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EXTENDING HYPERSURFACES AND
MEROMORPHIC FUNCTIONS*

LE MAU HAl and TrRAN Huu NaMm

Abstract: The aim of this paper is to investigate the extension of hypersurfaces
in the case where ) is a spread domain over a locally convex space having the Levi
property. From the obtained result the authors show that every meromorphic function
from a spread domain €2 over a locally convex space having the Levi property with values
in a sequentially complete locally convex space can be extended meromorphically to its

envelope of holomorphy.

Introduction

The problem of extension of hypersurfaces from a spread domain €2 over Stein
manifolds to its envelope of holomorphy " has been investigated by Dloussky [1].
For solving the problem in finite dimension, essentially, Dloussky has considered
the extension of hypersurfaces from a Hartogs domain Hs(r) in C? to its envelope
of holomorphy A?, where A? is the unit polydisc in C2. In infinite dimension
this problem is not considered until now. Hence, the aim of this paper is to
examine this problem for spread domains over locally convex spaces having the
Levi property. After that, based on the obtained result we consider the extension
of meromorphic functions from spread domains over locally convex space having
the Levi property with values in sequentially complete locally convex spaces to its
envelope of holomorphy. In the case where meromorphic functions obtain scalar
values the result was proved by Harita [2]. However, the method of Harita does
not use for meromorphic functions with values in locally convex spaces.
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1 — Extending hypersurfaces

First we give the following:

1.1 Definition. Let E be a locally convex space. F is called to have the
Levi property (shortly an L-space) if every pseudoconvex spread domain over E
is the domain of existence of holomorphic function.

Here a spread domain €2 over a locally convex space E is pseudoconvex if the
function —logd(z, 2’) is plurisubharmonic on Q x (E — {0}) [5].

1.2 Some examples.

a) Every Lindelof locally convex space having a Schauder decomposition is an
L-space [6].

b) 1*°(A) with A an uncountable set is not an L-space [3].

The first result of this paper is the following.

1.3 Theorem. Let H be a hypersurface in a spread domain (2, ®) over an
L-space E. Then there exists a hypersurface "H in ") such that "(Q\H)="Q\"H
where by ") we denote the envelope of holomorphy of ).

Now as in [1] we give the following.

1.4 Definition. Let (2, ®) be a spread domain over a locally convex space
E and H a hypersurface in Q. We say that (£, H) is maximal if for every spread
domain Q' over E such that Q is open in Q' and Q'\Q C H' where H' is a
hypersurface in ' we have Q = Q' provided H' NQ = H.

For proving the Theorem 1.3 we need the following.

1.5 Proposition. Let (2, ®) be a spread domain over an L-space E and H a
hypersurface in ) such that (2, H) is maximal and Q\ H is domain of holomorphy.
Then §2 is a domain of holomorphy.

The following lemma is used for the proof of Proposition 1.5.

1.6 Lemma [1]. Let 7: X — Y be a local homeomorphism between two
connected topological spaces X and Y and H C Y a closed subset of Y having
an empty interior which does not disconnect locally Y. If w has a section o on
Y\H then 7 is injective.
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Proof of Proposition 1.5: For each ¢ € [0,1] put
Mt = {(2’1,2’2) S 022 ‘Zly < 1, Z9 € [O,t]}U{(zl,ZQ) S 022 ‘Zly = 1, Z9 € [t, 1]} .

By [2] it suffices to show that every holomorphic map ¢ from a neighbourhood
U of My to © such that ®.¢: U — ®¢(U) is a homeomorphism and ® p(U) is
contained in a subspace B of E of dimension 2, can be extended holomorphically
to a neighbourhood of Mj. Consider ¢~ '(H) C U. From a result of Dloussky
[1] we can find an analytic set "H in “U such that "(U\p 1(H)) = "U\"H.
Since p(U\¢ 1 (H)) C Q\H and, by the hypothesis, ¢ can be extended to a
holomorphic map 1 on "U\"H with values in Q\H. We write ¥ = B @& B*.
Replacing U by a more small neighbourhood of My we can assume that there
exists a neighbourhood V of 0 in B+ such that ® has a holomorphic section
0: Pp(U) xV — Q. Put "¢ =0.(Pp xid): U xV — Q and assume that Z is
the domain of existence of "¢ over “"U x V. Then "¢ has a holomorphic extension
"¢ on Z with values in Q and (("U\"H)UU) xV C Z. Now we have a following
commutative diagram

(CUNVHYUU) <V %5 Z

Nl
"N xV

By Lemma 1.6 7 is injective and, hence, Z is open in "U x V. Now on
MU x V U we can define an equivalent relation as follows. Let x € "U x V and
weQ Wewritex ~wifz € Z and "¢(z) =w. Put 'Q="U x VUQ/~ and

’ {(I) on {,
o

the holomorphic extension of ® ¢ x id to "U x V.

It follows that (‘Q2,'®) is a spread domain over E. Now we define a map
g: "U xV —'Q by the formula

B "¢ on ("OU\"H)UU) xV
id on"UxV.

We need to check that the such defined map ¢ is reasonable. Indeed, if
t € ("WU\"H)UU) x V and, hence, g(t) = "¢(t) € Q, and at the same time,
g(t) = t. Put x = "¢(t) and by the equivalent relation = = t. Hence, g(t) =
t =x = "@(t). The map ¢ is holomorphic on "U x V and it is a holomorphic
extension of *@. Then 'H = "H x VUUH /~ is a hypersurface in Q) with QN'H = H



132 L.M. HAI and T.H. NAM

and 'Q\Q C 'H. By the maximality of © we have  =’Q and, hence, Z =TU x V.
Such as, ¢ can be extended to a holomorphic map on a neighbourhood of Mj.
The proposition is proved. u

As in [1] we give the following

1.7 Definition. Let (Q, ®) be a spread domain over a locally convex space
E. A boundary point of (€2, @) is a basis of a filter r consisting of connected open
subsets of €2 such that

i) r has not a limit point in €;
ii) ®(r) converges to a point in F;

iii) For every connected neighbourhood U (x) of z, r consists of one and only
one connected component of ®~1(U) and every element of  has a such form. By
09 we denote the set of boundary points of (Q, ®) and put Q = QUIN. We define
d: Q= Eby &(y) =0(y) ify € Q, &(r) =z € Eif r € IQ and z is the limit
point of ®(r). On Q we give a topology defined as follows. If zg € Q then U is a
neighbourhood of zg in Q if and only if UN$ is a neighbourhood of g in §, and if
xg = ro € 0N then the sets of the form U(rg) =V U{r € 9Q: 3V >, V' C U},
where V' 3 rg are a basis of neighbourhoods of ry. We remark that ® is continuous
on € equipped with this topology. At the same time, if A\: (Qy, ®1) — (Qo, B2)
is a morphism between spread domains over E, then it can be extended to a
continuous map A: Q; — s. Now we assume that r € 9Q. We say that 99 is a
hypersurface locally at 7 if there exists a neighbourhood U, of 7 in € such that U,
is homeomorphic to ®(U,.), ®(U,.) is open in E and (02 NU,) is a hypersurface
of ®(Uy).

1.8 Proposition. Let (2, ®) be a spread domain over an L-space E and H
a hypersurface of ) which is singular for a function f € O(QQ\H). Then there
exists a hypersurface "H of "§) such that H = A\"'("H) and "(Q\H) = "Q\"H,
where A denotes the canonical map from ) to "€).

Proof: Since F is an L-space we have a following commutative diagram
ONH 2 A(Q\H)

N Xl
"

Construct ('Q,\), 'Q = "(Q\H) U Z and Z denotes the set of boundary points
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of "(Q\H) where Z is hypersurface locally at its every point. Put ‘A = |,
'H = ZN'Q. Asin [1] 'H is a hypersurface of Q2 such that 'HNQ = H and ('Q,'H) is
maximal. By Proposition 1.5 it follows that Q) is a domain of holomorphy. Hence
'Q = "Q. Since 'Q\'H = "(Q\H) we obtain "(Q\H) = "Q\"H, where "H = 'A\('H).
The proposition is proved. n

Proof of Theorem 1.3: Now based on Proposition 1.8 and ideas of Dlous-
sly [1] we prove Theorem 1.3. Let 'H denote the set of points h € H such that
for every holomorphic function f € O(2\H) there exists an open neighbourhood
Vi of h to which f can be holomorphically extended. Then H\'H is a hyper-
surface of €2 and singular for a holomorphic function. Indeed, by the hypothesis
MQ\(H\'H)) is the domain of existence of some holomorphic function f. Let
x € H\'H be an arbitrary point. Assume that there exists a neighbourhood U,
of z such that f € O(U,). Hence U, C "(\(H\'H)). By the definition of 'H
it follows that if g € O(Q\H) then g € O(Q\(H\'H)) and, hence, g can be ex-
tended holomorphically to *(Q2\(H\'H)). Therefore g is holomorphic on U,. This
is impossible because for each neighbourhood U, x € (H\'H), always there exists
g € O(Q\H) such that g can not be extended holomorphically to U,. By Propo-
sition 1.8 there exists a hypersurface "H of *Q such that "(Q\(H\'H)) = "Q\"H.
By the definition of 'H it implies that “(Q\(H\'H)) = "(2\H). The Theorem 1.3
is completely proved. m

2 — The extension of meromorphic functions

In this section we give an application of Theorem 1.3. We have the following.

2.1 Definition. Let E and F be two locally convex spaces and 2 C E
an open set. A holomorphic function f defined on a dense open subset €y of
Q with values in F' is said to be meromorphic if for every x € €2 there exists a
neighbourhood U of x and two holomorphic function h: U — F, o: U — C,
o # 0 such that

h
fluna, = ;|UﬁQo -

Put P(f) = {x € Q: f is not holomorphic at z}. Now we prove the following.

2.2 Theorem. Let (Q,®) be a spread domain over an L-space E. Then
every meromorphic function f: Q — F, where F is a sequentially complete
locally convex space, can be extended meromorphically to ", ") denotes the
envelope of holomorphy of ().
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Proof: By the Theorem 1.3 there exists a hypersurface "H in ") such that
MO\P(f)) = "Q\"H. Let f be a holomorphic extension of flavper) to "Q\"H.
We show that f is extended meromorphically to "().

Let H' be the set of the points in ") where f is not meromorphic. For z
in “H we can identify locally “{) with a product V' x A (V' connected), zo with
(a,0) and "H with the zero set of some Weierstrass polynomial P(z, A) with roots
in %A. If there is a non empty open set w in V such that f is meromorphic on
w X A, after shrinking w and applying the Weierstrass division theorem we can
suppose that there is an integer N such that PV fis holomorphic on w x A.

Then on the open set % < |\ < 1, PVf has a Laurent’s expansion

20 o an(2) A", where a,(z) is holomorphic on V. But the a,(z), for n < 0,
vanish on w and, by the identity theorem, a,(z) = 0 on V. Hence this Laurent’s
expansion is holomorphic all over V x A, coincides with PV f on a non empty
open set, so, by the analytic continuation, the coincidence is true everywhere and
PN f is holomorphic on V' x A. Hence, f is meromorphic on V' x A and zo ¢ H'.
Since H' N ("Q\"H) = 0 and, hence, 'H C "H and from the above argument
one can deduce that, at any point in "2, the germ of H’ is the union of some
irreducible components of the germ of "H and hence is a hypersurface. Now,
*() being pseudoconvex, *Q\ H' is also pseudoconvex and by the hypothesis F is
an L-space, "Q\H' is the domain of existence, furthermore, by the hypothesis,
"Q\H' contains © which implies "Q\H’' D "Q and H' = ().

The Theorem 2.2 is proved. n
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