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A TWO PARAMETERS AMBROSETTI-PRODI PROBLEM*

C. DE COSTER** and P. HABETS

1 — Introduction

The study of the Ambrosetti-Prodi problem has started with the paper of
A. Ambrosetti-G. Prodi [2] who consider the problem

Au+ f(u) =h(z), in Q,
u=0, on 00,

where f is a convex function which satisfies

0< lim f'(u) <X < lim f'(u) <.
U——00 U—+00
They prove that in the space H = Im(Au + f(u)), there is a manifold M which
separates the space in two regions Oy and Os such that the above problem has
zero, exactly one or exactly two solutions according to h € Og, h € M or h € Os.
In 1975, M.S. Berger-E. Podolak [4] use the decomposition of h in terms of the
first eigenfunction ¢ of —A with Dirichlet condition i.e. h(z) = vp(z) + h(z),
where [, h(z)¢(z)dz = 0, and characterize the manifold M in terms of the
parameter v. In the same year, J.L. Kazdan-F.W. Warner [10] have used the
lower and upper solution method to study this problem but were only able to
prove the existence of one solution if A € Os. It is only in 1978 that E.N. Dancer
[6] and H. Amann-P. Hess [1] have obtained independently the multiplicity result
by combining lower and upper solutions technique with degree theory. An exact
count of solutions was then obtained by H. Berestycki [3] in case f is convex.
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See also the survey paper of D.G. de Figueiredo [7]. Later, R. Chiappinelli—
J. Mawhin-R. Nugari [5] have considered the problem

u +u+ f(tu) =ve(t),

(1)
u(0)=0, wu(r)=0,

where o(t) = \/g sint. They have proved that, if lim, . f(t,u) = 400, uni-
formly in ¢, then there exist vy and v; > 1 such that

i) If v < vy, the problem (1) has no solution;
ii) If vy < v < vy, the problem (1) has at least one solution;

iii) If 1 < v, the problem (1) has at least two solutions.

The question is then to know whether vy = ;. Under the additional condition
that f(¢,u)+ Kwu is nondecreasing on [—ug, ug)], they prove that vy = v;. C. Fabry
[8], using another argument, proves vy = v; with the help of a Holder condition.
R. Chiappinelli-J. Mawhin—R. Nugari [5] have also considered a generalized case
where instead of the coercivity condition they assume some growth restriction
related to the classical Landesman—Lazer condition.

As already observed by J.L. Kazdan—F.W. Warner [10], the important point
is not that ¢ is the first eigenfunction but that ¢ is of one sign. If we consider
a function ¢ > 0 on [0, 7], for example ¢(¢) = 1 then, using the same argument
as R. Chiappinelli-J. Mawhin-R. Nugari [5], we obtain easily the same kind of
results with 19 = 1. In order better to understand the characterization of the
manifold M together with the existence of the interval [vy, v1], we consider in this
work the two parameters problem

u' +u+ fltu) =p+vet),

(2)
w(0) =0, wu(r)=0.

An other aspect of our work concerns existence of W?2? solutions i.e. we consider
the case where f is a LP-Carathéodory function. With the above coercivity
assumption on f, we prove the existence of a nonincreasing Lipschitz function
o (v) such that

i) If 4 < po(v), the problem (2) has no solution;
ii) If 4 = po(v), the problem (2) has at least one solution;

iii) If po(v) < p, the problem (2) has at least two solutions.
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This result will be deduced from a more general one where we consider a
Landesman—Lazer type condition similar to the one used by R. Chiappinelli—
J. Mawhin—R. Nugari [5]. Moreover, under some regularity assumption related
to those used by R. Chiappinelli-J. Mawhin-R. Nugari [5] and C. Fabry [8] we
prove that pg is decreasing. In the particular case . = 0 we generalize the results
of [5] and [8]. The main techniques are lower and upper solutions together with
degree theory.

To end this introduction, let us introduce some notations. For any function
u € LY(0,7), we write

(3) u::/; w(t) p(t) dt |

where ¢(t) = \/g sint. We abbreviate “almost everywhere” as a.e. We use the
space
C((0.7)) i ={x € C"([0.7): #(0) = 0, x(m) =0} .

2 — Preliminary results

Consider the boundary value problem
2"+ f(t,z) =0,
® z(0)=0, «a(r)=0,
where f verifies LP-Carathéodory conditions, i.e.
i) For a.e. t € [0, 7], the function f(¢,-) is continuous;
ii) For all z € IR, the function f(-,z) is measurable;
iii) For all » > 0, there exists m € LP(0, ) such that for a.e. t € [0, 7] and all
x € [—rr], |f(t,z)] <m(t).

A basic notion to prove existence results for the problem (4) is the notion of
upper and lower solution. In this paper, however, we will use stronger concepts.
In order to use degree theory, we want to define curves

x=p6(t) and z=aft)

so that solution curves of (4) cannot be tangent to them, respectively from below
or from above. This property is basic in defining a degree with respect to sets

Q= {z e (o, 7)] a(t) < 2(t) < A1)} < C([0,7))

or
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Q= {z e (0,7))] a(t) < a(t) < B(t), ]/(t)] < N} € C([0,7]) .

Definition 1. A function 5 € C([0,7]) is a strict upper solution of (4) if it
is not a solution of (4), 5(0) > 0, S(7) > 0 and for any ¢y € [0, 7], one of the
following is satisfied:

i) to €]0,7[ and D~ B(to) > D1B(to);
ii) tg € {0, 7} and ((tp) > 0;
iii) There exist an interval Iy C [0,7] and 6 > 0 such that top € int Iy or

to € IpN{0,7}, B € W?L(Iy) and for almost every t € Iy, for all z €
[B(t) — dsint, 5(t)] we have

B(t)+ f(t,z) <0 .

Notice that this definition allows the curve x = (t) to have angles, provided
they are downward. Also, 5(0) and ((7) can be zero. In this case, condition iii)
imposes some second order condition near t = 0 or ¢ = 7 but restricted to some
angular region below the curve x = (t).

The notion of strict lower solutions is defined in a dual way.

Definition 2. A function « € C([0,7]) is a strict lower solution of (4) if it
is not a solution of (4), a(0) < 0, a(w) < 0 and for any ¢y € [0, 7], one of the
following is satisfied:

i) to €]0,7[ and D_a(tg) < DV a(ty);
ii) to € {0, 7} and «a(ty) < 0;
iii) There exist an interval Iy C [0,7] and § > 0 such that tp € int Iy or

to € IpN{0,7}, « € WL(Iy) and for almost every t € Iy, for all = €
[a(t), a(t) + d sint] we have

o"(t) + f(t,z) >0.

Notice that if f is continuous, a function 8 € C?([0, 71]) such that 5(0) > 0,
B(m) > 0 and
veelo,n[  B(t) + f(t,B(t) <0

is a strict upper solution. However, if f is not continuous but LP-Carathéodory,
this is not the case anymore. In fact, even the stronger condition

for a.e. t € [0,7]  B"(t) + f(¢,8(t)) < -1
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does not prevent solutions z(t) of (4) to be tangent to the curve x = (t) from
below. This is for example the case for the bounded function

flt,x) =-1 x>1,
.__ sint—z? :
e 1>z >sint,
:=sint sint > x

B(t) =1 and z(t) = sint.
To obtain such a result, one has to impose additional assumptions on f such
as:

(H-1) For any tg € [0, 7] and any bounded set E C IR, there exists an interval
Iy with tg € Iy and

Ve>0, 30>0, fora.e tely, VyecE, Vae|y—dsint,y] f(t,z)— f(t,y) <e.

Typical examples of LP-Carathéodory functions that satisfy (H-1) are f (¢, x) =
g(x) + h(t), with g continuous and h € LP.

Lower solutions must be smaller than upper ones. To make this precise we
introduce the following notation.

Definition 3. Let z,y € C([0,7]). We write x < y if there exists € > 0 such
that for any ¢ € [0, 7]
y(t) —x(t) > esint .

The main tool in this paper is the following result, the proof of which is given
for the sake of completeness.

Theorem 1. Assume f satisfies LP-Carathéodory conditions. Let o, 3 be
strict lower and upper solutions of (4) such that o < (3. Then, the problem (4)
has at least one solution 1 € W?P(0, ) such that

Vtelo,n]  at) <zi(t) < B(t) .
If, moreover, there exists r > 0, such that for all s < 0 and all solutions x of
2+ flt,z)=s,
z(0)=0, =x(r)=0,

we have

[2floo <7,

then the problem (4) has at least two solutions 1,12 € W2P(0, ).
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Proof: Observe first that the problem (4) is equivalent to the fixed point
equation

x = T:E::/O7r G(t,s) f(s,z(s))ds ,
where G(t, s) is the Green function of the boundary value problem
" = h(t).
z(0)=0, =x(m)=0.
The operator
T Cy([0,7]) — G5 ([0, )

is completely continuous. Moreover, for every r > 0, there exists R > 0 such that
every solutions z of (4) with [|z|lec < r satisfies ||2/||cc < R.
Let us consider the modified problem

o’ + f(t,(t @) =0

(5 |
) z(0)=0, «a(r)=0,

where
V(tz) =alt), i z<a(),
=z, if a(t)<z<pB(),
—B(),  if x> B(t).
We will prove that, if z is a solution of (5) then o < z. In a similar way, we
prove that also z < 3. Assume by contradiction that a £ z, i.e.

inf M <0.
t sint
This implies that either there exists ¢ €]0, 7[ such that ming(z —a) =z () —a(t) <0
or for any t €]0,x[, z(t) — a(t) > 0 and for t = 0 or ,
t) —alt
timinf 70 =00 _

Pl sint
In both cases, one deduces that if z—a has a derivative at t=¢, then (z—a)’(¢)=0.
Observe next that we cannot have z(t) — a(t) = z(t) — a(t) < 0 for all t € [0, 7).
This would imply z(t) = «(t) and a would be a solution of (4). Hence there
exists 7 such that z(f) — a(f) > x(t) — a(t). Assume £ > t, the other case being
similar, and define

to = inf{t > 7| z(t) - a(t) = =(?) - a(B)} €]0,7] .
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From the definition of strict lower solutions and the contradiction assumption,
we can choose Iy, § and t1 € Iy with t; < tg such that

i) for every t € |t1,to[, z(t) < a(t) + dsint,
ii) (x —a)'(t1) < 0, (x — a)'(tp) = 0 and
iii) for a.e. ¢t €tq,to[, & (t) + f(t,v(t,z(t))) > 0.
Hence we have the contradiction

to

0 < (z—a) (t) — (z — ) (t1) :/

t1

[~ f (&3t 2() — ()] dt < 0.
Now, let us define the operator
T: C}([0,7]) — Cy([0,7]): = — T:c::/o7r G(t,s) f(s,v(s,z(s)))ds .
Observe that there exists R > 0 such that T(C}([0,7])) € B(0,R). So by the
properties of the degree,
deg(I —T,B(0,R)) =1.
Moreover, if R is large enough, every fixed point of T is in
Q:={z e C}([0,7)): a <z < B, || <R},

whence

deg(I —T,Q) =deg(I —T,B(0,R)) =1

Finally, as T and T coincide on Q we obtain
deg(I —T,9Q) =deg(I —T,Q)=1.

In this way, we have the existence of a solution x; of (4) such that, for all ¢ € [0, 7],
a(t) < z(t) < B(1).

Let us prove the second part of the result. Without loss of generality, we can
assume 7 > max{||a||oo, [|3]|cc }- Let R be such that, every solution z of (4) with
|z||oo < r satisfies ||z < R. We will prove

deg(l - Ta Ql) =0,

where

Q0 :={z e C}([0,7]): |Izlloc <7, 1200 < R} .

Hence, as Q2 C 1 we have, by excision, the existence of a second solution.
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We have assumed that, for all s < 0, the solutions = of

$”—|—f(t,l‘):$,

i.e. the solutions of

(6) x=Tx—s

are such that
|2|loo < 7 .

We can assume this is true also for s = 0. Otherwise the result is proved.
As T maps bounded sets into bounded sets, there exists r1 > 0 such that, for
all z € Qy,
|l — Tx|oo <71 .

Hence, if s is large enough, the problem (6) has no solution and

deg(I—T,Ql)Zdeg<I—T+St(7r2_t),Ql> =0.

We obtain the existence of the second solution by the excision property of the
degree. n

Remark. For the first part of this theorem to hold, it is not necessary to
assume the upper and lower solutions to be strict.

3 — Existence of strict upper and lower solutions

In this section, we consider the boundary value problem
o +art fta) =ptve),

(7)
z(0)=0, =z(n)=0,

where (t) = \/g sint and f verifies LP-Carathéodory conditions.

Proposition 2. Let 8 be a solution of problem (7) with (u,v) = (uo,v0).
Assume (H-1) is satisfied.
Then (3 is a strict upper solution of (7) for any (u,v) such that

2 2
p>po and  p+[—v>po+/ -
T ™
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Proof: Let € > 0 be such that

2 2
w>po+e and u+\/;1/2,u0—|—\/;1/0+5.

It follows that, in case v < vy,

2
pr o) 2 o+ 60+ (2~ o) 00— bz ot rwed) e,
and if v > 1y,

ptvt) = po+roe(t) + (1 — po) + (v —v0) o(t) =2 po +vo p(t) +¢ .

For any to € [0,7], we can find from (H-1) an interval Iy containing to and
0 > 0, such that for a.e. t € Iy and all x € [B(t) — dsint, 5(t)], we have f(t,x) —
f(t,B(t)) < e. Hence, for such (t,x),

B(t) +x+ ft.x) = (u+ve) <B"(F) +B() + f(t,B(1) + (v — B(t))
+ (Ft2) = F(£,80)) = (o + v o(t) —
<0
and the thesis follows. n

It is easy to find strict upper solutions for large values of pu.

Proposition 3. Let f satisfy LP-Carathéodory conditions together with
(H-1). Then, for any v € R, if p is large enough, the problem (7) has a strict
upper solution.

Proof: Let m € L'(0,) be such that for a.e. t € [0,7] and all z € [-1,1],
|f(t,z)] < m(t) and let K > 0 be such that for any r» € L'(0,7) with 7 = 0 (see
(3)), the solution of

v +u+rt)=0,
(8)
u(0) =0, wu(m)=0,

with @ = 0, verifies
[ulloo < K [|7[| L -

Next, we choose p € C([0,7]) such that |[m — p||;1 < 5 and define 3 to be the
solution of (8) with r =m —p — (m — P) . We have ||||c < 1 and therefore
BU(t) + B(8) + f(t,8() < B"(t) + B(t) +m(t)
=p(t) + (M —p) p(t) < po +ve(t)
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if o is large enough. As in the proof of Proposition 2, we deduce now that 3 is
a strict upper solution for u > pg. n

To build strict lower solutions, we need the nonlinearity to be large enough
for large negative values of .

Proposition 4. Let f satisfy LP-Carathéodory conditions. Assume

(H-2) There exist ¥ € R and a function h € L*(0, ) such that

Aﬂuwwuyn>a

and

9) liminf f(t,z) > h(t)

rT——00
uniformly in t.

Then, for any z € C}([0,7]) and each (u,v) such that

/2
24 —p+v<v
™

the problem (7) has a strict lower solution « such that

a<2z.

Proof: Let us choose ¢ > 0 such that

2 [/ 2
QVﬁ5<U‘MﬂMﬂﬁ—2¢u—4.
T 21Jo T
From (9), we can pick r > 0 such that for a.e. t and all z < —r,
(10) f(t2) > h(t) —¢ .

From the Carathéodory conditions and (10), there exists m € L'(0,7) such that
for a.e. t and all z €] — oo, 7|

flt,x) > —m(t) .

Let us choose next § > 0 small enough so that

/Fé(m(t)+h(t))¢(t)dt< ;{/Oﬂh(t)ap(t)dt—2\/zu_y} :
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where Fs:=[0,d] U [r — 0, 7]. The function

g(t) =-m(t) —p, if teFs,
=h(t)— (u+e), if tels=I[6m—0d],

is such that

i= [ s a

- Uoﬂh(t)@(t)dt_g\/zﬂ} —Lﬁ(m(t)+h(t))¢(t)dt—s [ etyar> v

Define now w to be the solution of
w'+w+g(t) —get) =0,
w(0) =0, w(r)=0,
and choose a negative enough so that

a(t) =ae(t)+w(t) <0 on Fjs,
=ap(t)+w(t) < —2r on Is .

The function « is a strict lower solution since
a(0) =a(r) =0
and for a.e. t € [0, 7] and all z € [a(t), a(t) + rsint],

o(t) + @+ f(t,0) — p—viplt) >
> o(t) + a(t) + g(t) — v(t) = (G~ ) p(t) 2 0 . u

4 — Existence results

Theorem 5. Let f satisfy LP-Carathéodory conditions together with (H-1)
and (H-2).
Then, there exists a nonincreasing, Lipschitz function po: R — IR U {—o0}

with
/2 -
24/ =po(v)+v <v
T

such that



290 C. DE COSTER and P. HABETS

i) if p < po(v), the problem (7) has no solution;
i) if po(v) < p < %\/g (v — v), the problem (7) has at least one solution.

Proof: Step 1 — Definition of py. Define po(v) € RU{—o0} by

2
po(v) ::inf{u\ 24/ —p+v="ror (7) has a solution for (u, 1/)} .
v

Let (u,v) be given such that

polv) << 5[5 70

By definition, there exists p; € [uo(v), u[ and a solution 1 of (7) for (u1,v). From
Proposition 2, z; is a strict upper solution of (7) for (u,v), from Proposition 4
there exists a strict lower solution @ < x1 and at last we obtain from the first
part of Theorem 1 the existence of a solution of (7) for the given (u,v).

Step 2 — The function po(v) is nonincreasing and Lipschitz. Let vy be such

that po(ve) < %\/g (U — va). For any n > 0, small enough, there exist

po € [pao(v2), 0(v2) +1] € [po0), 5[ 55 = )

and a solution xg of (7) for (ue,12). Let 11 < o be close enough to v5. From
Propositions 2 and 4, x4 is a strict upper solution of (7) for (u1, v1) such that p; >
Lo+ \/g (vo—1) and there exists a strict lower solution « < g if 2\/2 it < U
This together with the first part of Theorem 1 implies po(r1) < p1. Further, we
can choose p1 so that puy < us + \/%(1/2 —v1) + . It follows that

2
po(v1) < pr < po(va) + \/;(W — 1)+ 27

and as 7 is arbitrary,

po(vi) < po(v2) + \/g(l/z — 1) .

On the other hand, there exists a strict upper solution g of (7) for (u2,v2)
such that pe > po(r1). Using the same arguments, it follows that

po(v2) < po(r1) -

Hence, the claim follows. n



A TWO PARAMETERS AMBROSETTI-PRODI PROBLEM 291

Notice that this theorem allows two degenerate cases.

a) The function f(t,z):= —=z satisfies (H-1) and (H-2) and the corresponding
problem (7) has a unique solution for any (u,v), i.e. uo(v) = —oco.

b) The function f(¢,x):=0 satisfies also (H-1) and (H-2) and (7) has a solu-
tion if and only if

0:/Oﬂ(u+1/go(t))gp(t)dt:2\/zu+u.

In this case, h(t) < 0, we must choose U < 0 and there is no solution if

<1\/?(A ) < 1 [«
=P —v)<—=4/ZV
H=35473 2\V2 ">

ie. po(v) =3\/3(0—v).
To rule out the case where ug(rv) = —oo, we shall impose some lower bound

on f.

Theorem 6. Let f satisfy LP-Carathéodory conditions together with (H-1),
(H-2) and

(H-3) There exists k € L'(0,7) such that for a.e. t € [0,7] and all z € IR,
ft @) = k(t).

Then, there exists a nonincreasing Lipschitz function ug: R — IR with
2 ~
2/ —po(v)+v<v
T

i) if u < po(v), the problem (7) has no solution;

such that

ii) if po(v) < p < %\/%(ﬁ — v), the problem (7) has at least one solution.
Proof: Claim 1 — Given any v € IR, problem (7) has no solution for p

negative enough. For any solution z of (7), multiplying the equation by ¢ and
integrating, one obtains a lower bound on p

[ roewas [t awyow =22 ury.

Step 2 — The remainder of the proof follows from Theorem 5. u
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To make sure that there is a non empty region

polv) << 5[50 -0),

where there is at least one solution, we reinforce the assumption on the nonlin-
earity for large negative values of x.

Theorem 7. Let f satisfy LP-Carathéodory conditions together with (H-1),
(H-3) and
(H-2%) 158121_110% f(t,z) = +o00, uniformly in t.
Then, there exists a nonincreasing Lipschitz function pg: R — IR such that

i) if g < po(v), the problem (7) has no solution;

ii) if po(v) < w, the problem (7) has at least one solution.

Proof: From Proposition 3, for any v € IR, there exists u large enough so
that problem (7) has a strict upper solution 3. Let us take 7 > 0 large enough

so that
2
N/—p+rv<v.
T

Notice that for such a 7, assumption (H-2) is satisfied (choose h(t) = /57).
Hence from Proposition 4, the problem (7) has, for (i, v), a strict lower solution
« such that o < 3. We deduce then from Theorem 1 the existence of a solution
of (7). Also, from Theorem 6, the function po(r) exists such that po(v) < p and

i) if u < po(v), the problem (7) has no solution;
ii) if po(v) < p < %\/g(ﬁ — v), the problem (7) has at least one solution.

As v is arbitrary large, the conclusion holds for all © > po(v). u

5 — Multiplicity results

Consider the problem (7) with

flt,x) (=—x if <0,
=0 if ©>0.

It is easy to see that uo(0) = 0. First, one proves there is no solution if » = 0 and
1 < 0. Next, considering a solution for ¥ = 0 and p > 0, the distance between
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two consecutive zeros of a positive hump is larger than w. Hence, the solution
has to be negative and is unique. This means that for v = 0, Theorem 7 gives an
exact count of the number of solutions. To obtain a multiplicity result, we will
have to reinforce (H-2) and (H-3), assuming a better control on the nonlinearity
for large values of x.

Theorem 8. Let f satisfy LP-Carathéodory conditions together with (H-1)
and

(H-4) There exist ¥ € R and a function h € L*(0, ) such that

/Oﬂ h(t) () dt > D

and
l‘ir|n inf f(t,z) > h(t)

uniformly in t.

Then there exists a nonincreasing Lipschitz function pg: IR — IR with
2 N
2= puo(v)+v<v
T

i) if u < po(v), the problem (7) has no solution;

such that

ii) if p = po(v) < %\/g(ﬁ — v), the problem (7) has at least one solution;

iii) if pio(v) < p < 34/5(9 — v), the problem (7) has at least two solutions.

To prove this result, we will need the following lemma which provides the
necessary a-priori bounds to apply Theorem 1.

Lemma 9. Suppose the assumptions of Theorem 8 are verified. Then, for

all v, there exists r > 0, such that for all ;4 with 2\/%u + v < U and all solution
x of (7), we have

|2|lo < 7 .

Proof: Let x be a solution of (7) for (i, v) such that
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Let us write z(t) = T(t) + Z(t), with T € R and [ Z(t) ¢(t) dt = 0.
It is known [11] that there exists K > 0 such that

[ < K [ 12”0+ (0] o) de

Using (H-4) and the Carathéodory conditions, we can find m € L'(0,7) such
that

(11) fora.e. te[0,7], Ve e R f(t,x) > m(t) .
Hence, we compute

|2"(t) + 2(t)] < [f (& 2(®)] + [ul +[v] ()
< [t 2(t)) —m(t) + [m(t)] + |p| + v (?)

and
| 1)+ av)] oty de <

< [ s a2 Mmoo )

< [Tt vememar+2 [ imoewa+ 22 i+l
Hence, we obtain
ol < &[22 (a4 1) + 0 ) 42 [ im0 0)

g2KDa_m+u¢+Aﬂm@wﬂwmyzr.

Assume now there exists (uy)r with 2\/2/% +v < v and xp = Tpp + T
solution of (7) for (u,v) such that ||zk||cc — co. From the first part of the proof,
|Zk || is bounded and |ZTy| — oo. Going to a subsequence, we have x(t) — oo
(or zx(t) — —oo) for all t €]0,7[. Hence, using (11), Fatou’s theorem and (H-4),
we obtain

2 ™
v > liminf (2\/ — g+ V) =liminf [ f(¢t, zr(t)) p(t)dt
k—o0 s k—oo Jo
> ["h ety dt >
0

which is a contradiction. m
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Proof of Theorem 8: Let 9 be defined from Theorem 6 and (p, ) be such
that po(v) < p < %\/g(ﬁ —v). From the proof of Theorem 5, we can find strict
lower and upper solutions a < 3. From Lemma 9, there exists r > 0, such that
for all s <0 and all solutions z of

2 +r+ flt,r)=p+velt)+s,
z(0)=0, =z(m)=0,

we have ||z|loc < r. Hence by Theorem 1, the problem (7) has at least two
solutions.

Let now (p, ) be such that u = po(v) < %\/%(17—1/) We can find py, > po(v)
such that lim, o ptn, = po(v) and solutions z,, of (7) for (yn,v). From Lemma 9,
there exists r > 0 such that ||z,||cc < r and from Carathéodory condition, we
have m € L'(0,7) with |27 (t)] < m(t). Using Arzela-Ascoli Theorem, we can
find a subsequence (2, )i that converges in C'! to some function z € C1. Going
to the limit in (7), it is easy to see that x solves (7) for (u,v) = (no(v),v). n

Just as for Theorem 7, we can obtain a result for all values of (u,v).

Theorem 10. Let f satisfy LP-Carathéodory conditions together with (H-1)
and
(H-4%) liminf |, _, f(t,z) = +o0, uniformly in t.
Then there exists a nonincreasing Lipschitz function pg: R — IR such that

i) if p < po(v), the problem (7) has no solution;
ii) if p = po(v), the problem (7) has at least one solution;
iii) if po(v) < p, the problem (7) has at least two solutions.

The proof of this result is similar to the proof of Theorem 7 and will be
omitted.

In case p = 0, Theorem 10 reduces to the following result which extends [5]
to LP-Carathéodory functions.

Corollary 11. Let f satisfy LP-Carathéodory conditions together with (H-1)
and (H-4%).
Then there exist vy and v1 > vy such that

i) if v < vy, the problem
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2" x4 f(tx) =vet),
(12)
z(0)=0, z(r)=0,
has no solution;

i) if vy < v < vy, the problem (12) has at least one solution;

iii) if 1 < v, the problem (12) has at least two solutions.

Notice that v is different from v; in case po(v) is not a decreasing function.

6 — Decreasing of p

In this section, we give regularity assumptions on f which imply that the

function pg given by Theorem 6 is decreasing. The first condition is a one-sided
|z (1)
o(t)

continuity for a norm ||z|| :=sup,
Theorem 12. Let f satisfy LP-Carathéodory conditions together with (H-1)
and (H-4). Assume
(H-5) One of the functions g(t,z) = f(t,z) or g(t,x) = —f(t,z) is such that,
given R > 0, we have
Ve>0,35>0, forae te|0,n], Yo,y € [—Rp(t), Rp(t)],
O0<z—y<dp(t) = g(t,y) —g(t,x) <ep(t) .

Then, the function uo(v) is decreasing.

Proof: Let 1y € IR be such that

1 [/«

polro) < 55 (7 =) -

Claim 1 — For all v > vy, there exists p < po(vp) and a strict upper solution 3
of (7) with (p,v).
Assume g(t,z) = f(t,z) in (H-5). The proof is similar in case g(t,z) =
—f(t,x). From Theorem 8, there is a solution x( of
g +xo + f(t,20) = po(vo) +vo p(t)
20(0) =0, xo(m)=0.
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Also, there exists K > 0 such that for every m > 0, the solution w of

W' 4w — _m(1—2\/§¢(t)) ;

w(0) =0, w(r)=0,
with w = 0, is such that, for all ¢ € [0, 7],

w(t)] < m K o(t) .

Define N
B(t) :=wo(t) + w(t) —m K p(t) ,

where m €0, 1] will be chosen later. Observe that
0 < mo(t) — Bt) <2m K p(t) .

Let R > 0 be such that, for all m €]0,1],

[wo(t)] < Re(t), [B()] < Re(t) .

Define € > 0 such that
Vg t+e<v

and pick 0 > 0 from assumption (H-5). Next, we choose m €]0, 1] small enough
so that

2omK <94, V0+2\/§m+€§ v
and set p1 := po(vg) — m. Notice that
zo(t) — B(t) < (1) ,
whence we compute
BY(t) + B(t) + f(t,8(t) =
= a(t) + zo(t) + w”(t) + w(t) + f(t, B(t))
= po(v0) + vo o(t) — m(1 = 2y/2(t) ) + F(t. B(1)) — F(t, 20 (1))

< (,UO(VO) - m) + (Vo + 2\/2771 + 5) ()

<m+vet) .
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Using (H-1), we deduce now as in Proposition 2 that [ is a strict upper solution
for p €]p1, po(vo)] and v.

Step 2 — If 2\/g,u + v < 7, there exists, from Proposition 4, a strict lower
solution @ < 3 and we obtain, from the first part of Theorem 1, the existence
of a solution of (7) for the given (u,v). This implies puo(v) < p < po(vp). If

2\/2;1 + v > U, we have

2 . 2
2\/;/10@0) +v>v> 2\/;,%(1/) +v

and also po(v) < po(vp). m

The assumption (H-5) can be thought of as some one-sided uniform continuity
assumption when ¢ # 0, 7, together with a Lipschitz condition near zero. More
precisely, we can prove the following result.

Proposition 13. Let f(t,z) be a continuous function and

(H-5*) There exist L > 0 and r > 0 such that
f(t,z)+ Lz or — f(t,z)+ Lz

is nondecreasing for a.e. t € [0, 7| and x € [—r,7].

Then assumption (H-5) holds.

Proof: Assume f(t,z) + Lx is nondecreasing. Let R > 0 be given and
choose 7 €0, ] so that Rp(7) <. Fort € F;:=[0,7]U[r —7,7] and all 2,y in
[—Rep(t), Ro(t)], we have

O<z—y = f(t,y) - flt,x) <Lz —y).

If t € [r,m — 7], we compute from the continuity of f

(13) Ve'>0, 302>0, |z—yl<dh = flt,y)—ft,z)<e <
Now, given &, we choose d; and &’ small enough so that

Lé<e,

we choose 2 from (13) and 5::min(51,5g\/§). Now, it is easy to see that if
||, ly| < Rp(t) are such that 0 <z —y < 0 ¢(t), we have:
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for t € F,,
fty) — f(t,z) < Lép(t) <ep(t),

and for t € [1,m — 7], 0 <z —y < § p(t) implies |z — y| < d2 and

fty) = f(tz) < p(t) <ep(t) .m

o(T)

The following corollary is a direct consequence of Theorem 12. It improves
a result of P. Habets and P. Omari [9] and also the corresponding one in R.
Chiappinelli-J. Mawhin-R. Nugari [5].

Corollary 14. Let f satisfy LP-Carathéodory conditions together with
(H-1), (H-4*) and (H-5). Then there exists vy € R such that

i) for v < vy, the problem (12) has no solution;

ii) for v = vy, the problem (12) has at least one solution;
)

iii) for v > vy, the problem (12) has at least two solutions.

Our second result considers a Holder condition on the function f.

Theorem 15. Let f be a continuous function that satisfies (H-4) and

(H-6) Either g(t,x) = f(t,x) or g(t,z) = —f(t,x) is such that, for some L > 0,
a€]1/3,1] and r > 0, for a.e. t and all x,y € [—r,r] with0 <z —y <1,
we have

g(t;x) —g(t,y) < Lz —y)* .
Then, the function py(v) is decreasing.

Proof: Let vy be such that uo(vy) < %\/g(ﬁ —19). We shall prove that, for

all v > vy, there exists u < po(rp) such that the problem (7) has a strict upper
solution 3. Then, by Proposition 4 there exists a strict lower solution o« < 8 and
we obtain, from the first part of Theorem 1, the existence of a solution of (7) for
the given (u,v).

Case 1 — Assume g(t,x) = f(t,x). Let v > 1y and xo be a solution of

"+ x4+ f(t,x) = po(ro) + voe(t) ,

(14)
z(0)=0, a(r)=0.
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Let 7 < m/2 be such that |zo(t)] <7/2 on [0,7] U [r — 7, 7] and R > max |z (t)].
By continuity, we have ¢ such that, if |z|, |y| < R+1, [r—y| < dand t € [r,m7—T],

fty) — sl < S o)

Let € > 0 be a quantity to be chosen later but small enough so that
(15) 5§g, e<1l and €<5§.
Let also A:=(L + 1)e®. The problem
w' +w=-A,
w(0)=0, w(t)=¢e, w(t1))=0,

has a solution
w(t):=—A+ Acost+ (A+¢)sint;sint
with ¢; such that
cost —_— ie. o(t1) e?+2c4 =0 81;0(
VT At e wlt) T Ate

Let us choose € small enough so that ¢; < 7. Next we define

w(t) =w(t), if te0,t],
i=¢, if telfty,m—t],
=w(m —t), if tem—t1,n]

and B(t) :=z0o(t) + w(t). Observe that 3 € C1([0,x]) N W21(0,7) and for t €
[0,t1[U]m — 1, 7], we can write
BU(t) + B(t) + f(t, B() = 25 (t) + @o(t) + £(£,20(t)) + " (t) +W(2)
+ f(B() = [t wo(t))
< po(ro) +vpe(t) — A+ Lw®

<t ve(t) + (mo(v) = p— ) + (o =) ()

On |ti, 7[U]m — 7,7 — t1], we have

BY(t) + B(t) + f(t,8(t) < po(vo) +vop(t) +e+ Le®
<pu+vot (u —ut+e—c¢ )
(L+1)e”
+ (1/0 + o) v) o(t) .
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At last, for ¢t €], m — 7[, we compute

(v — )

BY(t) + B(t) + (£, (1) < po(vo) + vosp(t) + &+ (7)

< p+vet)+ (po(v u+€—(y_2V°)<P(T)>
+ (v —v) (p(t) — p(r

Now it is easy to see that, as o €]1/3,1[, we can choose ¢ > 0 and next
o (o) — p > 0 small enough so that in all cases

BI(t) + B() + f(£,B(1) < p+ve(t) .

Case 2 — Assume g(t,z) = —f(t,x). Let us fix v > 1y and z solution of (14).
Next we choose, as in Case 1, 7, R and §. At last, ¢ > 0 will be chosen later
1—a
but is small enough to verify (15). Let t;:=+/6 (L+1)"2e 2 |, A:=(L+1)e”
B:= \/g (L + 1)% e*5 and consider the problem
w”" = —-A+ Bt

w(0) =0, w(t)=—e w(t1)=0.

Its solution reads

12 43
w(t):=—A— —I—Bge[e()]
Next we define
w(t) =w(t), if te[0,t],
=g, if tE[tl,ﬂ'—tl],
=w(mr —t), if ter—t1,n]

and B(t):=x0(t) + w(t). Again, we have 3 € C!([0,7]) N W2L(0,7) and for
t € [0, 1], we can write

B"(t) + B(t) + f(t,8(t) =
= xo(t) + o) + f(t, xo(t)) +@"(t) +w(t) + f(t,B(t)) — f(t, z0(t))
< po(vo) + 1o p(t) — A+ Bt + L|w(t)|*

)
<Sptvet)+ (Mo(’/o ( t)) p(t) -
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On |t1, 7[ we have

BI(t) +B(t) + f(t,8()) <

< po(vo) + vo p(t) — e + Le

(67

o(t1)

<t veplt) + (o) — =) + (w0 - v+ L) el

and for ¢t € |7, m — 7],

A1)+ B(t) + f(t,8(t) <

vV —1

< po(vo) +rop(t) —e+ 5 o(7)

< vt + (po(vo) = =) + (o = 1) (p(t) — (7)) -

On |7 — 7, 7] estimates are similar to those on [0, 7]. It is then easy to see that
we can choose € > 0 and next po(v9) — p > 0 both small enough so that

B+ BE) + f(t,8() < p+velt) . u

This result extends an idea due to C. Fabry [8].
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