atlas of L_α to {(ξ_{aα} , U_α): a_α ∈ L_α}.

Let Q_α = {(t_i) ∈ IR^{nα} : |t_i| < δ_i}. We call V_{aα} = a_α + ξ^{−1}_α (Q_α) an elementary neighborhood of a_α ∈ L_α.

For each p = (p_i) ∈ IN^{nα}_0 , let N^p(Q_α) be the subspace of the space C(Q_α) of continuous complex-valued functions defined in Q_α of the type θ_α(t_1, ..., t_{nα} ) = n_α∑ i=1 p_i−1∑

k=0 t^k_i h_{ik}(t_1, ..., t_{nα} ) , with h_{ik} ∈ C(Q_α) and independent of t_i. The elements of N^p(Q_α) are called pseudo-polynomials in Q_α with degree less then p.

A function f_α ∈ C(V_{aα} ) such that f ∘ exp ∈ N^p(ξ_α(V_{aα} − a_α)) is called a pseudo-polynomial on V_{aα} with degree less then p.

We call fundamental family of one parameter subgroups of L_α, the family of parameter subgroups determinated by the elements of one basis B_α of L_α, that is, x_α(t) = exp tX_α, t ∈ IR, X_α ∈ B_α. Each basis B_α of L_α determines a fundamental family S_α of one parameter subgroups of L_α.

Note that we can write V_{aα} = { a_α + n_α∑ i=1 x_{i,α}(t_i): x_{i,α} ∈ S_α, (t_i) ∈ Q_α } .

Theorem 1. Let G be an abelian locally compact group, connected and metrizable, G = lim_←

i∈IN_0

L_i. There exists a family S of one parameter subgroups of

G and fundamental families S_i of one parameter subgroups of L_i (i ∈ IN_0) such that, ∀ x ∈ S, ϕ_i ∘ x = x_i ∈ S_i or ϕ_i ∘ x = 0, each x_i ∈ S_i being obtained as the image of just one element x ∈ S.

Proof: As ker dϕ_i ⊃ ker dϕ_{i+1} (i ∈ IN_0), we consider H_i such that H_i ⊕ ker dϕ_i = ker dϕ_0. We have H_i ⊂ H_{i+1} (i ∈ IN_0).

We choose basis B^∗_i of each H_i such that B^∗_i ⊂ B^∗_{i+1}: we have dϕ_i(ker dϕ_0) = ker dϕ_{0i}, so B_{0i} = dϕ_i(B^∗_i ) is a basis for ker dϕ_{0i} (i ∈ IN).

If we take H_0 such that H_0 ⊕ ker dϕ_0 = G and a basis B^∗_0 of H_0 then B_0 = dϕ_0(B^∗_0 ) is a basis of L_0. We obtain a sequence of basis (B_i) of (L_i) setting B_0 = dϕ_0(B^∗_0 ) and B_i = dϕ_i(B^∗_0 ) ∪ B_{0i}, ∀ i ∈ IN: we have dϕ_{ij} (B_j ) = B_i ∪ {0} (i, j ∈ IN_0, i < j).

Let’s take B_i = B_i ∪ {0} (i ∈ IN_0) and B = ⋃ i B^∗_i . We have that dϕ_i(B) = B_i (i ∈ IN_0), each X_i ∈ B_i is obtained as the image of just one element X ∈ B and B = lim_←

i∈IN_0

B_i.

We complete our proof by taking S = {x(t) = exp tX : X ∈ B} and S_i = {x_i(t) = exp tX_i : X_i ∈ B_i}.

Note: The construction of the family S, related with well choosen families S_i in the way expressed in the precedent theorem, can be done under more general hypothesis. In fact let G = T^J × IR^p with p ∈ IN and J any set of indexes: if we take the family (N_α) of the finite parts of J and if we set α < β ⇔ N_α ⊂ N_β , we have G = lim_← α (T^{Nα} × IR^p). In IR^p we take, as usually, p one parameter subgroups

y_1(t) = (t, 0, ..., 0), ..., y_p(t) = (0, ..., 0, t) and for each j ∈ J and each N_α we set z_{j,α}(t) = (e^{iδjk t})_{k∈Nα} and z_j (t) = (e^{iδjk t})_{k∈J} . The families S_α = {(z_{j,α}, 0)}_{j∈Nα} ∪ {(0, y_m)}_{1≤m≤p} and S = {(z_j , 0)}_{j∈J} ∪ {(0, y_m)}_{1≤m≤p} , with (z_{j,α}, 0)(t) = (z_{j,α}(t), 0), (z_j , 0)(t) = (z_j (t), 0), and (0, y_m)(t) = (1, y_m(t)) verify the statement of our theorem.

We call parametrizable groups the abelian locally compact and connected groups G = lim_← α∈A L_α for which we can find families S and S_α satisfying the condi-

tions expressed on Theorem 1. We call the family S a fundamental family of one parameter subgroups of G.

Now on we are only going to deal with parametrizable groups (in particular with metrizable groups).

Let G = lim_← α∈A L_α be a parametrizable group, S = {x_i : i ∈ I} a fundamental

family of one parameter subgroups of G, Ω an open set in G and f ∈ C(Ω): f is partially differentiable with respect to x_i in Ω if for every a ∈ Ω, the real-valued function t → f(a + x_i(t)) is differentiable in a neighborhood of 0 ∈ IR.

We set D_{xi} f(a) = d dt f(a + x_i(t)) | | |_{t=0} an more generally

D_{xi} f(a + x_i(t)) = d dt f(a + x_i(t)) . If D_{xi} D_{xj} f and D_{xj} D_{xi} f exists in C(Ω) we have D_{xi} D_{xj} f = D_{xj} D_{xi} f. If p = (p_i) ∈ IN^I_0, we set D^p = ∏ i∈I D^{pi}_{xi} . If G is a lie group L, the partial-differentiation operators D_{xi} coincides with the usual operators respecting to a fundamental family of one parameter subgroups of L.

Let Δ be the closure of an open relatively compact subset Ω of G, f ∈ C(Δ) such that D_{xi} (f|_Ω) can be continuously extended to Δ. We also use the symbol D_{xi} f to denote the continuous function in Δ whose restriction to Ω coincides with D_{xi} (f|_Ω).

We denote by E(G) the subspace of C(G) formed by the functions having the following property: for each a ∈ G there exists α ∈ A and a function f_α continuous on a neighborhood V_{aα} of a_α = ϕ_α(a) such that f = f_α ∘ ϕ_α in V_a = ϕ^{−1}_α (V_{aα} ).

If Δ is the closure of an open relatively compact subset of G, we denote by E(Δ) the subspace of C(Δ) formed by the functions that admits in Δ, for a certain α ∈ A, a decomposition of the type f = f_α ∘ ϕ_α with f_α ∈ C(ϕ_α(Δ)).

We take on E(G) and E(Δ) the topologies induced by the usual topologies of C(G) and C(Δ) respectively.

If G is not a Lie group, we have E(G) ⊈ C(G) (cf. [4]).

For each α ∈ A let D(L_α) denote the space of infinitely differentiable complexvalued functions defined on L_α having compact support, with the usual topology and D_α(G) = {f = f_α ∘ ϕ_α : f_α ∈ D(L_α)}. We define ψ_α : D(L_α) → D_α(G) by setting ψ_α(f_α) = f_α ∘ ϕ_α and we take on D_α(G) the topology transported by ψ_α.

Following Bruhat, we define the space D(G) of infinitely differentiable complex-valued functions defined on G having compact support, by setting D(G) = ⋃ α∈A D_α(G) and we equip D(G) with the inductive limit topology of the spaces D_α(G). We can write D(G) = lim_→ α∈A D(L_α).

Let us consider the sequence of compacts (Δ_j)_{j∈IN} (cf. p. 2) and let D(Δ_j ) be the subspace of D(G) formed by the functions having their support contained in

Δ_j . Let Δ_{j,α} = ϕ_α(Δ_j ), ∀ α ∈ A: we have D(Δ_j) = ⋃ α∈A ψ_α(D(A_{j,α})) so we can write D(Δ_j) = lim_→ α∈A D(Δ_{j,α}) and D(G) = lim_→ j∈IN D(Δ_j).

The partial-differentiation operators corresponding to a fundamental family S of one parameter subgroups of G are related with the partial-differentiation operators corresponding to the fundamental families S_α of one parameter subgroups of each L_α (cf. Th. 1) in the following way: D_{xi} (f_α ∘ ϕ_α) = (D_{xi,α} f_α) ∘ ϕ_α if ϕ_α ∘ x_i = x_{i,α}.

We can easily show that those operators are continuous in D(G). Let G = L, L a n-dimensional Lie group, and V_a an elementary neighborhood of a ∈ L. We can define in C(V_a) an operator P_{xi} , right inverse of D_{xi} in C(V_a), by setting P_{xi} f(u) = ∫_{ti} b_i f [ u + ( x_1(t_1) + ... + x_i(s_i) + ... + x_n(t_n) )] ds_i | | |_{t1=...=ti=0} ∀ f ∈ C(V_a), ∀ u ∈ V_a , with (b_i) ∈ Q = ξ_a(V_a). We easily verify that P_{xi} P_{xj} = P_{xj} P_{xi} , 1 ≤ i, j ≤ n. If p = (p_i) ∈ IN^n_0 , we set P^p = ∏ i∈I P^{pi}_{xi} .

2 – Axiomatic definition of a space ~C(G) of distributions on G

Let S = {x_i : i ∈ I} be a fundamental family of one parameter subgroups of G = lim_← α∈A L_α and Δ the closure of an open relatively compact subset of G. We set

M = { p = (p_i) ∈ IN^I_0 : p_i = 0 except for a finite number of indexes i ∈ I } . The following axiomatic is formulated in terms of “continuous functions”, “addition” and “differentiation”, its logical universe being the space ~E(Δ) that we characterize as follows:

Axiom 1. ~E(Δ) ⊃ E(Δ).

Axiom 2. There exists an operation named “addition” that to every couple T_1, T_2 ∈ ~E(Δ) associates an element T ∈ ~E(Δ), named the addition of T_1 and T_2 and denoted by T_1 + T_2, such that if T_1 = f_1 ∈ E(Δ) and T_2 = f_2 ∈ E(Δ) then T_1 + T_2 is the addition in the usual sense.

Axiom 3. For each i ∈ I there exists an operator ~D_{xi} : ~E(Δ) → ~E(Δ) such that:

356 S. METELLO DE N^´APOLES

1) If T = f ∈ E(Δ) and D_{xi} f ∈ E(Δ) then ~D_{xi} T = D_{xi} f.

2) ~D_{xi} (T_1 + T_2) = ~D_{xi} T_1 + ~D_{xi} T_2. 3) ~D_{xi} ~D_{xj} T = ~D_{xj} ~D_{xi} T , ∀ i, j ∈ I. We name the operator ~D_{xi} (i ∈ I) “generalized partial differentiation operator with respect to x_i”. If p = (p_i) ∈ IN^I_0 we set ~D^p = ∏ i∈I ~Dpi_{xi} . Axiom 4. For each T ∈ E(Δ) there exists a finite number of continuous functions f_k ∈ E(Δ) and a finite number of multi-indexes p_k ∈ M such that T = m∑ k=1 ~D^pk f_k .

Axiom 5._m ∑ k=1 ~D^pk f_k =^s ∑ j=1 ~D^pj g_j with f_k = f_{αk} ∘ ϕ_{αk} , 1 ≤ k ≤ m, and g_j = g_{αj} ∘ ϕ_{αj} , 1 ≤ j ≤ s, if and only if there exists r ∈ M, r ≥ p_1, ..., p_m, q_1, ..., q_s such that we have, for γ > α_1, ..., α_m, β_1, ..., β_s, for each a ∈ Δ and for each elementary neighborhood V_{aγ} of a_γ = ϕ_γ (a), m∑ k=1 p^{r−pk} ( (f_{αk} ∘ ϕ_{αkγ} ) | |_{Vaγ} ) − s∑ j=1 p^{r−qj} ( (g_{βj} ∘ ϕ_{βj γ} ) | |_{Vaγ} ) = h_γ ,

h_γ being a pseudo-polynomial in V_{aγ} with degree less then r (cf. n^o_¯ 1).

To construct a model for our axiomatic, we consider the set P(M × E(Δ)) of the finite parts of M × E(Δ) and the equivalence relation ∗ defined as follows: { (p_1, f_{α1} ∘ ϕ_{α1} ), ..., (p_m, f_{αm} ∘ ϕ_{αm} ) } ∗ { (q_1, g_{β1} ∘ ϕ_{β1} ), ..., (q_s, q_{βs} ∘ ϕ_{βs} ) }

if and only if there exists r ∈ M, r ≥ p_1, ..., p_m, q_1, ..., q_s such that we have, for γ > α_1, ..., α_m, β_1, ..., β_s, for each a ∈ Δ and each elementary neighborhood V_{aγ} of a_γ = ϕ_γ (a), m∑ k=1 p^{r−pk} ( (f_{αk} ∘ ϕ_{αkγ} ) | | V_{aγ} ) − s∑ j=1 p^{r−qj} ( (g_{βj} ∘ ϕ_{βj γ} ) | | V_{aγ} ) = h_γ ,

h_γ being a pseudo-polynomial in V_{aγ} with degree less then r.

Denoting by [{(p_1, f_1), ..., (p_m, f_m)}] the equivalence class of {(p_1, f_{α1} ∘ ϕ_{α1} ), ..., (p_m, f_{αm} ∘ ϕ_{αm} )} we set

1) [{(p_1, f_1), ..., (p_m, f_m)}] + [{(q_1, g_1), ..., (q_s, g_s)}] = = [{(p_1, f_1), ..., (p_m, f_m)} ∪ {(q_1, g_1), ..., (q_s, g_s)}]; 2) λ[{(p_1, f_1), ..., (p_m, f_m)}] = [{(p_1, λf_1), ..., (p_m, λf_m)}], ∀ λ ∈ C; 3) ~D_{xj} [{(p_1, f_1), ..., (p_m, f_m)}] = [{(q_1, f_1), ..., (q_m, f_m)}], with p_k = (p_{k,i})_{i∈I} , 1 ≤ k ≤ m, and q_k = (q_{k,i})_{i∈I} , 1 ≤ k ≤ m, such that q_{k,i} = { p_{k,i} if i ≠ j, p_{k,i} + 1 if i = j.

Taking ~E(Δ) = P(M × E(Δ))/∗ with the operations defined above, we easily verify that ~E(Δ) satisfies the precedent axioms.

For each multi-index p ∈ M we set

~E_p(Δ) = { T ∈ ~E(Δ): T = ~D^pf with f ∈ E(Δ) } and N_p(Δ) = { f ∈ E(Δ): ~D^pf = 0 }

and define an isomorphism ~D^pf → f +N_p(Δ) between each ~E_p(Δ) and each quotient vector space E(Δ)/N_p(Δ). We take on each ~E_p(Δ) the quotient topology. The sets B_{p,n} = { T = ~D^pf : f ∈ E(Δ) and ‖f‖ < 1/n } , n ∈ IN , form a basis of balanced neighborhoods of zero in ~E_p(Δ).

We take on ~E(Δ) the finest locally compact topology for which the natural injections of ~E_p(Δ) into ~E(Δ), p ∈ M, are continuous.

The operators ~D are continuous on ~E(Δ).

Let us consider the sequence of compacts (Δ_j )_{j∈IN} (cf. p. 2). We can define homomorphisms ρ_{ij} : ~E(Δ_j ) → ~E(Δ_i), using the restriction mapping, that is ρ_{ij} (^m∑ k=1 ~D^pk f_k ) = m∑ k=1 ~D^pk (f_k|_{Δi} ) , i ≤ j .

We obtain a projective system of topological spaces, ( ~E(Δ_j), ρ_{ij} )_{i,j∈IN}, and we set ~E(G) = lim_← j∈IN ~E(Δ_j). As E(G) ⊈ C(G), we call distribution on G to every

element of the completion ~C(G) of ~E(G). Observe that if we denote by ~C(Δ) the completion of each ~E(Δ), we have ~C(G) = lim_← j∈IN ~C(Δ_j ). When G = IR^n the space

~C(G) coincides with the space of distributions constructed in [6].

3 – Relation between the spaces ~C(G) and D^′(G)

The space D^′(G) of the Bruhat distributions, being the strong dual of D(G), is the topological projective limit of the spaces D^′(L_α), D^′(G) = lim_← α∈A D^′(L_α) and

the canonical maps are the transposed^tψ_α and^tψ_{αβ} of ψ_α and ψ_{αβ} respectively. We also have D^′(Δ_j) = lim_← α∈A D^′(Δ_{j,α}) and D^′(G) = lim_← j∈IN D^′(Δ_j).

Let Δ be the closure of an open relatively compact subset of G, μ the Haar measure of G, θ ∈ C(G) and T ∈ ~E(Δ). From Axiom 4 we have T = ∑_m k=1 ~Dpk f_k with f_k ∈ E(Δ). As D(G) is dense in C_0(G) (cf. [1]), there exist sequences (h_{k,r})_{r∈IN} in D(G), 1 ≤ k ≤ m, such that h_{k,r} → f_k , uniformly on Δ. Then, the sequence (h_r)_{r∈IN} in D(G), h_r = ∑_m k=1 ~Dpk h_{k,r} converges to T in ~E(Δ).

We set, by definition: ∫ Δ T (u) θ(u) dμ(u) = lim_r ∫ Δ h_r(u) θ(u) dμ(u) ,

when this limit exists and is independent of the sequence (h_r)_{r∈IN}.

Lemma. Each space ~E(Δ_j ) is isomorphic to a topological subspace of D^′(Δ_j ).

Proof: If G = IR^n or G is a n-dimensional Lie group, the expression

T (θ) = ∫ Δ T (u) θ(u) dμ(u)

defines a topological isomorphism T ↔ T between ~E(Δ_j ) = ~C(Δ_j) and D^′(Δ_j ). The first case was studied in [6]. For the second case, we can cover the compact Δ_j by a finite number of elementary neighborhoods and take a partition of unity in D(G) subordinated to this covering. It is then sufficient to use again [6] and the canonical atlas of G.

In the general case G = lim_← α∈A L_α, we take for each α ∈ A the Haar measure

μ_α = ϕ_α(μ) of L_α, and we define a topological isomorphism H_{j,α} from ~C(Δ_{j,α}) onto D^′(Δ_{j,α}), T_α ↔ T_α, by setting

T_α(θ_α) = ∫ Δ_{j,α} T_α(u_α) θ_α(u_α) dμ_α(u_α) , ∀ θ_α ∈ D(Δ_{j,α}) .

Detailing, if T_α = ∑_m k=1 ~Dpk f_{α,k}, we have for each θ_α ∈ D(Δ_{j,α}),

(H_{j,α}(T_α))(θ_α) = T_α(θ_α) = m∑ k=1 ∫ Δ_{j,α} ( ~D^{pk} f_{α,k})(u_α) θ_α(u_α) dμ_α(u_α) = m∑ k=1 (−1)^{|pk|} ∫ Δ_{j,α} f_{k,α}(u_α) ( ~D^{pk} θ_α)(u_α) dμ_α(u_α) .

We consider continuous homomorphisms ~ψ_{αβ} : ~C(Δ_{j,α}) → ~C(Δ_{j,β}) defined by ~ψ_{αβ} ( ~Dpα f_α) = ~Dpβ (f_α ∘ ϕ_{αβ} ) with p_α = (p_{α,i}) ∈ IN^nα_0 and p_β = (p_{β,i}) ∈ IN^{nβ}_0 such that p_{β,i} = { p_{α,i} if ϕ_{αβ} ∘ x_{i,β} = x_{i,α} ∈ S_α, 0 if ϕ_{αβ} ∘ x_{i,β} = 0 , We also consider the continuous homomorphisms ~ψ_α : ~C(Δ_{j,α}) → ~E(Δ_j ) defined by ~ψ_α( ~D^{pα} f_α) = ~D^p(f_α ∘ ϕ_α) with p = (p_i) ∈ M such that

p_i = { p_{α,i} if ϕ_α ∘ x_i = x_{i,α} ∈ S_α, 0 if ϕ_α ∘ x_i = 0 , and we obtain ~E(Δ_j ) = ⋃ α∈A ~ψ_α( ~C(Δ_{j,α})) . If α < β (H_{j,β}( ~D^{pβ} (f_α ∘ ϕ_{αβ} )))(θ_α ∘ ϕ_{αβ} ) = = ∫ Δ_{j,β} ( ~D^{pβ} (f_α ∘ ϕ_{αβ} ))(u_β ) (θ_α ∘ ϕ_{αβ})(u_β ) dμ_β (u_β ) = ∫ Δ_{j,α} ( ~D^{pα} f_α)(u_α) θ_α(u_α) dμ_α(u_α)

= (H_{j,α}( ~D^{pα} f_α))(θ_α) , and so (H_{j,β}( ~ψ_{αβ} (T_α)))(θ_α ∘ϕ_{αβ}) = (H_{j,α}(T_α))(θ_α) , ∀ T_α ∈ ~C(Δ_{j,α}), ∀ θ_α ∈ D(Δ_{j,α}) . Then we can consider a homomorphism H_j : ~E(Δ_j ) → D^′(Δ_j ) defined by H_j( ~ψ_α(T_α)) = (H_{j,β}( ~ψ_{αβ} (T_α)))_{β>α}. As each H_{j,α} is one-to-one, H_j is also oneto-one. We easily verify that

(H_j (T ))(θ) = ( H_j (^m∑ k=1 ~D^pk f_k )) (θ) = ∫ Δ_j T (u) θ(u) dμ(u) = = m∑ k=1 (−1)^{|pk|} ∫ Δ_j f_k(u) ( ~D^{pk} θ)(u) dμ(u), ∀ T ∈ ~E(Δ_{j,α}), ∀ θ ∈ D(Δ_{j,α}) .

To prove that H_j is continuous it is sufficient to verify that if (T_r)_{r∈IN} is a sequence in ~E_p(Δ_j) such that T_r → 0 there, that is T_r = ~D^pf_r and f_r → 0 uniformly on Δ_j, then H_j(T_r) → 0 on every bounded subset B of D(Δ_j ). From [1] there exists α ∈ A such that B = ψ_α(B_α) with B_α bounded subset of D(Δ_{j,α}). Then there exists b ∈ IR^+ such that sup_{u∈Δj} |(D^pθ)(u)| = sup_{uα∈Δj,α} |( ~D^{pα} θ_α)(u_α)| < b , ∀ θ ∈ B and (H_j(T_r))(θ) = | | | ∫ Δ_j ( ~D^pf_r)(u) θ(u) dμ(u) | | | = | | |(−1)^{|p|} ∫ Δ_j f_r(u)(D^pθ)(u) dμ(u) | | | ≤ sup_{u∈Δj} |f_r(u)| b μ(Δ_j ) , ∀ θ ∈ B , so H_j(T_r) → 0 in D^′(Δ_j ).

Let us prove that H_j is bicontinuous.

We consider a basis of neighborhoods of zero in ~E_p(Δ_j), p ∈ M, B_{p,n} = { T = ~D^pf : f ∈ ~E(Δ_j ) and ‖f‖ < 1/n } , n ∈ IN . The balanced convex hulls of the sets ⋃ p∈M B_{p,n}, n ∈ IN, form a basis of neighborhoods of zero in ~E(Δ_j), {B_n : n ∈ IN}. We consider in each ~C(Δ_{j,α}) the corresponding basis of neighborhoods {B_{n,α} : n ∈ IN}: we have B_n = ⋃ α∈A ~ψ_α(B_n).

As each H_{j,α} is bicontinuous, W_{n,α} = H_{j,α}(B_{n,α}) is a neighborhood of zero in D^′(Δ_j). Let us take W_n =^tψ^{−1}_α (W_{n,α}) ∩ H_j( ~E(Δ_j)): W_n is a neighborhood of zero in H_j( ~E(Δ_j )) for the topology induced by D^′(Δ_j ). We must prove that H^{−1}_j (W_n) ⊂ B_n.

Noting that

(^tψ_α((H_j ∘ ~ψ_α)(T_α)))(θ_α) = ((H_j ∘ ~ψ_α)(T_α))(θ_α ∘ ϕ_α) = ∫ Δ_j

( ~ψ_α(T_α))(u) (θ_α ∘ ϕ_α)(u) dμ(u) = ∫ Δ_{j,α} T_α(u_α) θ_α(u_α) dμ_α(u_α) = (H_{j,α}(T_α))(θ_α) , ∀ T_α ∈ ~C(Δ_{j,α}), ∀ θ_α ∈ D(Δ_{j,α}) , we have^tψ_α ∘ H_j ∘ ~ψ_α = H_{j,α}, ∀ α ∈ A, so B_{n,α} = H^{−1}_{j,α}(W_{n,α}) = ~ψ^{−1}_α [ H^{−1}_j (_t ψ^{−1}_α (W_{n,α}) ∩ H_j( ~E(Δ_j )) ) ∩ ~ψ_α( ~C(Δ_{j,α})) ]

and ~ψ_α(B_{n,α}) = H^{−1}_j [_t

ψ^{−1}_α (W_{n,α}) ∩ H_j( ~E(Δ_j )) ] ∩ ~ψ_α( ~C(Δ_{j,α})) . Finally,

H^{−1}_j (W_n) = ⋃ α∈A [ H^{−1}_j (W_n) ∩ ~ψ_α( ~C(Δ_{j,α})) ]

= ⋃ α∈A [ H^{−1}_j (_t

ψ^{−1}_α (W_{n,α}) ∩ H_j( ~E(Δ_j)) ) ∩ ~ψ_α( ~C(Δ_{j,α})) ]

= ⋃ α∈A ~ψ_α(B_{n,α}) = B_n .

Corollary. The space ~E(G) is isomorphical to a topological subspace of D^′(G).

Theorem 2. The space ~C(G) is isomorphical to the space D^′(G).

Proof: As D(G) is dense in D^′(G) (cf. [1]) and D(G) ⊂ ~E(G), ~E(G) is also dense in D^′(G). As D^′(G) induces on ~E(G) its own topology, the completion ~C(G) of ~E(G) is isomorphical to D′(G).

Final Remark. As J.S. Silva refers, namely in the introduction of his paper “Integrals and orders of growth of distributions” (Proceedings of an International Summer Institute held in Lisbon, September 1964), we believe that the characterization of the distributions T on G in terms of “continuous functions”, “addition” and “differentiation” can afford the introduction of the Fourier transformation for distributions by means of the integral ∫ G T (u) χ(−u) dμ(u) , χ ∈ ^G , without assuming any previous theory of the same transformation for functions.

We hope to publish soon a paper about the Fourier transformation theory for distributions on parametrizable groups.

362 S. METELLO DE N^´APOLES

BIBLIOGRAPHY

[1] Bruhat, F. – Distributions sur un groupe localement compact et applications a l’étude des représentations des groupes p-adiques, Bull. Soc. Math. Fr., 89 (1961), 43–75.

[2] Lashof, R. – Lie Algebras of locally compact groups, Pacific J. Math., 7 (1957), 1145–1162.

[3] Metello de Nápoles, S. – Théorème des noyaux pour des fonctions generalisées, Bull. Soc. Math., 2’ serie, 110, 85–112.

[4] Metello de Nápoles, S. – Sur certains espaces de fonctions dans les groupes localement compacts, Portugaliae Mathematica, 44(2) (1987), 221–226.

[5] Metello de Nápoles, S. – Diferenciabilidade e funções generalizadas em grupos localmente compactos, Tese, Faculdade de Ciências de Lisboa, 1988.

[6] Sebastião e Silva, J. – Sur une construction axiomatique de la théorie des distributions, Rev. da Fac. de Cências de Lisboa, 2-A(4) (1954/1955), 79–186.

Suzana Metello de Nápoles, C.M.A.F., Av. Prof. Gama Pinto, 2, 1699 Lisboa Codex – PORTUGAL