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ASYMPTOTIC STUDY OF LATTICE STRUCTURES
WITH DAMPING *

H.T. BAanks, D. CioraNEscU and R.E. MILLER

Abstract: This paper considers a time-dependent system with damping and general
(non-zero) initial conditions on a perforated domain and presents a careful derivation of

the homogenized system.

1 — Introduction

Applications of partial differential equations often involve equations of the
form

(1) Au=f in Q

where A, is a family of operators depending on the small parameter € and € is a
bounded open subset of RY. For example, the coefficients in A, may be periodic
functions with period e (due, e.g., to a periodic mixing of two different materials).
For small € it can be quite difficult to obtain an accurate approximation to u€ by
standard numerical methods. Thus we seek a simpler problem

(2) Au=f in Q

with the property that for sufficiently small €, the solution u of (2) accurately
approximates the solution u€ of (1). Unfortunately, one cannot obtain system (2)
simply by averaging the coefficients in (1) over one period. Instead, one can use
the homogenization techniques discussed in [5] and [14].
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One can also use these techniques for problems of the form of (1) defined on
a perforated domain Q. obtained by periodically removing material from € (see
[7], [8]) In this case, the goal is to obtain a limit problem defined on all of
(which may be simply connected) rather than on the original domain with many,
possibly thousands, of small holes. In this paper we consider time dependent
systems defined on a perforated domain ()¢, depending on two small parameters
€ and p. The domain €2, which is that part of 2 covered by material, is obtained
as follows. Set Y = [[Y,[0,1;] and let T, C Y be such that the boundary 9T,
of T, does not meet the boundary 9Y of Y. Let XUY; denote the characteristic

function of Y;" extended by periodicity to all of IR". Then we define Qe as

x
Qw:{xEQMUY;(;) :1}.

We shall assume throughout our presentation that the holes do not meet the
boundary 0. This assumption restricts the geometry of 2 (e.g., {2 can be a
finite union of rectangular cells homothetic to the representative cell Y) and the
values taken by € (e.g., ¢ € {n~1} or € € {27"}). Physically, this assumption
means that the material is distributed along the faces of Y rather than along the
edges. This assumption is needed for the construction of the extension operators
given by Lemmas 2.1 and 2.2.

An example of such a domain is the grid )¢, depicted in Fig. la. A natural
period of the grid is depicted in Fig. Ib. This grid is typical of actual engineering

structures.
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Fig. 1 — The grid €2, and the representative cell Y.
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Such structures are characterized by a periodic distribution of holes and a
relatively small amount of material (i.e., p is small compared to I3 and I2).
We note that ()¢, is composed of layers of thickness ey with holes of dimension
€(l1 — p) X €(lg — p). If we take the transformation y = %, we are in R? covered
periodically by cells of Y-type. We denote by T, the union of all the holes of
Qe

Consider the following problem (here and throughout the paper we adopt the
summation convention on repeated indices unless explicitly stated otherwise):

O uH 0 z\ Ou .

uP* =0 on O

Ou
ajj 81;- n; =0 on 9T, ,
J
W) =, (o) =it

where n = (n;) is the outward unit normal. We make the following assumptions:
1.I1. The nonhomogeneous forcing function f satisfies f € L2(0,T, L?(Q));
1.I1. The coefficients satisfy a;;(-) € L®(IR?);
1.ITI. There exists A > 0 such that a;; & & > A& & for all € € R?;
1.IV. The coefficients a;; are Y-periodic;

1.V. The initial conditions satisfy ug’ € H'(Q,), ug' = 0 on 9Q and v €
Lo(Qep).

By Theorem 29.1 in [17], we have that (3) has a unique solution u“. Our
goal is to study the dependence of 4" on the parameters ¢ and p. The equation
we obtain by passing to the limit as e — 0 is called the “homogenized” equation
and is defined on all of 2. The techniques used here to take the limit are similar
to those used in problems involving composite media (see [5] and [14]). The
homogenized coefficients are expressed in terms of functions defined on Y7, hence
the homogenized system depends on u. For the static case, it is proved in [1], [§]
and [13] that when letting © — 0 in the homogenized system, one recovers the
simplicity of the original coefficients. We prove here that a similar result holds
for systems with damping. We remark that Francfort et al. (see [9] and [10]) have
studied similar problems for non-perforated domains.

We close this section with a summary of notation and conventions adopted
throughout the paper. In Sections 2 and 3 we consider our problem with u fixed
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and take the limit as ¢ — 0. Hence, for now we suppress the u in order to simplify
the notation.
We will make use of the following function spaces throughout the paper: Let

Vys = {gp € Hl(Y*) | is Y—periodic} ,

where “Y-periodic” means that the function has equal values on opposite edges
of Y. We define

Vo={pe H'(Q) ¢ =0 on 00}, H.=L*),

and
V=H}Q), H=L*Q).

Note that ¢ € V, vanishes only on the external boundary of €2.. The embeddings
Ve = Ho — V¥ and V — H — V™ define Gelfand triples. We denote by
(,)v=v. and (-, -)v=y, respectively, the corresponding duality pairings. The
inner products on the spaces H and H, will be denoted (-, )y and (-, ) g.. Also,
for a function p € V or ¢ € V,, we use the symbol 0;¢ to denote g—;.

For any function g € L?(2.) we will denote by g the extension by zero of g to
the whole domain . For any measurable set E, |E| denotes the measure of FE,
and X, denotes the characteristic function of Fj i.e.,

1 forzeFE,
Xp(2) =

0 for z € R*\E .

If f € LY(E), we denote the mean value of f by Mg(f):

Me(9) = oz [ S@ydo

The symbol C' will be used interchangeably for different constants which are
independent of e.
We shall make frequent use of the following lemma (see [14, p. 57]).

Lemma 1.1. Suppose the Y -periodic function f € L*(Y) is extended peri-
odically to all of R*. If we define F.(z) = f(Z%), then as e — 0, F. — My (f) in
L3(Q) weakly.

Remark 1.1. Let x . denote the extension by periodicity of the char-
acteristic function of Y* to all of IR?. Then Xo, () = Xy~ (%), so by Lemma
1.1,

Xq — My(xy.) =0 in L*(Q) weakly .
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Remark 1.2. If f € L>®(Y), then as ¢ — 0, Fe — My (f) in L>®(2) weak™.

2 — Homogenization of time-dependent systems
Set af;(x) = ajj(z/e). The weak form of (3) is

n (pug(t), p)veve + o1 (u(t), ) = (f(t),p)m.  forall eV,
u(0) =g, w(0) =g,

where the sesquilinear form o§(-,-) is defined by

Filpt) = [ ade0mde for g eV,
We assume that uf € Ve and vj € H and moreover that
(5) [ugllv. <C and  [[vfllu. < C,

where C is independent of e. By Theorem 29.1 in [17], we have that (4) has
a unique solution u¢ in the extended V* sense with u¢ € L?(0,T;V.), uf €
L?(0,T; H.) and u§, € L?(0,T;V*). A careful examination of the proof of this
theorem reveals that in fact ||u®(t)||y, < C and ||u§(t)||g. < C for almost every
t € [0,7] where C is independent of € (see [3] and [11, p. 268]). Hence, we in fact
obtain u¢ € L*>°(0,T;V,) and u§ € L*(0,T; H.). We make use of the following
extension results (see [6], [7]).

Lemma 2.1. There exists an extension operator
Pee L(V,V)

such that
[Puc|lv < C[u]lv.

for all u¢ € V..

Remark 2.1. The above lemma can be generalized to produce extension-
operators P§ € L(H! (), H(Q)) (where Q,Q c R with ¢, N € IN) which
preserve derivative bounds independently of e. For details, see [12].

Lemma 2.2. There exists an extension operator

Qo e E(LOO(O,T; V.), L0, T; V))
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such that

Y IIDYQull iz < C Y 1Dl 02200 »

la]=1 la=1
and, if uy € L*°(0,T;V,), then Q“u; = (Qu) in Q x [0,T7.

Remark 2.2. If u € L*°(0,T;V,), then from the construction of P¢ and QF,
we have that Q“u(t,z) = [Pul(t,-)](z) (see [2], [12]).
Thus, we have the existence of a constant C' independent of € such that

| Qu| Lo 0,7y < C 5
hence, there exists a subsequence of {¢} and a function u € L*(0,T; V') such that
(6) QU —wu in L%(0,T;V) weak™® .
We also need the following lemma.

Lemma 2.3. Suppose {¢} C Ve with ||¢€||v. < C where C is independent of
€. Then there exists a subsequence, still denoted {p}, such that ¢¢ — ¢ weakly
in H as ¢ — 0. Moreover, p € V.

Proof: First of all, notice that ||¢°||g = ||¢||ln. < ||¢f]|v. so there exists
@ € H and a subsequence such that ¢ — ¢ weakly in H; i.e.,

/@61/}d1‘—>/g01/1d$ forall v € H .
Q Q

But [|P¢¢f||y < C, so there exists p € V such that P¢p¢ — @ weakly in V; hence,
Pp¢ — @ strongly in H. Thus, for all v € H

/afwdx:/xﬂ Pésoewdx/xg H/(ﬂ@wdx,
QO Q € Q € Q

sop=0peV.

Remark 2.3. Observe that ¢, hence P, is independent of P¢.
By the assumption that the initial data are bounded independently of e, (see
(5)) there exist ug € V and vy € H such that

ﬂg — UQ
weakly in L?(Q) .

56—>U0
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Consider the equation
(pOut, p)v+v +/quj djudipdr = (0f,o)u  foral eV,

w(0) =uo/0, w(0)=1v0/0,

where the ¢;; are the homogenized coefficients obtained for the static Neumann
problem (see [7]) and are given by

ox?
qij = |Y| / ( — Qq ) dy

with x/ the Y-periodic solutions of

a(x? — 0
/ alkM (pd =0 forall & Vy«.
* 8k 8y

(7)

The ¢;; satisfy the ellipticity condition 1.ITI, so by standard results (see [17]),
Eq. (7) also has a unique solution u". We are now ready to prove the following
theorem.

Theorem 2.4. The limit u in (6) is the unique solution of (7).

Proof: We must show that u = u”. First we extend all functions defined on
[0,T] by zero for t > T. Taking the Laplace transform of (4), we obtain

(8) (o5 (s).hm + [ oty 57 Do = (7). @) + {pls s+ 16). 2},

for all ¢ € V,, where u¢(s) = L[u](s) = [5* e 5 u(t) dt is the Laplace transform
of u¢(t). For fixed real s > 0, this equation has a unique solution u(s) satisfying
|lac(s)|lv. < C. By Lemma 2.3, there exists u(s) € V and a subsequence such
that

9) Puc(s) — u(s) weaklyin V|

there exists £(s) € H such that £5(s) — &(s) weakly in H. We extend equation
(8) to all of 2, obtaining

and 4 (s) — 07u(s) weakly in H. Set & (s) = ag; 05u(s). Then [|&5(s)|ln. < C, so

(0528 (s), b + [ €(5) dupdo = (g, F(5),0)n + (plsy + 7). )
for all ¢ € V. Letting ¢ — 0 we find

(052 0(s), ) + [ &1() Dipde = (0 F(s). ¢)a + (pls w0 +v0), o)
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The energy method of Tartar gives now &(s) = ¢;; 0;u(s) (for details see for
instance [2], [7] and [16]). Thus, @(s) satisfies

(10) (ps*0u(s), ) + /Q 4ij () Do dx = (0 f(5), ¢} 11 + (pls uo + v0), o)

for all ¢ € V. Again, by the ellipticity of the g;;, this equation has a unique
solution for fixed s > 0. Next, taking the Laplace transform of equation (7), we
see that 4" (s) satisfies for all ¢ € V

(ps20T"(s), p)u —i—/qu'j 0;u"(s) Oypdz = (0 F(s), ) + (p(suo + o), ) -

Since this is exactly the same as equation (10), %(s) = @"(s) for real s > 0. Now

taking e %p as a test function in (6), we see that
(11) Ocus(s) — 1i(s) in V weakly

for all s > 0. Finally, observe that for s € € (i.e., Res > 0)
Q/Eze(s)(x) = /OOO e St QU (t, x) dt

_ /0 e (s, ] (@) dt = P /0 ettt de] (2) = PUa(s) (a)
Thus, combining (9) and (11), we see that @(s) = T(s) = @"*(s) for all real s > 0,

hence for all s € € since the Laplace transform is an analytic function of s.

Therefore, by the uniqueness of the inverse Laplace transform, u = u”.

3 — Homogenization of systems with damping

We now extend equation (4) to include a damping term. We assume that b;; €
L>®(IR?) are Y-periodic and that there exists B > 0 such that b;; & &; > B& &
for all £ € IR?; i.e., we assume that 1.IT-1.IV hold for the b;;. We also assume
that b;; = bj;. Define bf; by bf;(x) = b;;(%), and the sesquilinear form o5(-,-) by

a5(p, 1) :/ bi; Ojp Oppdr for all o, € Ve .
Qe
We consider the problem

(puie(t), P)veve + 01 (u (1), ) + o5(ui(t), 0) = (f(£), p)ve v forall p € Ve,
(12) u (0) =ug € Ve,  u(0) =vj € He,
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with f € L2(0,T; V) and u§, v§ satisfying bounds as in (5). Again, a unique
solution u¢ exists with u¢ € L2(0,T; V), u§ € L?(0,T;V.) and u§, € L*(0,T; V)
(e.g., see [3] for details). Moreover, we still have the bounds |u(t)|y. < C
and ||uf(t)||g. < C for almost every ¢t € [0,T] for a constant C' independent
of e. Hence, just as before, there exists a subsequence of {¢} and a function
u € L*(0,T;V) (this time with u; € L*(0,7;V)) such that

QU —wu in L*(0,T;V) weak™
and

Qi —uy in L°(0,T; H) weak™ .

In order to obtain the homogenized equation satisfied by u, we again use
Laplace transforms and apply standard results. Taking the Laplace transform of
(12) we obtain

(psT(s), o), + 01(T(s), ) + 05(su(s), ) =
= {(f(s),p)vz v + (p(sug +v5), p)a. +05(up, o) forall g eVe.

We rewrite this equation as

(13) (ps>T(s), ). + 0(s)(@(s), ) =

= (f(s)s @)ve v + (p(suh + ), )1, + 05 (uh, )
for all ¢ € V, where 0¢(s) is defined by
() (0, 1) :/ (a5; + sb5;) D50 Do da for all @, €V, .
Q

€

Set c5;(s) = a5; + sbj;. For fixed s > 0 (real), cf;(s) € L>®(IR?) and ci(8)&i & >
(A+ sB)&;&. Thus, (13) has a unique solutlon u(s) € Ve with ||a(s)|v. < C.
Just as in the proof of Theorem 2.4, we can extend (13) to all of 2 and let e — 0,
applying the standard homogenization formulas to the sesquilinear forms o€(s)
and o5. If we define

§i(s) = cj(s) 0;u(s) and ¢ = bf; Ojug

7

then when we extend (13) to €2, the two terms involving these forms become

/5 Oipdr and /gf@mdx,
Q

respectively. There exist (s) € V and @y € V such that

Put(s) —u(s) and Puj— o
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(both convergences are weak in V'); hence, applying the energy method, these
terms become, in the limit,

/ Gi;(s) 95u(s) Oipdr  and / qu 0;p O da
Q Q
respectively. The coefficients G,;(s) are defined by

_ 1 8Xj s
qij(s) = m /y* [aij + Sbij — (ail + Sbil) 8y(l ):|dy

where the functions x7(s) are the Y-periodic solutions of

J —
/ (arg + sby) 2 Z03) 92 o e Ve
Y oy Ok

and the qu are given by

j
o b
qz] ’Y| / ( zl ay )dy

where the XZ are the Y-periodic solutions of

)
(14) / bk,M % gy=0 forall e Vy. .
. Oy, Oyy

From Lemma 2.3 we also have uf — up weakly in H where ug = 0%g. Thus,
replacing g by %uo, we obtain

(15)  (ps0u(s) o)+ | 0y(s) 051(s) Dupde =

= (0 (s), ww+@@w+wwH+Q/%awmmw

Using standard arguments we can show that the coefficients g,;(s) satisfy an
ellipticity condition, so that equation (15) has a unique solution %(s). Just as in
the proof of Theorem 2.4, we can show that u(s) = u(s).

Rather than taking the inverse Laplace transform of equation (15), we derive
the homogenized equation for u using the multiple-scale method. First we write
equation (12) in strong form as follows:

0 x\ Ou* 0 x\ 0 Ouf
H — o\ =) 53— (x)) = 5 —\bij | =) & ; = f(t,z) nQe,
pug(t, x) oz, <aj<€> oz, (t a:)) o2, (b] (e) 9t 0z, (t x)) f(t,x) in

out . 0 Ouf
(16) (a 8x~ + b5 = 5% 2 ) ;=0 on 0T,

u(0,z) =uy, ui(0,z)=15.
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Now we seek u‘(t,z) of the form
ut(t,z) = ul(t, x,y) + eul (t, x,y) + Eu?(t, z,y) + ...

where y = z/e, and each u' is defined for all x € Q and all y € Y* and is
Y -periodic in y. We also need to specify initial conditions. Based on our experi-
ence in Section 2, we take for u°:

u®(0,z,y) = ug(z)/0 (independent of y)
up (0, 2,y) = vo(2) /6 -

We will specify other initial conditions later as needed. Let A, be defined by

0 xz\ 0
Ae= axi(“iﬂ'(e)axj) |

Since a;; depends only on z/e =y, we see that A can be written as
A = 6_2A0 + 6_1A1 + Ag

where

) b
Ay = —— .. __
°T oy, (a”(y) 3yj) ’
2 0 P
A= —050) g~ g (400 5 )
5'2
8.%' 81’j '

Similarly define B, = € 2By + ¢ !By + By where

0 0
By = —8%<bij(y) 8y]> ;

0?2 0 0
By = —bij(y) m " on (bij(y) 8:1:J> ;
82
bij(y) M .

Ay = —ai;(y)

By =

Substituting into equation (16) and matching powers of €, we obtain first of all

0
Aouo—l-Bo%ZO in Y*,
( ou’ 0 oud

i bi'—— z‘:O 8T,
Qij 8yj + ey 8yj)n on
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or, in weak form, u® € Vy«, and

0\ ou’ 8<p
17 ii +bii — dy=0 f 11 Vy s .
(17) /Y*(aj—l— Jat)ayj o Y orall v € Vy

Take o = u%(t) in equation (17). We have

/ ou’(t) 9u°(t) 10 Ou’(t) Ou°(t)
. 8yj 6yi 2 Ot Y

by the symmetry of the b;;. Integrating from 0 to t we find

(1)
//*azj 8y] 0 dydr +

1 oul(t) oul(t) 1 / Oug Oug

5 [ bij dy — — i — =Ly =0.
ok ay; oy U 202 Iy oy oy Y

But ug is independent of y, so the last term vanishes. Hence, by the coercivity
of the a;; and b;; we have

u® (1) B oul(t) oul(t)
<A — <0.
’ / / . 83/1 8% dydr 5 v+ Oy 0y dy=0

Thus, 875(;?) =0forallt,i=1,2.

Remark 3.1. Sanchez Palencia assumes a priori that 4 is independent of
y (see [14, p. 99]).
Matching the next powers of € we obtain

ou' ou® . .
Agul + Ay u° +BOW+Bl 5 =0 in QxY*,
AN 0\ oul
(a”—i—bz] 6t)8 ni__<aij+bijat>al‘jni on Qx0T .

0is independent of y, we can write the above equation as

_a[<a..+b..3)%l] _8(a..+b4.6)6u0 0
8yi " * ot 8yj Byi " * ot al'j -

or in weak form as

0\ Oul 0\ 0u”] dy
(18) LK“””’”@@E*(“”*b”at% ]auzdy 0

Since u
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for all p € Vy«. We want to express u' in terms of u". In order to make u'
unique, we introduce the space

Vy- = {p € W | My-(p) = 0}

with inner product

dp O
<807 qr/J>VY* /Y* ] 8y] ayz
This inner product induces a norm || - HVY* on Vy« equivalent to the usual norm
|- |z (v+)- Now we define A € L(Vy=,Vy=) by
9p 0V
19 _ a;
(19) Ay, = [ ay o

The right side of equation (19) is a bounded coercive sesquilinear form on
Vy« X Vy=, so A is defined uniquely and is bijective and bicontinuous (by the
Lax-Milgram theorem — see [17, p. 272]).

Now define FJ': Vy« — € by

a Do
F1j (@) = /Y Qij 8 dy

Since ' is a bounded linear functional on Vy+, there exists a unique Ij € Vy=
such that

a a dp
(20) ( j 730>VY* = Fj (p) = azg By; dy .

Similarly, we define fjl-’ € Vy+ by
(21) ey = [ b

Remark 3.2. If we take Xi defined in (14) so that My~ (Xg) = 0, then
= fl.

Using A, fi and fjl-’ we can rewrite equation (18) as

oul ou® p, O Oul —
= for all *
<Au + 5 + (fj 8 + 17 % % 9 ) g0>VY* 0 forall peVy

which implies that

oul 1_ o u! b@au
o T = 0

(22) T ot Oz
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Set w = u! + f;’ gil,j. Then

ow B out oud

Ow _ ou |y 0 Ou”
ot ot ot Ox;
If we define f; = Afjl-’ — f, then we can rewrite equation (22) as

ow oud
2 OW = 1.9
(23) ot w=1 Ox;

Since A is bounded it generates a uniformly continuous semigroup (in fact a

group) of operators. Thus, once we specify an initial value for w, we can solve

1 in terms of u". It will be convenient to take

1.

equation (23) to obtain w, hence u
w(0) = 0. Hence, we take as the initial condition on u

The unique solution to equation (23) with w(0) =0 is

¢ ou’ (o)
1) = —(t—0)A ¢ d
w(t) /0 e fj oz, o

Hence u! is given by

(24) ul(t) = /0 Lertoa 00 g 0000

837j J 837j
We will need the following lemma to prove the main result of this section.

Lemma 3.1. If we take x’(s) as defined above to be in Vy=, then

X (s)=f7 = (sI+ A7 f;.

Proof: The x/(s) for which My~ (x’(s)) = 0 is the unique solution of

ax’ (s) A =
/Y* [(akl + sbg) o — (ag; + sbkj)} 3—yk dy=0 forall ¢ € Vy«.

We can rewrite this equation as

(A4 s (s) = (Ff +5fD), ) =0,

Vy*
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which implies that
(sT+A) X (s) = fi +5 f7
= (sI+A) f} — Af} + [}
=(sI+A)fI—f; .
Hence, x/(s) = f]’-’ — (s + A)7Lf;.
We obtain the homogenized equation by matching the next powers of ¢, inte-

grating over Y* and substituting in the expression for u! in terms of u" (equation
(24)). We find

9?ul(t 1 af; 92u0(t)
(25) pb 8152 m/*( “” +bd(‘9yl)dy8xi3:zj_

b
IYI/ < . 8f>dy gtg;;(xj
82 0( )

0
. —(t—o’)A N 4. t 0’ .A
V] /Y*/o {azl ou (e fi) — ba Em (Ae” f])] D O, dody =0 f(t).

The following theorem is the main result of this section.

Theorem 3.2. Equation (25) along with initial values u®(0) = wg/#,
u?(0) = vy /0 is the homogenized system satisfied by u.

Proof: Define the coefficients

1 ofy . of
Qi = m v (am il a + by 83/ > dy ,

L of; )
Bij = il /Y (bz‘j — bit 8yl> dy (=4aj;)
1

0 0
i't = — aie_tA'—biAe_tA']d .
With these definitions, we can rewrite equation (25) as

82 0() o 32 0() t 82u0(0)
0 —_— — — .. —_ —
p O ug(t) Qij Oz axj Bij a7 ot O, a% /0 Yij (t—o) 0z, aa:j do =0 f(t) .

We then multiply by ¢ € V and integrate over €2 to obtain

ou 0
) 00y + [ oy e 2 ot

+ [ By g 315% s +/( %) )gz dz = (0 f(1), o)y

dx
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Taking the Laplace transform of (26) we find

N ~ oy 08°(s) By
(00 00s), i+ [ o+ 585+ 31(5)) de:
~ ou 8<p
= (0 F(s) v+ {pBlauo/0 +v0/0). ¢), + g [ 5y 50 T2 d

Since 3;; = qu, this equation will be the same as (15) if we can show that
(27) Gi;(8) = ij + s Bij +7ij(s) -
Observe that

o~ _L % st i —tA _ tA ]
fY’LJ(S) - ‘Y’ Y*/O € |:all ayl( f]) bll (Ae fj) dt dy

:;’ Y*{aﬂ;w[(sHA) 5] - uaayl[A(sHA) fy}}
— )1/’ Y*{a,l ;w{(sI%-.A) f;} + by 68?;1[ (sI+A)'f fa}}

Thus, by Lemma 3.1,

0
oy

_ b b Y (et sh, 3X"()]
= Y| /Y* [(aw"‘Sbw) (air+sby) a1 dy .

i + sBij +7ij(s) = \Y\/ {am—l—sb@]) (a;+sby) — {f —(sI+A)” lfy]}

Hence, we have established equation (27), and so, by the uniqueness of the inverse
Laplace transform, equation (25) (equivalently (26)) is the equation satisfied by
u.

An important special case is when a;; = kb;; for all 4, j where K # 0 is a
constant (this is the case for Kelvin—Voigt damping investigated in [2]). In this
case

(Ago,w)vy* = H(‘PJMVY* for all o, € Vyx ,
which implies that A = k1. We also have

<qu7 §0>VY* = K<fjl‘)7 (’0>VY* for all p e VY* )

so fi = Hf]l-’. Hence, f; = 0 which implies that o;; =  f;; and ~;;(t) = 0 for all
t. Thus, the form of equation (25) simplifies to

0\ 0%u°(t)
0 _ .. -
peutt(t) ﬁlj (K‘ + 8t> amz axj

—01(t) .
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4 — The limit in y for constant coefficients

In this section we shall investigate the dependence of the homogenized coef-
ficients on the parameter p. Investigations of this nature were first carried out
in [1], [7] and [13]. We began with a simple equation (system (3)) defined on the
domain €1, which has a complicated geometry. Taking the limit as ¢ — 0, we
obtained a homogenized equation on all of €2, but in order to obtain the coeffi-
cients, we must solve a differential equation on the representative cell. Since the
parameter p is small (compared to the dimensions of ), we next let u — 0 and
obtain a limit problem. We shall see that in this limit problem, we retrieve the
simplicity in the coefficients, and in fact we shall compute them explicitly. In
order to simplify the computations, we assume that the coefficients a;; and b;;
are constant and that {; = [y =1 (hence 6 = 2u(1 — p/2)). We now display the
dependence on p. In particular, we write A, for A, agj for ayj, ete.

From systems (20) and (21) one can derive the a priori estimates

IV 2oy < Cu'? and IV lpagrp < C /2.
Using the fact that A, is bounded independently of i, we also obtain
1/2
IV 2y < Cull?
Thus, afj < Cu, ﬁfj < Cup and

1 [ off oA f))

735(0) V] s [ g b y<Cp

Ay
Since A, is positive, %Hj decays exponentially as t — oo, so vfj(t) < Cu for all t.
Thus, as 4 — 0,

ptak; — ajj
pt Bl — B
and
Pt AL () — ()

with the last convergence being uniform in ¢ on bounded intervals. Rather than
;jv
(15) so that we can apply the results of [2] to obtain that

seeking the limits « 7 and 77 (t) however, we treat the transformed equation

2

1 _ i+ sbip) (a; + sbyj)
Tt * = 2(a;; + s b; _E (al J J
w(s) = Gij(s) = 2(aij + sbij) 1=1 ay + sby
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and
2

-1 b
ol = a =20 =3
=1

biy by

Observe that 7;;(s) = qu’»" = 0if 4 # j. Thus, multiplying equation (15) by pu~*

and letting 4 — 0, we obtain

2psls), ) + [ Tils) Oi(s) O da =

1
= () ehve + (plsuo o), o) + 5 [ abf Do Do

Since the coefficients appearing in this equation are rational functions in s, it is
straightforward to invert the Laplace transform. The limit equation is

2 i b + by ag; <~ ag by by
(28) (2puu(t),p)v-v+ (2 aii—z —4—2 7) /Q&-u(t) O;pdx—

)
=1 bu = bu
2
aigay  ay(ag by + biay)  ad b by
- by b2 A
=1 u 1l 1l

t
: / / et (t=)/bu g4y (o) 8¢g0dadx}+
QJ0

2
bi; by;
+ (200 = 20 [ Gt i i = 50, vy
= bu /Ja
with initial data u(0) = up/2 and u.(0) = vg/2.
For the special case that a;; = K b;;, the convolution term vanishes, and the
equation simplifies to

i) (“%) | wutt) g da = 21 @), )

2 bi bi;
(2 pug (1), @) vy + (2 R L
=

1
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